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Using the mean-field theory and Glauber-type stochastic dynamics, we study the dynamic magnetic properties of
the mixed spin (2, 5/2) Ising system for the antiferromagnetic/antiferromagnetic (AFM/AFM) interactions on the bilayer
square lattice under a time varying (sinusoidal) magnetic field. The time dependence of average magnetizations and the
thermal variation of the dynamic magnetizations are examined to calculate the dynamic phase diagrams. The dynamic phase
diagrams are presented in the reduced temperature and magnetic field amplitude plane and the effects of interlayer coupling
interaction on the critical behavior of the system are investigated. We also investigate the influence of the frequency and
find that the system displays richer dynamic critical behavior for higher values of frequency than that of the lower values
of it. We perform a comparison with the ferromagnetic/ferromagnetic (FM/FM) and AFM/FM interactions in order to
see the effects of AFM/AFM interaction and observe that the system displays richer and more interesting dynamic critical
behaviors for the AFM/AFM interaction than those for the FM/FM and AFM/FM interactions.
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1. Introduction
The magnetic behavior of thin films has been the sub-

ject of intensive experimental and theoretical researches
in recent years because of their potential for numerous
technological applications. Experimentally, the structural
and magnetic properties of the thin films were investi-
gated, such as those listed below: Fe/Ni, Fe/Co, Ni/Au,
Co/Cu/Ni80Fe20, La2/3Ca1/3MnO3/SrTiO3/YBa2Cu3O7−x,
FePt/Fe, and Fe/TbFe, etc.[1–10] On the theoretical side, the
equilibrium and nonequilibrium magnetic properties of var-
ious systems for the case of interactions on different bi-
layer lattices have been studied in detail (see Refs. [11]–
[37] and references therein). In all of these theoretical stud-
ies, the magnetic properties of the systems were investigated
for ferromagnetic/ferromagnetic (FM/FM) and antiferromag-
netic/ferromagnetic (AFM/FM) interactions. On the other
hand, it is well known that besides FM materials, the AFM
materials also play a great role in some interesting novel
magnetic properties, such as surface magneto-elastic cou-
pling, enhanced surface magnetic moment, surface magnetic
anisotropy, and giant magneto resistance.[38,39] In the mag-
netic sensors, the antiferromagnetic substrates have an im-
portant part. It is also promising candidate for use in spin-
tronic devices.[40] In brief, the molecular-based antiferromag-
netic materials have interesting properties which need to be
investgated.[41]

Although a great amount is known about the equilibrium
and nonequilibrium magnetic properties of various systems for
the case of FM/FM and FM/AFM interactions on different bi-

layer lattices, in comparison, only a few studies have been
done on the equilibrium magnetic properties of various spin
Ising systems for the case of AFM/AFM interactions on a bi-
layer Bethe lattice.[30–32] On the other hand, as far as we know,
the dynamic magnetic properties of any bilayer system for the
case of AFM/AFM interactions under a time varying (sinu-
soidal) magnetic field have not been studied.

The purpose of the present paper is twofold. The first is
to study the dynamic magnetic properties of the mixed spin (2,
5/2) Ising system to obtain the AFM/AFM interactions on the
bilayer square lattice under a time varying (sinusoidal) mag-
netic field within the mean-field approach and Glauber-type
stochastic dynamics. The set of mean-field dynamic equations
is obtained by employing the Glauber transition rates. We in-
vestigate the time variation of average magnetizations to find
the phases in the system and the thermal behavior of dynamic
magnetizations to obtain the dynamic phase transition points
as well as to characterize the nature of the dynamic phase tran-
sitions. We present dynamic phase diagrams in the reduced
temperature and magnetic field amplitude plane. The effect of
interlayer coupling interaction, which is related to the thick-
ness, on the critical behavior of the system is also investigated
in detail. We also investigate the influence of the frequency
and find that the system displays richer dynamic critical be-
havior for higher values of frequency than that for the lower
values of it. The second is to compare the results with the
results in the mixed spin (2, 5/2) Ising system on the bilayer
square lattice for the FM/FM and AFM/FM interactions[34] in
order to see the effects of AFM/AFM interaction.
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It is worthwhile mentioning that the reasons we choose
the mixed spin (2, 5/2) Ising system are as follows: (i) The
system is one of the good models to study ferrimagnetic ma-
terials because in an external magnetic field, a kind of ferro-
magnetic behavior may be displayed in the antiferromagnetic
phase, with the absolute value of one of the sublattice magne-
tizations differing from that of the other sublattice, resulting
in a nonzero net magnetization. (ii) The system is also one
of the prototypical system that has been used for investigating
the magnetic properties of molecular-based magnetic materi-
als, such as AFeIIFeIII(C2O4)3 [A = N(n−CnH2n+1)4, n = 3–
5], (see Refs. [42]–[44], and references therein). (iii) The
nonequilibrium properties of mixed spin (2, 5/2) Ising ferri-
magnetic systems, in the concept of the molecular-based mag-
netic materials, have previously been studied using Glauber-
type stochastic dynamics.[45] (iv) A magnetic hysteresis of
Co-based quasi-1D ferrimagnets using the model of the mixed
spins (2, 5/2) Ising chain is also examined within Glauber-
type stochastic dynamics.[46,47] (v) Mixed spin-2 and spin-5/2
Ising systems give richer phase diagrams and special points
than those given in other mixed spin Ising systems with differ-
ent spin combinations.[48] Finally, we should also mention that
as far as our search is concerned we were unable to find any
real experimental systems as a bilayer film where one layer is
a pure spin-2 layer, whereas the other layer is a pure spin-5/2
layer, at least up to this date.

The outline of the remaining part of this paper is as fol-
lows. In Section 2, the model and the formulation are given
briefly. In Section 3, the detailed numerical results and dis-
cussion are presented. A summary and conclusion is given in
Section 4.

2. Model and formulations
We consider the mixed spin (2, 5/2) Ising model on the

two-layer square lattice under the oscillating magnetic field.
The mixed two-layer square lattice is an extension of the one-
layer version; hence one considers two identical layers of
square lattices G1 (upper layer) and G2 (lower layer) with dif-
ferent spins σ = 2 with values of ±2, ±1, 0, and S = 5/2 with
values of ±5/2, ±3/2, ±1/2, respectively, that are placed
parallel to each other forming the bilayer square lattice. The
schematic representation of the system is illustrated in Fig. 1.
Each layer has N sites and interacts with its nearest-neighbor
(NN) and the corresponding adjacent spins in the other layer
whose sites are labeled by i, j on the lower layer and i′, j′ on
the upper layer. Therefore, each layer of the system is also a
two-sublattice system with spin variables σi =±2, ±1, 0, and
σi′ =±2, ±1, 0 on the sites of the sublattices A and B, respec-
tively; and S j = ±5/2, ±3/2, ±1/2, and S j′ = ±5/2, ±3/2,
±1/2 on the sites of the sublattices A and B, respectively, and
the system can be described with four sublattice magnetiza-
tions or simply four magnetizations. They are introduced as
follows: mA

1 ≡ 〈σi〉 ,mB
1 ≡

〈
σ j
〉
,mA

2 ≡ 〈Si′〉 ,mB
2 ≡

〈
S j′
〉
, where

〈 〉 is the thermal expectation value.
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Fig. 1. Two-layer square lattice, G1 and G2 refer to the upper and
lower layers containing the spins labeled as σi′ , σ j′ and Si, S j .

The Hamiltonian of such a mixed Ising bilayer system
under a time varying (sinusoidal) magnetic field may be given
as

H = −J1 ∑
〈i′ j′〉

σi′σ j′ − J2 ∑
〈i j〉

SiS j− J3

(
∑
〈ii′〉

σi′Si + ∑
〈 j j′〉

σ j′S j

)
−D

(
∑
〈i′〉

σ
2
i′ +∑

〈 j′〉
σ

2
j′ +∑

〈i〉
S2

i +∑
〈 j〉

S2
j

)
−H(t)

(
∑
〈i′〉

σi′ +∑
〈 j′〉

σ j′ +∑
〈i〉

Si +∑
〈 j〉

S j

)
, (1)

where 〈i j〉 and 〈i′ j′〉 indicate a summation over all pairs of
the nearest-neighboring sites of each layer. J1 < 0 and J2 < 0,
namely the AFM/AFM interactions, are exchange constants
for the upper and lower layers, respectively, which are also
called intralayer coupling constants, and J3 is the interlayer
coupling constant over all the adjacent neighboring sites of
layers. D is a single-ion potential or crystal-field interaction.
H(t) is a time-dependent oscillating external magnetic field:
H(t) = H0 cos(ωt), where H0 and ω = 2πν are the amplitude
and the angular frequency of the oscillating field, respectively.
The system is in contact with an isothermal heat bath at abso-
lute temperature Tabs.

The set of the mean-field dynamic equations of motion
will be obtained by applying the Glauber-type stochastic dy-
namics. Since the derivations of the mean-field dynamic equa-
tions of motion of the mixed spin (2, 5/2) Ising model on the
two-layer square lattice for the case of FM/FM and FM/AFM
interactions within the Glauber-type stochastic dynamics were
extensively described in our previous paper,[34] we have only
given a brief summary here. If the spins on the sublattice B
are momentarily fixed, the master equation, which describes
the interaction between the spins and the heat bath, for the
sublattice A can be written as
d
dt

PA
1 (σ

A
1 ,σ

A
2 , . . . ,σ

A
N ; t)

=−∑
i

(
∑

σA
i 6=σA′

i

W A
i (σA

i → σ
A′
i )

)
PA

1 (σ
A
1 ,σ

A
2 , . . . ,σ

A
i , . . . ,σ

A
N ; t)
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+∑
i

(
∑

σA
i 6=σA′

i

W A
i (σA′

i → σ
A
i )P

A
1 (σ

A
1 ,σ

A
2 , . . . ,σ

A′
i , . . . ,σA

N ; t)
)
,

(2)

where W A
i (σA

i → σA′
i ) is the probability per unit time that the

i-th spin changes from the values σA
i to σA′

i . In this sense the
Glauber model is stochastic. Since the system is in contact
with a heat bath at absolute temperature Tabs, each spin can
change from the value σA

i to σA′
i with the probability per unit

time by the Boltzmann factor

W A
i (σA

i → σ
A′
i ) =

1
τ

exp(−β∆E(σA
i → σA′

i ))

∑

σA′
i

exp(−β∆E(σA
i → σA′

i ))
, (3)

where τ is a time constant that a transition from σA
i to σA′

i oc-
curs on time scale τ , β = 1/kBTA, kB being the Boltzmann fac-
tor and ∑

σA′
i

is the sum over the five possible values of σA′
i =±2,

±1, 0. Moreover,

∆EA
i
(
σ

A
i′ → σ

A′
i′
)
= −(σA′

i′ −σ
A
i )
(

J1 ∑
j′

σ
B
j′ + J3 ∑

i
SA

i +H
)

−
(
(σA′

i′ )
2− (σA

i′ )
2)D, (4)

gives the change in the energy of the system when the σi-spin
changes. The probabilities satisfy the detailed balance condi-
tion. Using Eqs. (2), (3), and (4) with the mean-field approach,
we obtain the average mean-field dynamic equations for the
sublattice A on the upper layer G1

Ω
d

dξ
mA

1 =−mA
1 +

2exp
(4d

T

)
sinh

[ 2
T

(
zmB

1 +
J3

J1
mA

2 +hcosξ

)]
+ exp

( d
T

)
sinh

[ 1
T

(
zmB

1 +
J3

J1
mA

2 +hcosξ

)]
exp
(4d

T

)
cosh

[ 2
T

(
zmB

1 +
J3

J1
mA

2 +hcosξ

)]
+ exp

( d
T

)
sinh

[ 1
T

(
zmB

1 +
J3

J1
mA

2 +hcosξ

)]
+1/2

, (5)

where mA
1 ≡ 〈σA

i′ 〉, mB
1 ≡ 〈σB

j′〉, mA
2 ≡ 〈SA

i 〉, mB
2 ≡ 〈SB

j 〉, ξ = wt, T = (βJ1)
−1, h = H0/J1, d = D/J1, and Ω = τw. We fixed τ = 1,

z = 4, and w = 2πν .
Now, assuming that the spins on the sublattice A remain momentarily fixed and that the spins on the sublattice B change, we

obtain the average mean-field dynamic equations for the sublattice B on the upper layer G1 as

Ω
d

dξ
mB

1 =−mB
1 +

2exp
(4d

T

)
sinh

[ 2
T

(
zmA

1 +
J3

J1
mB

2 +hcosξ

)]
+ exp

( d
T

)
sinh

[ 1
T

(
zmA

1 +
J3

J1
mB

2 +hcosξ

)]
exp
(4d

T

)
cosh

[ 2
T

(
zmA

1 +
J3

J1
mB

2 +hcosξ

)]
+ exp

( d
T

)
sinh

[ 1
T

(
zmA

1 +
J3

J1
mB

2 +hcosξ

)]
+1/2

. (6)

The other mean--field dynamic equations for mA
2 and mB

2 on the lower layer G2 can be similarly calculated as

Ω
d

dξ
mA

2 = −mA
2 +

{
5sinh

[ 5
2T

(J2

J1
zmB

2 +
J3

J1
mA

1 +hcosξ

)]
+3exp

(
−4d

T

)
sinh

[ 3
2T

(J2

J1
zmB

2 +
J3

J1
mA

1 +hcosξ

)]
+ exp

(
−6d

T

)
sinh

[ 1
2T

(J2

J1
zmB

2 +
J3

J1
mA

1 +hcosξ

)]}
×
{

2cosh
[ 5

2T

(J2

J1
zmB

2 +
J3

J1
mA

1 +hcosξ

)]
+2exp

(
−4d

T

)
cosh

[ 3
2T

(J2

J1
zmB

2 +
J3

J1
mA

1 +hcosξ

)]
+ exp

(
−6d

T

)
cosh

[ 1
2T

(J2

J1
zmB

2 +
J3

J1
mA

1 +hcosξ

)]}−1

, (7)

Ω
d

dξ
mB

2 = −mB
2+

{
5sinh

[ 5
2T

(J2

J1
zmA

2 +
J3

J1
mB

1 +hcosξ

)]
+3exp

(
−4d

T

)
sinh

[ 3
2T

(J2

J1
zmA

2 +
J3

J1
mB

1 +hcosξ

)]
+ exp

(
−6d

T

)
sinh

[ 1
2T

(J2

J1
zmA

2 +
J3

J1
mB

1 +hcosξ

)]}
×
{

2cosh
[ 5

2T

(J2

J1
zmA

2 +
J3

J1
mB

1 +hcosξ

)]
+2exp

(
−4d

T

)
cosh

[ 3
2T

(J2

J1
zmA

2 +
J3

J1
mB

1 +hcosξ

)]
+ exp

(
−6d

T

)
cosh

[ 1
2T

(J2

J1
zmA

2 +
J3

J1
mB

1 +hcosξ

)]}−1

. (8)

Thus, we obtained a set of coupled mean-field dynamic equa-
tions, and the numerical solutions and discussion of these
equations are given in Section 3.

3. Numerical results and discussion
3.1. Time variations of average magnetizations

In order to find the phases in the system, we have to study
the stationary solutions of the set of coupled mean-field dy-
namic equations for magnetizations, namely given in Eqs. (5)–
(8), when the parameters T , J1, J2, J3, d, and h are varied.
J1 and J2 are always taken as J1 < 0 and J2 < 0, i.e. the

AFM/AFM interaction. The stationary solutions of Eqs. (5)–
(8) will be periodic functions of ξ with period 2π , that is,
mA,B(ξ+2π) = mA,B(ξ ). Moreover, they can be one of three
types according to whether they have or do not have the prop-
erties

mA
1 (ξ+π) =−mA

1 (ξ ) and mB
1 (ξ +π) =−mB

1 (ξ ), (9a)

and

mA
2 (ξ+π) =−mA

2 (ξ ) and mB
2 (ξ +π) =−mB

2 (ξ ). (9b)

The stationary solutions of Eqs. (5)–(8) gave the paramag-
netic (p) that is a dynamically disordered phase as well as
the ferromagnetic (f), antiferromagnetic phase (af), mixed
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(m), and non-magnetic (nm) which are dynamically ordered
phases. In addition to these fundamental phases, we have also
found the f+ p, af+m, m+ p, f+ nm, nm+ p, f+m+ p, and
af+m+ nm dynamically coexistence phase regions. Since

the obtaining of these phases for the FM/FM and FM/AFM
interactions has been given in detail,[34] we will not discuss
the solutions or present any figures here. We only summarize
or illustrate these phases in Table 1.

Table 1. Characteristics of time variations of magnetizations mA
1 (ξ ), mB

1 (ξ ), mA
2 (ξ ), mB

2 (ξ ).

Oscillation of sublattice magnetizations

F
u
n
d
a
m

e
n
ta

l

p
h
a
se

s
o
r

so
lu

ti
o
n
s

p mA/mB/mA/mB/   

mA/mB/mA/mB/   

mA/mB/mA/mB/   

mA/mB/mA/mB/   

mA/mB/mA/mB/   

mA/mB/↪ mA/mB 
≠  or    mA/mB ≠ ↪ mA/mB /   

mA/mB/↪ mA/mB 
≠  or    mA/mB ≠ ↪ mA/mB /   

mA/mB/↪ mA/mB 
≠  or    mA/mB ≠ ↪ mA/mB /   

mA/↩mB↪ mA/↩mB
   

mA/↩mB↪ mA/↩mB
   

mA/↩mB↪ mA/↩mB
   

mA/↩mB↪ mA/↩mB
   

mA/↩mB↪ mA/↩mB
   

mA/↩mB↪ mA/↩mB
   

mA/↩mB↪ ↩mA/mB
   

mA/↩mB↪ ↩mA/mB
   

mA/↩mB↪ ↩mA/mB
   

mA/mB 
≠  and with positive spin values 

mA/mB 
≠  and with positive spin values 

mA/mB 
≠  and with positive spin values 

mA/mB 
≠  and with positive spin values 

mA/mB 
≠  and with positive spin values 

mA/mB 
≠  and with positive spin values 

mA/mB 
≠  and with positive spin values 

mA/mB 
≠  and with positive spin values 

f

m

af

nm

C
o
e
x
is

te
n
c
e
p
h
a
se

s
o
r
so

lu
ti
o
n
s

f+p
f

p

f+m
f

m

af+m
af

m

m+p
m

p

nm+p
nm

p

f+m+p
f

m

p

af+m+nm

af

m

nm

3.2. Thermal behavior of dynamic magnetizations

In this subsection, we investigate the behavior of the aver-
age magnetizations in a period or the dynamic magnetizations
as a function of reduced temperature. This investigation leads
us to obtain the dynamic phase transition (DPT) points as well
as to characterize the nature (continuous or discontinuous) of
the dynamic phase transitions. The dynamic magnetizations,
MA,B

1 and MA,B
2 , are defined as

MA
1 =

1
2π

∫ 2π

0
mA

1 (ξ )dξ , MB
1 =

1
2π

∫ 2π

0
mB

1 (ξ )dξ , (10)

and

MA
2 =

1
2π

∫ 2π

0
mA

2 (ξ )dξ , MB
2 =

1
2π

∫ 2π

0
mB

2 (ξ )dξ . (11)

To obtain the DPT points as well as to characterize the nature
of the dynamic boundaries, the thermal behaviors of MA,B

1 and
MA,B

2 for several values of the interaction parameters are ob-
tained by solving Eqs. (10) and (11). We solve these equations
by combining the numerical methods of the Adams–Moulton
predictor corrector with Romberg integration. We fixed J1,
J2, d, h and changed J3 in order to see the effect of interlayer
coupling interaction on the critical behavior of the system.
We should also point out that J3 is related to the thickness.
If J3 is small that means the thickness is small, otherwise it

is big. A few explanatory and interesting examples are plot-
ted in Figs. 2(a)–2(c) in order to illustrate the calculation of
the DPT points and the dynamic phase boundaries among
the phases. In these figures, TC and Tt are the critical or the
second-order phase transition and the first-order phase transi-
tion temperatures, respectively. Figure 2(a) shows the behav-
iors of dynamic magnetizations, MA,B

1 and MA,B
2 , as functions

of the reduced temperature for J1 =−0.2, J2 =−0.1, d = 0.1,
h = 0.1, and J3 = 0.1. In the figure, MA

1 = 2.0, MB
2 = 5/2, and

MA
1 =−2.0, MB

2 = 5/2 at zero absolute temperature, and MA
1 ,

MA
2 decrease and MB

1 , MB
2 increase to zero discontinuously as

the reduced temperature increases; hence a first-order phase
transition occurs at Tt = 1.790. The phase transition is from
the m to the p phases that is clearly observed in Fig. 3(c) for
h= 0.1. In this case, the solution does not depend on the initial
values of MA,B

1 and MA,B
2 . Figure 2(b) illustrates the thermal

variations MA,B
1 and MA,B

2 for J1 = −0.2, J2 = −0.1, d = 0.1,
h = 0.3, and J3 = 0.75 for two different initial values; i.e.,
MA

1 = MB
1 = 2 for the dashed lines and MA

2 = MB
2 = 5/2 for

the solid lines. From this figure, one can see that below Tt1 the
f+m phase, between Tt1 and Tt2 the m+ p phase, and above
Tt2 the p phase exists. Therefore, the system undergoes two
successive first-order phase transitions, the first one is from the
f+m phase to the m+ p phase at Tt1 = 0.501, and the second
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one is from the m+ p to the p phase at Tt2 = 3.360. This fact is
also seen clearly in Fig. 3(e) for h = 0.3. Figure 2(c) displays
the temperature dependence of MA,B

1 and MA,B
2 for J1 =−0.2,

J2 = −0.1, d = 0.1, h = 0.15, and J3 = 5.0 for two differ-
ent initial values; i.e., MA

1 = MB
1 = 2 for the dashed lines and

MA
2 =MB

2 = 5/2 for the solid lines. This case is exactly similar
to the previous case, i.e., the case for Fig. 2(b), except the sys-
tem undergoes two successive second-order phase transitions
at TC1 = 3.700 and TC2 = 6.450 in which the first one is from
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Fig. 2. Reduced temperature dependences of dynamic magnetiza-
tions MA

1 , MB
1 and MA

2 , MB
2 . TC and Tt are the critical or the second-

order phase transition and the first-order phase transition tempera-
tures, respectively. (a) Exhibiting first-order phase transition from
the m phase to the p phase for J1 = −0.2, J2 = −0.1, d = 0.1,
h = 0.1, and J3 = 0.1. Tt is found at 1.790. (b) Exhibiting two suc-
cessive first-order phase transitions, the first one is from the f+m
phase to the m+ p phase at Tt1 = 0.501, and the second one is from
the m+ p to the p phase at Tt2 = 3.360 for J1 = −0.2, J2 = −0.1,
d = 0.1, h = 0.3, and J3 = 0.75 for two different initial values; i.e.,
MA

1 = MB
1 = 2 for the dashed lines and MA

2 = MB
2 = 5/2 for the

solid lines. (c) Exhibiting two successive second-order phase tran-
sitions, the first one is from the f+m phase to the m+ p phase at
TC1 = 3.700, and the second one is from the m+ p to the p phase
at TC2 = 6.450 for J1 = −0.2, J2 = −0.1, d = 0.1, h = 0.3, and
J3 = 0.75 for two different initial values; i.e., MA

1 = MB
1 = 2 for the

dashed lines and MA
2 = MB

2 = 5/2 for the solid lines.

the f+m phase to m+ p phase at TC1 = 3.700 and the second
one is from the m+ p to the p phase at and TC2 = 6.450. This
fact is also seen clearly in Fig. 3(g) for h = 0.15. In the last
two cases, the solutions depend on the initial values of MA,B

1
and MA,B

2 . From these investigations we concluded that if J3 is
small, the system generally undergoes a first-order phase tran-
sition, otherwise a second-order one.
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Fig. 3. Phase diagrams of mixed spin (2, 5/2) Ising system on two-
layer square lattice in (T , h) plane for antiferromagnetic/antiferromagnetic
(AFM/AFM) interactions (J1 < 0 and J2 < 0), J1 = −0.2, J2 = −0.1,
d = 0.1, and h = 0.1. The solid and dashed lines represent the second-
and first-order phase transition lines, respectively, and the dynamic tricritical
point is denoted by a filled circle. E, TP, and QP represent the dynamic criti-
cal end point, triple point, and quadruple point, respectively. (a) J3 = 0.005;
(b) J3 = 0.05; (c) J3 = 0.1; (d) J3 = 0.5; (e) J3 = 0.75; (f) J3 = 1.0; (g)
J3 = 2.0; (h) J3 = 12.0; (i) J3 = 120.0; (j) J3 = 200.0.

3.3. Dynamic phase diagrams

Since we have obtained the DPT points, in Subsec-
tion 3.2, we can now present the dynamic phase diagrams
of the system. The calculated phase diagrams in the (T,h)
planes are presented in Figs.3–5, for various values of the in-
teraction parameters. In these phase diagrams, the solid and
dashed lines represent the second- and first-order phase tran-
sition lines, respectively, and the dynamic tricritical point is
denoted by a filled circle. E, TP, and QP represent the dy-
namic critical end point, triple point, and quadruple point, re-
spectively. The system displays the p dynamically disordered
phase, the f, af, m, and nm dynamically disordered phases
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and seven different dynamically coexistence phases which are
composed of a binary and ternary combination of dynamically
disordered and ordered phases, strongly depending on the in-
teraction parameters, in particular on J3.

The dynamic phase diagram of the mixed Ising model for
the case of AFM/AFM interactions on the bilayer square lat-
tice for J1 = −0.2, J2 = −0.1, d = 0.1, h = 0.1, and vari-
ous values of J3 are shown in Fig. 3 and ten main different
topological types of dynamic phase diagrams are found. In
Fig. 3, the following six interesting phenomena are seen. (i)
For 0.045 > J3 ≥ 0.0, the dynamic phase boundaries among
the phases are first-order phase lines, but the boundary be-
tween the m and nm phases is a second-order and the sys-
tem also exhibits the dynamic critical end point (E). (ii) For
0.084 > J3 ≥ 0.915, the system always undergoes a first-order
phase transition; hence all dynamic phase boundaries among
the phases are first-order lines. (iii) For 1.850 > J3 ≥ 0.915,
the phase diagrams exhibit two dynamic tricritical points and
for a small T and large h the system undergoes a first-order
phase transition, otherwise either a first- or second-order de-
pending on T and h values. (iv) For 48.20 > J3 ≥ 1.850,
the system also displays two dynamic tricritical points and
for small T and large h values the system undergoes a first-
order phase transition, otherwise always a second-order phase
transition. (v) For J3 ≥ 48.20, the phase diagram is similar
to the previous case, except the dynamic phase boundary be-
tween the m+ p and p phases disappeared; hence the system
exhibits only one dynamic tricritical point. (vi) In Figs. 3(a),
3(d), and 3(e), the system exhibits re-entrant behavior, i.e., as
the temperature is increased, the system passes from the dy-
namically disordered paramagnetic (p) phase to the dynami-
cally ordered m phase as shown in Fig. 3(d) and the p phase
passes to the m+ p phase as shown in Fig. 3(e) and back to the
p phase again for high values of h. In spin systems, re-entrant
behavior can be perceived as follows. At high temperatures,
entropy is the most important factor and uncorrelated fluctu-
ations determine the thermodynamics. The system is then in
the disordered phase bias due to the applied field. As the tem-
perature is lowered, the energy and entropy are both important
and the correlated fluctuations affect the dominance of either
phase significantly; hence the system enters the ordered phase.
At low temperatures, the energy is important, not the entropy,
and the system re-enters the disordered phase again.[49,50]

Figure 4 illustrates the dynamic phase diagrams in the
(T,h) plane for J1 =−0.2, J2 =−0.1, d =−0.5, h = 0.1, and
various values of J3; six main types of phase diagrams are ob-
served. From these phase diagrams, which have negative val-
ues of crystal field interaction, the following five interesting
phenomena were found. i) For 0.1 > J3 ≥ 0.0, the system ex-
hibits one dynamic tricritical point and for small T and large
h values the system undergoes a first-order phase transition,
otherwise either a first- or second-order depending on T and h
values, as seen in Fig. 4(a). ii) For 0.5> J3≥ 0.1, the phase di-
agram also displays one dynamic tricritical point and for small
T and large h values the system undergoes a first-order phase

transition, otherwise always a second-order phase transition,
as illustrated in Fig. 4(b). iii) For J3 ≥ 0.5, the system illus-
trates two dynamic tricritical points and for small T and large
h values, the system undergoes a first-order phase transition,
otherwise always a second-order phase transition, as seen in
Figs. 4(c)–4(f). iv) In Figs. 4(c) and 4(d) the system exhibits
re-entrant behavior or that is the same as in Fig. 3(e). v) For
large values of J3, the system exhibits richer phase diagrams.
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Fig. 4. Same as Fig. 3, but for J1 = −0.2, J2 = −0.1, d = −0.5, h = 0.1.
(a) J3 = 0.005; (b) J3 = 0.05; (c) J3 = 5.0; (d) J3 = 20.0; (e) J3 = 40.0; (f)
J3 = 200.0.

Since the case of AFM/FM with J1 > 0 and J2 < 0 is
not examined in Ref. [34], we study the case of AFM/FM for
J1 > 0 and J2 < 0; nine main types of phase diagrams are ob-
served and presented in Fig. 5. The following features can
be singled out in Fig. 5. a) The dynamic phase boundary is
always first-order lines; hence the system does not exhibit dy-
namic tricritical behavior as seen in Fig. 5(a). b) The sys-
tem includes one dynamic, two, and three dynamic tricritical
points, as seen in Figs. 5(c)–5(f); 5(g); 5(h), 5(i), respectively.
c) The system displays one TP dynamic special point, as seen
in Figs. 5(b), 5(c), 5(e), 5(i). Moreover one Z dynamic zero-
temperature critical point appears in Fig. 5(d). d) The dynamic
phase diagrams contain f, c, nm, sf, and p fundamental phases
and the f+ p, f+ nm, c+ p, sf+ c, sf+ nm, and f+ nm+ p
mixed phases. e) The dynamic phase boundaries among the
phases are mostly first-order phase lines except the dynamic
phase boundary among the fundamental phases.
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Fig. 5. Same as Fig. 3, but for antiferromagnetic/ferromagnetic (AFM/FM)
interactions (J1 > 0 and J2 < 0), J1 = 1 and (a) J2 =−0.5, J3 = 0.1, d =−4;
(b) J2 = −0.2, J3 = 1, d = −1; (c) J2 = −0.1, J3 = −0.1, d = −1.8; (d)
J2 =−0.1, J3 = 0.1, d = 0.1; (e) J2 =−0.2, J3 =−2, d = 1; (f) J2 =−0.5,
J3 = 0.1, d = 0.1; (g) J2 = −0.5, J3 = −1, d = −1; (h) J2 = −1, J3 = 0.7,
d =−3; (i) J2 =−0.5, J3 = 0.1, d =−2.

We also investigate the influence of the frequency and
present two dynamic phase diagrams for two different values
of ω , namely ω = 0.1π and ω = 10π , as seen in Figs. 6(a)
and 6(b). We find that the system displays richer dynamic crit-
ical behavior for higher values of frequency than that for the
lower values of it. These figures correspond to Fig. 3(h) calcu-
lated for J1 =−0.2, J2 =−0.1, J3 = 12, d = 0.1, h = 0.1, and
ω = 2π . If one compares Fig. 6(a) with Fig. 3(b), one can see
that the system exhibits only the m+ p mixed phase besides
the f and p fundamental phases, two dynamic tricritical points
and one triple point, as seen in Fig. 6(a); hence the system
gives a simple dynamic critical behavior. On the other hand,
for large values of ω , the system exhibits richer and interest-
ing dynamic critical behaviors, such as three dynamic tricriti-
cal points, the QP special point, and two f fundamental phases
that appear for low values of T and h, by comparing Fig. 3(h)
with Fig. 6(b).

Finally, in order to see the effects of AFM/AFM interac-
tion we should compare these dynamic phase diagrams with
the dynamic phase diagrams, namely Figs. 4–7, in Ref. [34] in
which both the FM/FM and AFM/FM interactions were con-
sidered. By comparisons, the following interesting differences

have been observed: (I) The system with the AFM/AFM inter-
action exhibits richer and interesting dynamic phase diagrams
than the system with both the FM/FM and AFM/FM interac-
tions. (II) The system with AFM/AFM interaction displays the
dynamic re-entrant behavior for both positive and negative val-
ues of the single-ion potential, but the system with the FM/FM
and AFM/FM interactions illustrates only negative values of
the single-ion potential. (III) The dynamic phase transition
points and dynamic special points as well as dynamic tricrit-
ical points occur at higher temperatures for the AFM/AFM
interaction than the FM/FM and AFM/FM interactions. (IV)
The compensated (c) and the surface (sf) fundamental phases
do not exist for the AFM/AFM interaction, but it occurs for
the FM/FM and AFM/FM interactions. (V) The system does
not display the Z dynamic zero-temperature critical point for
the AFM/AFM interaction, but it exists for the AFM/FM in-
teractions.
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Fig. 6. Same as Fig. 3, but for J1 = −0.2, J2 = −0.1, d = 0.1,
h = 0.1, and (a) ω = 0.1π , (b) ω = 10π .

4. Summary and conclusion
In a summary, we analyzed within a mean-field ap-

proach, the dynamic magnetic properties of the mixed spin
(2, 5/2) Ising system with antiferromagnetic/antiferromagnetic
(AFM/AFM) and AFM/FM with J1 > 0, J2 < 0 interactions
on the bilayer square lattice under the presence of a time
varying (sinusoidal) magnetic field (H = H0 cos(ωt)) by us-
ing Glauber-type stochastic dynamics. The dynamic phase
diagrams are presented in the reduced temperature and mag-
netic field amplitude plane and the effects of interlayer cou-
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pling interaction on the critical behavior of the system are in-
vestigated. We also investigate the influence of the frequency
and find that the system displays richer dynamic critical be-
havior for higher values of frequency than that for the lower
values of it. Finally, we perform a comparison with the same
system for the FM/FM and AFM/FM with J1 < 0 and J2 > 0
interactions[34] and AFM/FM with J1 > 0 and J2 < 0 inter-
actions. We find that the system with the AFM/AFM in-
teraction exhibits richer and more interesting dynamic criti-
cal behaviors than the system with the FM/FM and AFM/FM
interactions. Moreover, the dynamic phase transition points
and dynamic special points exist at higher temperatures with
the AFM/AFM interaction than those with the FM/FM and
AFM/FM interactions. Finally, we hope that our detailed the-
oretical investigation may stimulate further works to study the
dynamic magnetic properties of more complicated bilayer sys-
tems with AFM/AFM interactions on molecular-based mag-
netic materials and may shed some light on future experimen-
tal researches.
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Phys. Lett. A 375 614
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