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Control of the patterns by using time-delayed feedback near the
codimension-three Turing—Hopf—Wave bifurcations”
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Control of the spatiotemporal patterns near the codimension-three Turing—Hopf—Wave bifurcations is studied by us-
ing time-delayed feedback in a three-variable Brusselator model. Linear stability analysis of the system shows that the
competition among the Turing-, Hopf- and Wave-modes, the wavenumber, and the oscillation frequency of patterns can be
controlled by changing the feedback parameters. The role of the feedback intensity P, played on controlling the pattern
competition is equivalent to that of P, but opposite to that of P,. The role of the feedback intensity P, played on control-
ling the wavenumber and oscillation frequency of patterns is equivalent to that of P,, but opposite to that of P,. When the
intensities of feedback are applied equally, changing the delayed time could not alter the competition among these modes,
however, it can control the oscillation frequency of patterns. The analytical results are verified by two-dimensional (2D)

numerical simulations.
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1. Introduction

Spatiotemporal patterns which form through self-
organization exist in a variety of physical, chemical, and bi-
ological systems.!'~7 The study of the dynamics of pattern
formation has attracted much attention in different fields be-
cause these patterns exhibit certain similarities although their
origins are very different. From the linear stability analy-
ses, these patterns result from three types of bifurcations:
Turing-, Hopf-, and Wave-bifurcations. Turing bifurcation
breaks the spatial symmetry, which leads to stationary peri-
odical patterns. Hopf bifurcation breaks the temporal symme-
try, which leads to uniformly oscillatory patterns. Wave bi-
furcation breaks both the spatial and the temporal symmetries,
which results in spatiotemporal patterns. These bifurcations
could appear to have simultaneously resulted in considerably
complex patterns.[!+>]

One aim of studying the dynamics of pattern formation
is to realize the control of the patterns. Biological experi-
ments have shown that spiral waves of electrical activity are
related to life-threatening cardiac arrhythmias. Therefore, how
to control and eliminate the spiral waves of electrical activity
is currently a hot topic in cardiology research. Many strategies
have been proposed to control the spatiotemporal patterns with
different characteristics of dynamics.!®2% Guo ef al. studied
the control of spiral waves by using local feedback in a light-
sensitive Belousov—Zhabotinsky reaction.8! Spiral turbulence
was prevented by introducing local inhomogeneities around a
small area of spiral tips. Zhang et al. realized the suppression
of spiral turbulence by applying a periodical signal acted lo-
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cally on the media.!'!! Recently, Sen et al. studied the global
control of spiral waves by using time-delayed feedback.!!”!

At present, the studies on the control of the patterns
mainly focus on that in excitable and bistable systems. In
the oscillatory system, that is confined to the region near
the codimension-two Turing—Hopf bifurcations.[>'">! Li er
al. observed an oscillatory superlattice pattern which resulted
from the interaction between the Turing and Hopf modes. [*?!
He et al. studied the transition between the Turing and antispi-
ral patterns by using time-delayed feedback.!'8] Because Wave
bifurcation could induce complex patterns, the study on the
spatiotemporal patterns near the codimension-three Turing—
Hopf—Wave bifurcations has attracted much attention in the
past decade.!'*>] One open question is how to control ef-
fectively the pattern formation near the codimension-three
Turing—Hopf—Wave bifurcations. In this work, we study the
control of the spatiotemporal patterns near the codimension-
three Turing—Hopf—Wave bifurcations by using the strategy
of time-delayed feedback. The effect of the time-delayed
feedback on the wavenumber and the oscillatory frequency of
patterns are discussed based on the linear stability analyses.
The roles of time-delayed feedback played on controlling the
Turing-, Hopf-, and Wave-modes are confirmed. The analyti-
cal results are verified well by numerical simulations.

2. Reaction—diffusion model

In order to study the effect of time-delayed feedback on
controlling the pattern formation near the codimension-three
Turing—Hopf—Wave bifurcations, we adopt a modified three-
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variable Brusselator model expressed as follows:

% = Fluvw) + DVuAF, (1)
% = g(u,v,w)+D,V>v+G, )
%V — h(u,v,w) + Dy V2w 4+ H, 3)

where, the reaction terms f(u,v,w), g(u,v,w), and h(u,v,w)
are expressed as:

flu,v,w) = a— (14 b)u+u*v — cu+dw, 4)
glu,v,w) = bu—u, (5)
h(u,v,w) = cu—dw. 6)

Here u, v, and w are dimensionless variables, which corre-
spond to the concentrations of the activator, inhibitor, and un-
reactive species, respectively. D,, D,, and D,, denote their
diffusion coefficients, respectively. Parameters a, b, ¢, and d
are rescaled kinetic parameters. The variable w represents an
unreactive form of u, and it does not take part in any chemi-
cal reactions.?®! The introduction of the new variable w could
lead to Wave bifurcation. To study the competition of the
spatiotemporal patterns near the codimension-three Turing—
Hopf—Wave bifurcations, the diffusion coefficients D,, D,, D,,
are taken as D,, < D, < D,, in this work. The terms F, G, and
H in Egs. (1)—(3) refer to the applied time-delayed feedback
with the forms

F = P,Ju(t— 1) —u(1)], @)
G = P,v(t—1)—v(1)], (8)
H = P,[w(t—1)—w(t)], 9)

where P,, P,, and P,, represent the feedback intensities of u, v,
and w, respectively. 7 is the delayed time of the feedback. In
this work, we consider 7 as a small quantity. So the feedback
terms of Egs. (7)—(9) can be expanded in matrix form as:

¥
W([—T)—‘f’(l):—fy, (10)
here, ¥ = [u,v,w]T. Inserting Eq. (10) into the model equa-

tions (1)—(3), we can obtain the following matrix

PO,Y = Q+DV?*¥. (11)
The principal elements P; of the diagonal matrix P are [(1+
tP,), (14 tPR,), (14 TP,)], which are related with feedback pa-
rameters. Q = [ f,g,h]" represents the nonlinear reaction term,
i.e., Egs. (4)—(6). The principal elements D;; of the diagonal
matrix D are the diffusion coefficients [D,,D,,D,,]. The ho-
mogeneous steady states of Egs. (1)—(3) are

b acqT
0= [ ]
0= |4 a d
Applying small spatiotemporal perturbations AY¥Y =

[Au, Av, Aw]T to the homogeneous steady states, ¥ = ¥+ AW,
and linearizing the dynamical system, we obtain:

PO,AY = AAY + DV*AY. (12)

Here, the principal elements A;; of the diagonal matrix A can
be written in the form

, (i,)) € (1,2,3).

%
By expressing spatiotemporal perturbation in Fourier’s space,

AP — chelt+ikx7
k

here C = [c},c7,c}]T, we obtain the following matrix equation

for eigenvalues of the stability matrix
AC=(A-B)C. 13)

The principal elements of the diagonal matrix B read B;; =
K2D;; + PiA. By expanding Eq. (13) we obtain a cubic equa-
tion about the eigenvalues A, and can further discuss the stabil-
ities of the homogeneous steady states by using linear stability
analysis.

Based on the linear stability analysis of the homogeneous
steady states, we obtain the bifurcation diagram without time-
delayed feedback as shown in Fig. 1. Turing bifurcation oc-
curs at Im(2;0) = 0, Re(A0) = 0, as indicated by the solid
line. Wave bifurcation occurs at Im(A40) 7 0, Re(A4) =0,
as indicated by the dashed line. Hopf bifurcation occurs at
Im(A—9) # 0, Re(A4—¢) = 0, as indicated by the dash—dotted
line. It is obvious that the parameter space is divided into six
domains by the three bifurcation lines. In domain I, the ho-
mogeneous steady state is the only solution. Domains II and
III are pure Turing and pure Wave regions, respectively. Tur-
ing and Wave instabilities coexist in the domain I'V. Hopf and
Wave instabilities arise in domain V. In domain VI the three in-
stabilities occur simultaneously. In the following, we will fo-
cus on the dynamic of patterns in domain VI, where the three
instabilities coexist, and investigate the role of time-delayed
feedback played on controlling the spatiotemporal pattern.
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Fig. 1. (color online) Bifurcation diagram for b—a parameter space

without the time-delayed feedback. Other parameters are D, = 1.7,

D,=12.1,D,,=160,c=d =1.5.

First, we analyze the effect of the feedback intensity P,
on the three modes (with fixed P, = P, = 0). Figure 2 shows
the dispersion relation with different P,. It can be seen that
the three modes are affected by P,. The characteristics of the
Hopf and Wave modes change more remarkably than that of
the Turing mode. The intensities of the Hopf and Wave modes
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decrease rapidly with increasing P, as shown in Fig. 3(a).
Because the formation of a pattern with certain symmetry is
mainly determined by the intensities of these modes, by ap-
plying appropriate P, one can change the intensities of these
modes and thereby control the pattern formation resulted from
the competition between the three modes. In addition, the
feedback intensity can also change the oscillation frequency
and intrinsic wavenumber of patterns, as shown in Figs. 3(b)
and 3(c). For Wave mode, both the oscillation frequency (solid
line in Fig. 3(b)) and the intrinsic wavenumber (solid line
in Fig. 3(c)) decrease with P,. The oscillation frequency of
the Hopf mode (dashed line in Fig. 3(b)) also decreases with
P,. However, there is little effect of feedback intensity P, on
the intrinsic wavenumber of the Turing mode (dashed line in

Fig. 3(c)).
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Fig. 2. (color online) Dispersion relation with different feedback
intensities P, = 0.0,3.5,7. The solid and dashed lines correspond
to the real and image parts of the eigenvalues A, respectively. Other
parameters are D, = 1.7, D, = 12.1, D,, = 160, a = 1.15, b = 4.05,
c=d=151=0.1,P,=P,=0.
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Fig. 3. (color online) Dependence of the intensities of the Turing,
Hopf, and Wave modes (a), the oscillation frequency of the Wave
and Hopf modes (b), the intrinsic wavenumber of the Turing and
Wave modes (c) on P,. Other parameters are D, = 1.7, D, = 12.1,
D, =160,a=1.15,b=4.05,c=d=15,7=0.1, R, =P, =0.

In order to compare the effect of the feedback intensity P,
on controlling the pattern formation with that of P,, we then

study the role of P, played on controlling the three modes.
Figure 4(a) shows the dependence of intensities of the three
modes on P, with fixed P, = P,, = 0. It can be seen that the in-
tensities of the Wave and Hopf modes increase rapidly with P,,
while the intensity of the Turing mode increases slightly with
P,. It shows that the effect of P, on the intensities of the modes
is opposite to that of P,. This is because that variables « and v
are the activator and inhibitor of the system, respectively, and
the actions of them on the system are opposite. Therefore the
feedback of u and v also play opposite roles on controlling the
intensities of the three modes. The dependencies of the oscilla-
tion frequency and the intrinsic wavenumber of the patterns on
P, are shown in Figs. 4(b) and 4(c), respectively. It can be seen
that both the oscillation frequency (solid line in Fig. 4(b)) and
the intrinsic wavenumber (solid line in Fig. 4(c)) of the wave
mode decrease with P,. The oscillation frequency of the Hopf
mode (dashed line in Fig. 4(b)) also decreases with P,. The
intrinsic wavenumber of the Turing mode decreases slightly
with P,.
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Fig. 4. (color online) Dependence of the intensities of the Turing,
Hopf, and Wave modes (a), the oscillation frequency of the Wave
and Hopf modes (b), the intrinsic wavenumber of the Turing and
‘Wave modes (c) on P,. Other parameters are D, = 1.7, D, = 12.1,
D, =160,a=1.15,b=4.05,c=d=1.5,7=0.1,, =P, =0.

The effect of the feedback intensity P, on the intensi-
ties of the three modes is similar with that of P, as shown in
Fig. 5(a). The intensities of the Hopf and Wave modes de-
crease rapidly with P,,. This is because the new variable w
represents an unreactive form of u. For Wave mode, the oscil-
lation frequency and the intrinsic wavenumber increase with
P,, (solid lines in Figs. 5(b) and 5(c)). For Hopf mode, the
oscillation frequency increases with P, (dash—dotted line in
Fig. 5(b)). The control of the feedback intensity P,, on the os-
cillation frequency and the intrinsic wavenumber is opposite
to that of P, and P,. So, by applying appropriate feedback in-
tensities P,, P,, and P,, one can control the intensities of the
three modes (therefore the competition among them), the os-
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cillation frequency and the intrinsic wavenumber of patterns,
and obtain desirable spatiotemporal patterns.
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Fig. 5. (color online) Dependence of the intensities of the Turing,
Hopf, and Wave modes (a), the oscillation frequency of the Hopf
and Wave modes (b), the intrinsic wavenumber of the Turing and
‘Wave modes (c) on P,. Other parameters are D, = 1.7, D, = 12.1,
D, =160,a=1.15,b=4.05,c=d=15,7=0.1,P, =P, =0.
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Fig. 6. (color online) Dependence of the intensities of the Turing,
Hopf, and Wave modes (a), the oscillation frequency of the Hopf
and Wave modes (b), the intrinsic wavenumber of the Turing and
Wave modes (c) on 7. Other parameters are D, = 1.7, D, = 12.1,
D, =160,a=1.15,b=4.05,c=d=15P, =P, =P, =1.0.

We also analyze the effect of delayed time 7 on the
three modes with fixed parameters P, = P, = P, = 1.0. The
competition among the three modes cannot be controlled by
only changing the delayed time as shown in Fig. 6(a). How-
ever the oscillation frequency of the Hopf and Wave modes
could change with the delayed time as shown by Fig. 6(b).
In addition, the delayed time has no effect on the intrinsic
wavenumber of the Turing and Wave modes as shown by
Fig. 6(c). This is because that when the three feedback in-
tensities are equal, P, = P, = P, = P, we can define a new

time scale T =¢/(1+ TP), thus equation (11) can be rewritten
as or¥ = Q+ DV?¥. The time-delayed feedback is equiv-
alent to rescaling the time scale of the system. Therefore,
time-delayed feedback with identical intensities changes only
the oscillatory frequencies of the Hopf and Wave modes, and
it does not vary the intrinsic wavenumber of the Turing and
Wave modes.

3. 2D numerical simulation

In order to verify the analytical results, we carry out
two-dimensional (2D) numerical simulation of the model with
time-delayed feedback by using the ADI (alternating direc-
tional iterative) method. The parameters of the system are: a =
1.15,6=4.05,c=d=1.5,D,=1.7,D,=12.1, D,, = 160.0.
The simulations are performed on a square grid of 200 x 200
space units. The space step is Ax = Ay = 0.4 space units and
the time step is Ar = 0.02 time units. The boundary condi-
tions are taken to be no-flux. The simulations are started with
a small random initial perturbation around the homogeneous
steady states.

Figure 7 shows the transitions of spatiotemporal patterns
controlled by different feedback parameters. As mentioned
above, we choose the parameters to locate at the domain VI
in Fig. 1, where the three instabilities coexist. In the absence
of time-delayed feedback, the coexistence of the three modes
result in the formation of mixed-mode patterns, as indicate in
Figs. 7(c), 7(f), and 7(k). It can be seen that the Turing spots
occupy only part of the medium. There exist several “holes”
which contain oscillatory modes due to the Hopf and Wave
instabilities. Then we apply appropriate time-delayed feed-
back to these patterns in Figs. 7(c), 7(f), and 7(k), and study
how to control the pattern transition by time-delayed feed-
back. Figures 7(a)-7(d) show the transition of the patterns
with increasing P, (P, = P, = 0). It can been seen that the Tur-
ing spots occupy gradually the whole area with increasing P,
(Fig. 7(d)). If we decrease P, the oscillatory modes will grow
up and the wave pattern will gradually swallow the station-
ary Turing spots (Fig. 7(b)). Applying negative feedback with
enough intensity, the wave pattern will dominant the whole
domain (Fig. 7(a)). The simulation results are in accord with
the above analytical results in Fig. 3.

Figure 7(e)-7(h) shows the development of a pat-
tern with increasing P, (P, = P, = 0): pure Turing mode
(steady hexagon pattern) (Fig. 7(e))-three modes coexistence
(Figs. 7(f)-7(g))—oscillatory modes (Hopf and Wave modes)
(Fig. 7(h)). With increasing P, the oscillatory mode becomes
strong and dominant over the domain. The simulation results
verify that the effect of P, on the competition among the three

modes is opposite to that of P, as shown in Fig. 4.
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Fig. 7. (color online) Pattern transition at different feedback intensities. The feedback intensities P, in panels (a)-(d) are —2.0, —0.6,
0.0, 1.0, respectively (P, = P,, = 0); The feedback intensities P, in panels (e)—(h) are —2.0, 0.0, 0.8, 1.6, respectively (P, = P,, = 0); The
feedback intensities P, in panels (i)—(1) are —2.0, —0.6, 0.0, 1.0, respectively (P, = P, =0). T=0.1.

Figures 7(i)-7(1) show the evolvement of patterns from
oscillatory modes to the stationary Turing mode with increas-
ing P, (P, = P, = 0). The simulation results reveal that the
effect of P, on controlling the pattern transition is equivalent
to that of P,. Both analyses and simulation results have shown
that we can control the pattern formation by applying time-
delayed feedback.

The analytical results shown in Figs. 1-6 shown above
are obtained based on the linear stability analyses of Eq. (11)
in which the delayed time 7 should be a small value. For the
case with large delayed time, these analyses are insufficient,
and it could be further studied in terms of numerical simula-
tions. Here, we find numerically that the dependence of the
oscillation frequency and the intrinsic wavenumber of patterns
on the feedback parameters is similar to that in the small de-
layed time case. So our results shown above are universal for
any feedback parameters.

4. Conclusion

In this work we studied the control of pattern formation
near codimension-three Turing—Hopf—Wave bifurcation by ap-
plying a strategy of time-delayed feedback in a three-variable
Brusselator model. The time-delayed feedback is determined
by the delayed time and feedback intensities. Based on the lin-
ear stability analysis, we find that the intensity, the oscillation
frequency, and the intrinsic wavenumber of the three modes
can be controlled by applying appropriate time-delayed feed-

back. Analytical results have shown that the oscillatory modes
(Hopf and Wave modes) are enhanced with increasing P,, how-
ever they are suppressed with increasing P, and P,,. The oscil-
lation frequencies of the Hopf and Wave modes and the intrin-
sic wavemunber of the Wave mode decrease with increasing
P, or P,. However, they will increase with P,,. The role of
P, played on controlling the intensities of the three modes is
opposite to that of P, and P,,. The role of P, played on control-
ling the oscillation frequencies and the intrinsic wavenumber
is opposite to that of P, and P,. The characteristics of the Tur-
ing mode changes little by applying time-delayed feedback.
By changing the delayed time 7 with identical feedback inten-
sities, the oscillation frequency of the Hopf and Wave modes
can be controlled, however the competition among the three
modes is unaffected. This is because applying identical in-
tensities of feedback is equivalent to rescaling the time scale
of the system. In summary, by applying appropriate feedback
intensities and delayed time we can realize the control of the
pattern formation near codimension-three Turing—Hopf—Wave
bifurcations. Finally, we perform two-dimensional numerical
simulation to confirm the analytical results.

The instability of the three-variable Brusselator model is
determined by the parameters of the system, a, b, ¢, d, D,,,
D,, and D,,. In experiments, the spatial and temporal instabil-
ities can be controlled by modulating these parameters. Our
analytical results have shown that applying appropriate time-
delayed feedback can also realize the control of the spatial and
temporal instabilities. It illustrates that we can control the pat-
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tern formation by applying time-delayed feedback rather than
changing the parameters of the system. This becomes very
useful in some experiments, in which the variation ranges of
the parameters of the system are very limited. For example,
the observed spatiotemporal patterns in the gas discharge sys-
tem are obtained by changing mainly the parameter of the
applied voltage. However, due to the limitation of the light-
sensitive electrodes to high voltage, the applied voltage should
be very low.>”28] In order to obtain more patterns and extend
the present study of pattern formation, one can use the strat-
egy of time-delayed feedback to the gas discharge system even
with the same light-sensitive electrodes, and just introducing a
feedback loop composed of projector and computer.
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