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Effects of switching frequency and leakage inductance on slow-scale
stability in a voltage controlled flyback converter∗
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The effects of both the switching frequency and the leakage inductance on the slow-scale stability in a voltage con-
trolled flyback converter are investigated in this paper. Firstly, the system description and its mathematical model are
presented. Then, the improved averaged model, which covers both the switching frequency and the leakage inductance, is
established, and the effects of these two parameters on the slow-scale stability in the system are analyzed. It is found that
the occurrence of Hopf bifurcation in the system is the main reason for losing its slow-scale stability and both the switching
frequency and the leakage inductance have an important effect on this slow-scale stability. Finally, the effectiveness of the
improved averaged model and that of the corresponding theoretical analysis are confirmed by the simulation results and the
experimental results.
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1. Introduction
The flyback converter, whose structure is simpler than

those of other types of DC–DC converter such as Buck con-
verter, Boost converter, Buck–Boost converter, and forward
converter, is widely used in the field of low power applications.
Especially, due to its topology which includes the transformer,
it is easy to obtain the multiple output port to supply the dif-
ferent levels of the output voltage.[1] Thus, many researchers
make much effort to investigate the operational principle, ex-
plore the design methodology, establish the appropriate model,
and design the appropriate controller for the flyback converter,
and a great number of good results have been obtained.[1–8]

However, the complex nonlinear phenomena in the flyback
converter are seldom concerned in the existing literature. Until
now, there have been only a few typical studies.[9,10] For ex-
ample, Hsieh et al. studied the complex nonlinear phenomena
in the UC3842 current programmed flyback converter by using
the discrete model and pointed out that the period-doubling bi-
furcation and chaos could be observed when its input voltage
decreased.[9] Xie et al. investigated the period-doubling bifur-
cation and border collision in the voltage controlled flyback
converter. Based on the piece-wise discrete map, the period-
1, period-2, period-3, period-4, period-5, period-8, and chaos
in this converter were analyzed theoretically and confirmed
by the circuit experiment.[10] But, the above two important
studies only focused on the fast-scale instability, which is of-
ten caused by the period-doubling bifurcation occurring at the

switching frequency, in the flyback converter. The slow-scale
instability, which is regarded as a kind of low-frequency in-
stability, has been rarely concerned in the flyback converter.
However, according to the research results about the slow-
scale instability in the voltage controlled non-isolated DC–DC
converter,[11–14] the pulse train controlled non-isolated DC–
DC converter,[15] the one cycle controlled non-isolated DC–
DC converter,[16] the current controlled non-isolated DC–DC
converter,[17–21] it is easy to obtain the conclusion that the cur-
rent stress of the switch in the converter increases seriously
and it is hard to design the appropriate input filter to remove
it. In other words, the occurrence of slow-scale instability in
the non-isolated DC–DC converter would bring the disadvan-
tageous effects on the performance of the system, and it is
not being accepted in practical engineering. To our knowl-
edge, comparing with the non-isolated DC–DC converter, the
topology of the flyback converter is essentially different since
it includes a real transformer, and accordingly the existing re-
sults about slow-scale instability investigations and the corre-
sponding analysis on the non-isolated DC–DC converter can-
not be directly applied to the flyback converter. Namely, it is
necessary to investigate the slow-scale stability in the flyback
converter renewably and completely, especially to analyze the
effects of the key parameters such as the leakage inductance
and the switching frequency on this low frequency stability,
and give its stability boundaries to present the guidance for
designing this converter in practical engineering.
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Generally, the slow-scale stability in the DC–DC con-
verter can be analyzed by establishing a discrete model or
an averaged model. For the discrete model, its main idea is
to solve the differential equations derived from the DC–DC
converter in each state and then sample the circuit variables
at a fixed time. This model is usually used to analyze the
slow-scale stability accurately.[11–14] But, its tedious theoret-
ical derivations lead to its limitation in practice. For the av-
eraged model, its main ideal is to average each circuit vari-
able within one switching period and it is effective to use this
model to analyze the slow-scale stability approximately.[18,19]

But, since its expression in the previous work did not cover
the switching frequency, the effect of the switching frequency
on the slow-scale stability cannot be analyzed. Additionally,
for the voltage controlled flyback converter in practice, the
leakage inductance of the real transformer is not zero and it
is inevitable to affect on the slow-scale stability of the sys-
tem which needs to be considered seriously. Therefore, it is
still necessary to explore the appropriate model, which covers
both the switching frequency and the leakage inductance, to
analyze their effect on the slow-scale stability in the system
completely.

The rest of the paper is organized as follows. In Section 2,
the system description and its mathematical model are briefly
reviewed. Then, in Section 3, the improved averaged model of
the system, which covers both the switching frequency and the
leakage inductance, is established and analyzed theoretically.
The stability boundaries in the parameter spaces of the switch-
ing frequency versus the leakage inductance are given. In Sec-
tion 4, the effectiveness of the improved averaged model and
that of the corresponding theoretical analysis are confirmed
by the simulation results and the experimental results. Fi-
nally, some concluding remarks and comments are given in
Section 5.

2. System description and its mathematical
model
The circuit schematic diagram of the voltage controlled

flyback converter is shown in Fig. 1(a). It consists of a flyback
converter and a voltage controller. For the flyback converter,
it includes an input voltage Vin, a transformer with a turn ra-
tio between the primary and secondary windings Np : Ns, the
primary winding inductance Lm with the leakage inductance
Le, a switch S implemented by means of a MOSFET, a diode
D, a capacitor C, and a load R. For the voltage controller, it
includes a voltage divider, a voltage compensator and a PWM
comparator. Note that the ground of the output voltage of the
flyback converter is different from the ones of the input volt-
age and the voltage controller. Thus, a voltage sensor VSEN
should be inserted to measure the output voltage v0.

By considering that the transformer is non-ideal, its cir-
cuit model can be replaced by the ideal transformer with two
inductors.[22] One inductor has an inductance equal to the pri-
mary winding inductance Lm and the other has the leakage
inductance Le. The corresponding equivalent circuit model
of the system is shown in Fig. 1(b). Note that only the con-
tinuous conduction mode (CCM) in the system is concerned
in this paper and the circuit parameters are chosen to be
Vin = 10 V, Lm = 3.05 mH, N =Np/Ns = 100/50, C = 22.4 µF,
R= 50 Ω, Rvi = 10 kΩ, Rvd = 2 kΩ, Vref = 1.6 V, Rvf = 10 kΩ,
Cvf = 0.47 µF, VL = 0 V, and VU = 4 V.
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Fig. 1. Circuit schematics of the voltage controlled flyback converter of
(a) the origin circuit and (b) the equivalent circuit.

2.1. Flyback converter description

In order to see the operation state of the flyback con-
verter clearly, the typical time-domain waveforms for current
iL, current ip, current i1, voltage vD, and PWM signal vd for
f = 30 kHz and Le = 168 µH are given in Fig. 2. Note that
if vd = 0, the switch S is in OFF state. But, when vD = 0 the
diode is in ON state. According to the states of the switch S
and the diode D within one switching period, there are three
topologies, which are called configurations M1, M2, and M3

with corresponding durations about d1T , d2T , and d3T , re-
spectively. Moreover, d1T +d2T +d3T = T .

The configuration M1 (OFF, ON) is given when the
switch S is in OFF state and the diode D is in ON state. The
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current ip is zero and the inductor Lm transfers its energy to
the load. Accordingly, the current iL equals i1 and their values
both decrease.

The configuration M2 (ON, ON) is given when the switch
S changes from the OFF state to the ON and the diode D re-
mains in ON state, and the inductor Lm still transfers its en-
ergy to the load. But, for the nonzero leakage inductance Le,
the current ip increases from zero gradually, i.e., it takes some
time to make the current ip equal iL, which implies the cur-
rent is is zero. In other words, this configuration will not exist
when the leakage inductance Le of the transformer is zero, i.e.,
Le = 0. What is more important is that as soon as the current ip
equals iL, the flyback converter operates in configuration M3

immediately.

The configuration M3 (ON, OFF) is given when the
switch S remains in ON state and the diode D changes to OFF
state for its adverse voltage. Thus, only the capacitor C trans-
fers energy to the load. Additionally, the source transfers en-
ergy to the inductor Le and Lm by increasing their currents (ip
and iL) linearly.
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Fig. 2. Typical time-domain waveforms of the flyback converter for
f = 30 kHz and Le = 168 µH.

From the above configurations, the switched model,
which is a basic model for deriving the averaged model, can
be derived by using the Kirchhoff’s voltage law and the Kirch-
hoff’s current law. Therefore, the inductor current iL, the cur-
rent ip, and the voltage v0 are chosen to be the system’s vari-
ables.

1) For configuration M1 (OFF, ON)
diL
dt

=− N
Lm

v0,

dv0

dt
=

NiL
C
− v0

RC
,

ip = 0.

(1)

2) For configuration M2 (ON, ON)

diL
dt

=− N
Lm

v0,

dv0

dt
=

N
C
(iL− iP)−

v0

RC
,

dip
dt

=
Vin +Nv0

Le
.

(2)

3) For configuration M3 (ON, OFF)

diL
dt

=
Vin

Lm +Le
,

dv0

dt
=− v0

RC
,

dip
dt

=
Vin

Lm +Le
.

(3)

2.2. Voltage controller description

The objective of the voltage controller is to adjust appro-
priately the duty ratio to regulate the output voltage to satisfy
the requirements in engineering applications. Among the tech-
niques of the popular voltage compensators, the first-order low
pass filter technique is considered here and its mathematical
model can be derived as follows:

dvvf

dt
=

(
1

Rvf
+

1
Rvi

+
1

Rvd

)
Vref

Cvf
− vvf

CvfRvf
− v0

RviCvf
, (4)

where vvf is the output voltage of voltage controller and Vref is
the reference voltage.

The state of switch S is determined by comparing the
voltage vvf with the ramp signal Vramp, whose expression is
described by

Vramp =VL +(VU−VL)

(
t
T

mod 1
)
, (5)

where VL and VU are the lower and the upper threshold of the
ramp signal, and T is the switching period. The switch S turns
on when vcon >Vramp, and turns off when vcon <Vramp.

In the previous work, the leakage inductance Le is sel-
dom concerned since its value is very small compared with
the primary inductance Lm. Also, the switching frequency f
is seldom concerned for its absence of the existed averaged
model which is very popular in the analyzing and designing
process. However, the leakage inductance Le and the switch-
ing frequency f are two important parameters in the designing
process of the flyback converter, so that it is necessary to es-
tablish an appropriate model which covers these two parame-
ters to analyze their effects on the dynamical behaviors of the
system, which is given in the next section.
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3. Improved averaged model derivations and
theoretical analysis

In order to analyze the effects of the switching frequency
f and the leakage inductance Le on the slow-scale stability in
the voltage controlled flyback converter, in general, the aver-
aged model should be established. However, from the existing
literature, the absence of the above two parameters in the pre-
vious averaged model leads to no way to analyze their effects.

Based on Eqs. (1)–(5), the averaged model can be directly
derived by averaging the circuit variables within one switching
period. 

d〈iL〉
dt

=− N
Lm
〈v0〉

(
1− 〈vvf〉

Vm
+d2

)
+

Vin

Lm +Le
(
〈vvf〉
Vm
−d2),

d〈v0〉
dt

=
N
C
〈iL〉
(

1− 〈vvf〉
Vm

+d2

)
−N

C
〈ip〉d2−

〈v0〉
RC

,

d〈vvf〉
dt

=

(
1

Rvf
+

1
Rvi

+
1

Rvd

)
Vref

Cvf

− 〈vvf〉
CvfRvf

− 〈v0〉
RviCvf

,

(6)

where 〈iL〉, 〈v0〉, 〈vvf〉, and 〈ip〉 are the averaged values of iL,
v0, vvf, and ip respectively, and Vm is the peak-to-peak value of
the ramp signal Vramp.

According to the geometric relationships between the cur-
rent iL and ip, the following equations can be derived:

〈ip〉= 〈iL〉(d−d2)+
Vin +N〈v0〉

2 f Le
d2

2 . (7)

By inserting Eq. (7) into Eq. (6), the following equations can
be obtained:

d〈iL〉
dt

=− N
Lm
〈v0〉

(
1− 〈vvf〉

Vm
+d2

)
+

Vin

Lm +Le

(
〈vvf〉
Vm
−d2

)
,

d〈v0〉
dt

=
N〈iL〉

C

(
1− 〈vvf〉

Vm
(1+d2)+d2 +d2

2

)
−

Nd3
2

C
Vin +N〈v0〉

2 f Le
− 〈v0〉

RC
,

d〈vvf〉
dt

=

(
1

Rvf
+

1
Rvi

+
1

Rvd

)
Vref

Cvf

− 〈vvf〉
CvfRvf

− 〈v0〉
RviCvf

.

(8)

Furthermore, by using the averaging method for the cur-
rent iL within one switching period, the following equation can
be obtained:

〈iL〉−
Vin

2 f (Lm +Le)

(
〈vvf〉
Vm
−d2

)
=

Vin +N〈v0〉
Le f

d2. (9)

Thus, the following key expression can be obtained:

d2 =
(2 f 〈iL〉(Lm +Le)Vm−Vin〈vvf〉)Le

(2LmVin +2(Lm +Le)N〈v0〉+LeVin)Vm
. (10)

Note that Le = 0 implies d2 = 0 and 〈ip〉= 〈iL〉d, which satisfy
the derivations for the ideal transformer case. Thus, the im-
proved averaged model of the voltage controlled flyback con-
verter can be obtained by combing Eq. (8) with Eq. (10). Obvi-
ously, this model, which is for a continuous nonlinear system
and its stability and the bifurcation type can be identified by
observing the calculated eigenvalues of the Jacobian matrix at
its equilibrium point, covers both the switching frequency f
and the leakage inductance Le, so that their effects on the dy-
namical behaviors of system can be analyzed.

The equilibrium point of the improved averaged model
can be calculated by making the terms on the right-hand side
of Eq. (8) be zero, i.e.,

− N
Lm

V0

(
1− Vvf

Vm
+D2

)
+

Vin

Lm +Le

(
Vvf

Vm
−D2

)
= 0,

NIL

C

(
1− Vvf

Vm
(1+D2)+D2 +D2

2

)
−

ND3
2

C
Vin +NV0

2 f Le
− V0

RC
= 0,(

1
Rvf

+
1

Rvi
+

1
Rvd

)
Vref

Cvf
− Vvf

CvfRvf
− V0

RviCvf
= 0,

(2 f IL(Lm +Le)Vm−VinVvf)Le

(2LmVin +2(Lm +Le)NV0 +LeVin)Vm
−D2 = 0.

(11)

The Jacobian matrix for the improved averaged model at
the equilibrium point is

Jac =


−
(

NV0

Lm
+

Vin

Lm +Le

)
∂d2

∂ 〈iL〉
a12 a13

a21 a22 a23

0 − 1
RviCvf

− 1
CvfRvf

 ,
(12)

where

a12 = − N
Lm

(
1− Vvf

Vm
+D2

)
−
(

NV0

Lm
+

Vin

Lm +Le

)
∂d2

∂ 〈v0〉
, (13)

a13 =
NV0

LmVm
− NV0

Lm

∂d2

∂ 〈vvf〉

+
Vin

Lm +Le

(
1

Vm
− ∂d2

∂ 〈vvf〉

)
, (14)

a21 =
NIL

C

(
1− Vvf

Vm
+2D2−

Vin +NV0

2 f LeIL
3D2

2

)
∂d2

∂ 〈iL〉

+
N
C

(
1− Vvf

Vm
− Vvf

Vm
D2 +D2 +D2

2

)
, (15)

a22 =
NIL

C

(
1− Vvf

Vm
+2D2−

Vin +NV0

2 f LeIL
3D2

2

)
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× ∂d2

∂ 〈v0〉
−

N2D3
2

2 fCLe
− 1

RC
, (16)

a23 =
NIL

C

(
1− Vvf

Vm
+2D2−

Vin +NV0

2 f LeIL
3D2

2

)
× ∂d2

∂ 〈vvf〉
− NIL(1+D2)

CVm
, (17)

∂d2

∂ 〈iL〉
=

2 f (Lm +Le)VmLe

(2LmVin +2(Lm +Le)NV0 +LeVin)Vm
, (18)

∂d2

∂ 〈v0〉
=

(VinVvf−2 f IL(Lm +Le)Vm)(2(Lm +Le)N)Le

(2LmVin +2(Lm +Le)NV0 +LeVin)2Vm
,(19)

∂d2

∂ 〈vvf〉
=

−VinLe

(2LmVin +2(Lm +Le)NV0 +LeVin)Vm
. (20)

As shown in Refs. [18] and [19], if all the eigenvalues of
the Jacobian matrix at the equilibrium point lie on the left side
of the complex plane, the system will be in stable operation.
Otherwise, the Hopf bifurcation will occur.

When taking Le = 168 µH, the eigenvalues of the Ja-
cobian matrix at different values of switching frequency f
are calculated as shown in Table 1. It is found that when
the switching frequency f is bigger than 18.9 kHz, i.e., f >

18.9 kHz, all the eigenvalues lie on the left side of the com-
plex plane, which implies that the system is in stable operation.
However, when the switching frequency f is less than or equal
to 18.9 kHz, i.e., f ≤ 18.9 kHz, there is a pair of conjugate
eigenvalues moving into the right side of the complex plane,
which implies that the Hopf bifurcation occurs in the system
so that the system loses its stability.

Table 1. Eigenvalues of Jacobian matrix at different values of switching
frequency f for Le = 168 µH.

f /kHz λ 1 λ 2,3 State

50.0 –2696.1 –594.51±2023.9i stable

40.0 –2457.4 –434.06±2268.4i stable

30.0 –2288.2 –239.80±2471.9i stable

20.0 –2163.6 –23.958±2635.8i stable

19.0 –2152.9 –1.5152±2650.1i stable

18.9 –2151.8 0.73640±2651.5i unstable

10.0 –2067.9 205.774±2763.7i unstable

6.00 –2035.4 300.445±2805.6i unstable

Figure 3 shows at the stability boundary, which is ob-
tained by noting down the critical values about the just, lose
the stability in the voltage controlled flyback converter, the
leakage inductance Le versus switching frequency f . One can
observe that the switching frequency f has an important ef-
fect on the stability of the voltage controlled flyback converter,
i.e., the system stability region is enlarged by increasing the
switching frequency f . However, in engineering applications,
the higher switching frequency f will bring more switching
loss, which leads to lower efficiency. Therefore, a compro-
mise must be made when choosing the switching frequency
f .

Furthermore, the leakage inductance Le of the real trans-
former has also an important effect on the dynamical behaviors
of the voltage controlled flyback converter, i.e., the system sta-
bility region is enlarged by increasing the leakage inductance
Le of the transformer. However, in practical engineering, the
leakage inductance Le of the transformer should be reduced to
increase the utilization of the transformer for improving the ef-
ficiency. So, a compromise must also be made when choosing
the value of leakage inductance Le of the real transformer.

5 35 65 95
0

200

400

600

800

f /kHz

L
e
/
m
H

stable

unstable

Fig. 3. (color online) Leakage inductance Le at boundary versus switch-
ing frequency f .

4. Circuit simulations and experiments for veri-
fication
Here, the power electronics simulator (PSIM) software,

which has been widely and effectively used to simulate the
switching power converter and motor drives,[23,24] is used to
simulate the voltage controlled flyback converter. Note that
when the PSIM simulation is carried out, the results are dis-
played by using the PSIM software itself. Additionally, from
Fig. 1, the hardware circuit of the voltage controlled flyback
converter is designed, which is shown in Fig. 4. The switch
S is realized by IRFP460, the diode D by MUR1560, the am-
plifier AM by LF356, the comparator COM by LM311, and
a voltage sensor VSEN by INA111, which is a high speed
FET-input instrumentation amplifier offering excellent perfor-
mance. Additionally, the current probe Tektronix A622 is
used to detect the current is, and the voltage probe Agilent
10074C is used to detect the output voltage v0. The digi-
tal oscilloscope Agilent DSO-6014A is employed to capture
the measured waveforms in the probes. Also, VCC = 15 V,
RD = 510 Ω, and the other circuit parameters are shown in
Section 2. Note that for the different circuit parameters, a large
number of time-domain waveforms can be generated from the
simulations and the circuit experiments. But only represen-
tative figures are shown here, which is used to exemplify the
main findings.
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Fig. 4. Hardware circuit of the voltage controlled flyback converter.

For f = 30 kHz and Le = 168 µH, the simulation results
and the corresponding circuit experimental results are shown
in Figs. 5 and 6, respectively. One can see that the simulation
results are in good agreement with the circuit experimental re-
sults. Moreover, from Figs. 5 and 6, it is obvious that both
the output voltage v0 and the current iS maintain the period-1
operation, implying that the system is in stable operation and
these are in good agreement with the theoretical analysis in
Section 3.

12

8

4
3

1

-1
0.110 0.112 0.114

Time/s
(a)

v
0

i
s

12

8

4
3

1

-1
0.110 0.112 0.114

Time/s
(b)

v
0

i
s

Fig. 5. Simulation results of (a) voltage v0 and the current is, and (b)
corresponding close-up view, for f = 30 kHz and Le = 168 µH.

(b)

(a)

Fig. 6. Measured experimental waveforms of (a) voltage v0 (upper
trace: 2 V/div) and current is (lower trace: 1 V/div), time scale:
500 µs/div, and (b) the close-up view, time scale: 50 µs/div, for
f = 30 kHz and Le = 168 µH.

Moreover, when taking f = 6 kHz and Le = 168 µH, the

simulation results and the experimental results are shown in

Figs. 7 and 8, respectively. One can see that the simulation re-

sults are also in good agreement with the circuit experimental

results and they both show that, except for period-1 operation,

they still display the oscillations whose frequencies are both

approximate to 400 Hz, and accordingly the system loses its

stability. It is also found that the amplitude of the output volt-

age and that of the diode current in this instability operation are

larger than the ones in stable operation. Thus, the occurrence

of this instability in the voltage controlled flyback converter

cannot be accepted in practice. Note that the results from the

simulations and experiments in this case are also in agreement

with the theoretical analyses in Section 3.

Furthermore, the comparison between the theoretical

analyses and simulation results about the stability boundaries

is shown in Fig. 9. One can observe that the results for sta-

bility boundaries from these two ways are in good agreement

with each other, and these show that the theoretical analysis in

Section 3 is effective.
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Fig. 7. Simulation results of (a) voltage v0 and current is, and (b) corre-
sponding close-up view for f = 6 kHz and Le = 168 µH.

(b)

(a)

Fig. 8. Measured experimental waveforms of (a) voltage v0 (upper
trace: 2 V/div) and current is (lower trace: 1 V/div), time scale:
2 ms/div, and (b) close-up view, time scale: 500 µs/div, for f = 6 kHz
and Le = 168 µH.

Therefore, according to the above simulations, experi-

ments and the corresponding comparisons, it is confirmed
that the derived improved averaged model which covers the
switching frequency f and the leakage inductance Le is an ef-
fective model to analyze their important effects on the slow-
scale stability in the voltage controlled flyback converter.
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Fig. 9. (color online) Comparison between the theoretical analyses and
the PSIM simulations about the stability boundaries.

5. Conclusions
The flyback converter as a primary isolated switching

power converter has been widely used in low power applica-
tions. Based on the derived improved averaged model which
covers the switching frequency f and the leakage inductance
Le, the effects of these two circuit parameters on the slow-scale
stability in the voltage controlled flyback converter are inves-
tigated in this paper. The results among the PSIM simulations,
the theoretical analysis, and the circuit experiment are in good
agreement with each other and the following main findings are
obtained:

(i) The derived improved averaged model is an effective
model for analyzing the effects of the switching frequency f
and the leakage inductance Le on slow-scale stability in the
voltage controlled flyback converter.

(ii) The Hopf bifurcation occurs in some parameter values
and it mainly leads to the voltage controlled flyback converter
losing its slow-scale stability.

(iii) A compromise must be made when choosing the
switching frequency f since its higher value leads to the larger
stability region but with a lower efficiency.

(iv) A compromise must be made when choosing the leak-
age inductance Le since its higher value leads to the larger sta-
bility region but with a lower utilization of the transformer.
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