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Codimension-two bifurcation of axial loaded beam bridge
subjected to an infinite series of moving loads*
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A novel model is proposed which comprises of a beam bridge subjected to an axial load and an infinite series of
moving loads. The moving loads, whose distance between the neighbouring ones is the length of the beam bridge, coupled
with the axial force can lead the vibration of the beam bridge to codimension-two bifurcation. Of particular concern is
a parameter regime where non-persistence set regions undergo a transition to persistence regions. The boundary of each
stripe represents a bifurcation which can drive the system off a kind of dynamics and jump to another one, causing damage
due to the resulting amplitude jumps. The Galerkin method, averaging method, invertible linear transformation, and near
identity nonlinear transformations are used to obtain the universal unfolding for the codimension-two bifurcation of the
mid-span deflection. The efficiency of the theoretical analysis obtained in this paper is verified via numerical simulations.
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1. Introduction

The study on the mid-span of a beam bridge under mov-
ing loads has attracted a lot of interest and the theory of mov-
ing load has been extensively developed.!!~®! Theoretical an-
alytical method and finite element are the main methods for
studying the beam bridge vibration.['?! Frybal®># used the
theory of a Euler—Bernoulli beam to obtain the analytical so-
lution of constant force, moving mass, and moving load which
act on the beam. Yang!® adopted a modal superposition ap-
proach to derive the solutions for a vehicle-bridge system and
concluded that sufficiently accurate solutions confirmed that
accurate solutions can be obtained by considering only the
first mode. Rao!® analyzed the dynamic maximum deflec-
tion of a beam and pointed out that the dynamics deflection
on the combination resonance was four or five times the one
on single-mode resonance. Ouyang!” presented some typical
moving-load dynamic problems through a simply supported
beam excited by a moving load. Azizi!® employed the spec-
tral element method in frequency domain to analyze the con-
tinuous beams and bridges subjected to a moving load. The
procedure is simplified for a moving load with a constant am-
plitude and velocity.

It is well known that a number of studies have been per-
formed to predict the dynamic response of the mid-span of a
beam bridge subjected to moving loads by employing beams
and the vibration of a Bernoulli—Euler beam exhibits distinctly
nonlinear behavior. Nayfeh!®! developed a multi-scale method
to solve the equation of the beam with no moving loads. Yan-
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meni Wayou!!?! described a Euler-Bernoulli beam under mov-
ing loads with a duffing-like equation. The method of multiple
scales is adopted to highlight the parametric resonance. The
influence of the mass parameter, the damping, and the load ve-
locity on the beam deflections were examined. Ansaril'!l in-
vestigated frequency responses under the condition of internal
or external resonance with the multi-scale method and studied
the influences of nonlinear stiffness damping as well as magni-
tude of moving load on the frequency response. Hu!'?! inves-
tigated the convergence of the Galerkin method for an elastic
beam subjected to a moving load.

Furthermore, codimension bifurcation is a kind of clas-
sical nonlinear phenomena and has been extensively studied
in pure and applied sciences and engineering (see Refs. [13]
and [14]).
and fold-Hopf bifurcation were investigated in Ref. [15].

Codimension-two generalized-Hopf bifurcation

Zhang!'%! considered a three-codimensional unfolding with Z,
symmetry on the basis of singularity theory. Zhang!!”! applied
the simplest normal form of an electromechanical-coupled
nonlinear dynamic system to analyze the codimension-two bi-
furcation. The codimension-two bifurcation for the quad bun-
dle conductor’s galloping was analyzed in Ref. [18]. Tian!'!
detected the codimension-two bifurcation for a recently pro-
posed SD oscillator. Recently, the codimension-two bifur-
cations of equilibria of a two-dimensional Hindmarsh—Rose
model was discussed in Ref. [20]. Codimension-two homo-
clinic bifurcation of the Hindmarsh—Rose model of neural ac-
tion potential was studied in Ref. [21]. In this year, the dynam-
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ical complexity of a discrete SIS epidemic model with stan-
dard incidence by the qualitative analysis and numerical sim-
ulations was investigated in Ref. [22]. These results demon-
strated the usefulness of the techniques for analyzing such a
complicated behavior in applications. However, although a
number of analytical investigations have been carried out to
study the dynamic behavior of bridge decks traversed by mov-
ing vehicles, there is limited research on nonlinear vibrations
of the beam bridge.!**! A key point to explain the beam bridge
collapse is that a nonlinear response can lead to various com-
plex dynamical phenomena, such as different modes of vibra-
tion, bifurcation, and chaotic motion.

The motivation of this paper is to explore the vibration
and stability of the axial loaded beam bridge subjected to an
infinite series of travelling loads with constant velocity, which
repeat at regular time intervals. We do not restrict ourselves
to investigate the effects of various parameters, such as the
load velocity, load frequency, damping, and so on, but we con-
sider the more complex behavior expected in a nonlinear sys-
tem. We explore persistence sets, non-persistence sets, and a
codimension-two bifurcation set.

This paper is organized as follows. In the next section,
a mathematical model describing the dynamic interactions be-
tween the axial loaded beam bridge and an infinite series of
moving loads is proposed. A static axial force enhances the
nonlinear effect of the beam bridge and an infinite series of
travelling loads make the beam bridge extend to infinity. In
Section 3, the universal unfolding of the normal form with
codimension-two bifurcation is obtained. Furthermore, the
codimension-two bifurcation phenomena for the mid-span de-
flection are presented by using the relationship of the parame-
ters between the mid-span deflection and the universal unfold-
ing. In the last section, numerical results are presented to show
the efficiency of our theoretical analysis.

2. Preliminary dynamic analysis

Consider the mid-span deflection of a beam bridge sub-
jected to infinite equidistant successive moving loads (as
shown in Fig. 1). Assuming that moving loads pass with a
constant velocity v, the equation of motion can be written in
the following form

d*u 2%u 2%u du
2%u L
= (Mg_MatZ) O(x—vr), <0§r§v), (1)

where EI, u(x,t), pA,ci, M are the flexural rigidity, the ver-
tical displacement, mass of unit length, damper of the beam,
and the equivalent mass of moving load, respectively.

1 u\?

is axial force.[**l The use of § function is to accommodate a
pointwise concentrated load in place of a distributed load.
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Fig. 1. Bridge-moving loads model.

Assuming that only the first (symmetric) vibrational
mode is considered, which leads that u can take the follow-
ing form

X

u=q(t)sin -, 0

where ¢(z) is the amplitude of the mode. Substituting Eq. (2)
into Eq. (1) and integrating over [0, L] satisfies

XM L, mv )\ . El ym\% | ®WE 5 ¢ .
<l+sm t>q+() qiSpL3q +—q

PAL L PA \L PA
_ Ms ™ (o<i<E). 3)
pAL™ L y

We can use |sin(7tv/L)t| (¢ > 0) to substitute sin(zv/L)t (0 <
t < L/v) in order to discuss the vibration of the beam bridge
subjected to an infinite series of moving loads with constant
velocity, which repeats at time L/v intervals.**! And let

M 2Mg , EIxn* 1
l’L = ) f = 2 wl = 47) 7’1 = )
LpA LpAw; L*pA PAm;
En’ v t

=F—, 0=——, t > — 4

ﬁ ZFSPL3(0127 L(Dl’ (1)1’ ()
equation (3) can be rewritten as
(142usin® wr)j+q—Bg> + 714 = f|sinwr]. (5)

Let
g=acosQot+¢), ¢§=—2amsin2wt+ ),

and apply the average method, system (5) yields

. an 4fsin¢
4= —
24+pu 324 u)ne’ ©
aé_a(4—3a2ﬁ—l6a)2(l+u)) 4fcos¢
B 82+ u)w 32+u)mo’
3. Codimension-two bifurcation
Let
xX=acosg,
{ y=asing. )
Substituting Eq. (7) into Eq. (6) yields
X=—ax—ayy+a3 (x2 +y2)y7
4f ®)
e 2 2
y=axx—ayy a3(x +y )x+3(2+‘u)7r(0’
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where
N 1—4w?(1+p) 3B
a) = y = —F o, 3= .
24+u 22+ n)o 82+ u)w
Let
X:X0+m7 y:)’O‘f‘”a (9)

where (x9,y0) is an equilibrium point of Eq. (8). Then, equa-
tion (8) can be written as

m=Aim+Asn+Asm* + 2A¢mn
+3As5n% +A7(m*n+n?),

) (10)
n=Asm+Agn—3Agm~ —2Asmn
—Agn® — A7(m® +mn?),
where
Ay = —ay +2a3x0y0, Ax = —ax+az(xg+3y3),
Az =ay —a3(3x§ +35), As=—a1 —2azxoyo,
As = aszyo, Ag = asxg, A7 =as. (11)

Obviously, (0,0) is an equilibrium point of Eq. (10).
Clearly, when

A1 +A4=0, A1A4 —AA3 =0, (12)

the Jacobi matrix of Eq. (10) has double zero roots.
Substituting
A2
Ay=—"Lte, Ay=-A+g, (13)
Ay
into Eq. (10) and introducing the linear transformation
Ay Ap

)= a0
" 1 0 m

satisfies

) As Az )
m=\(——-+& |m — 1——281 ny + azomy
A A2
+ apyming +Clozn% +a30m? +a21mfn1

+ arpmn? + agn?, (14)

A
ny = (A1& — Az )my + A%&m + byom? + byyminy

2 3 2 2 3
+ boani + bzomy + byyminy + baminy + bosny,

where
2A,As 6A3A¢
azo = Al —Aae — A% )
= —2A1A2As + 6A3A¢
11 — A? )
o — 3A346
02 Aél‘ )

A3ArA7 +A3A7
axn=———3
Al
_ —A}ArA7 —3A3A;
az|) = 4 )
Al
o — 3A347
12 A? )
—A3A7
apz = R
03 A?
by — 3(A3As +A1A%As — ATALA — A3Ag)
AlA, ’
b — 2(—2A1A2As +A2Ag + 3A3A¢)
11 — 2 )
Al
by — A1ArAs —3A3A6
A}
b — ATA7 +2A2A3A7 + A3A;
30 — A%Az )
b — —3(A2A2A7 +A3A7)
21 — 3 )
A
by — ATA2A7 +3A3A7
A}
A3A;
boy = ——=2+-.
Al

Hence, with the aid of the Mathematica program in
Ref. [17], the normal form of Eq. (14) can be obtained as fol-
lows:

{mlnla (15)

i = (Ar2€1 — A1&)m) + &ny +am? +bmyn;,

where
a = [(2a20 + by 1)(3A%812 + 6A%82 —2A1A2€1&
— A7(6A261 +£))]/3A7,
b — (2a2() +b11)(9A261 +£2(79A1 +282))
26 ’
Let
Arer —A
u = 28 1€ m,
2a
v=np,
and normal form (15) can be transformed into the following
form
u=v,
 (mEa—Ae)?
' 4q (16)
b(Are1 — A€
+ (—(21212) +£2) v+ au? + buv.
a

The scale transformations may be introduced as follows:

2

a a
M*}ﬁl/l, v%ij, t*};t,

which leads that system (16) can be rewritten in the form

u=v,
17
{"’=u1+uzv+u2+uv, a7
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where

b4(A281 —A1£2)2
,ul = *#7
a

b b(Are — A€
I~L2=(—< ad 12)-1—82).
a 2a

System (16) is the universal unfolding for the norm form

u=v, !

{ v=u®+uv (1%
being the folded dynamics near the origin of codimension-two
bifurcation.[1¢]

The following analysis is carried out in order to obtain
the unfolded dynamics with a bifurcation diagram for the
codimension-two bifurcation.

Firstly, it is easy to find that, for u; <0, the equilibria for
Eq. (17) can be obtained and written as

(xi,O) = (:l:\/ _”170)7

while only equilibrium point (0,0) is saddle-mode as y; = 0,
U # 0. Hence, the saddle-node bifurcation occurs at y; = 0,
Ho # 0.

Secondly, when pt; < 0, the Jacobian at the unique equi-
librium (x4, 0) is given by

0 1
D ,0) = .
f(xs,0) 12— £/~
From Ref. [19], we know that the Hopf bifurcation occurs at
2
Hy = —Hy.

Furthermore, let
=—£', (840 =g’
Uy =—-€o, ( 7& )7 2 = €7K,
2 3 J
u— Eu, v— €, t_>E7

equation (17) can be rewritten as

{L’t:v, (19)

v=—8+ekv+u®+ euv.

For € =0, system (19) is a Hamiltonian system

u=yv,
{v:—5—|—u2, (20)
and the Hamiltonian function is of the form
V2 uw’
H =—+0u——. 21
(u,v) 5 +0u—= (21)

And for convenience, let 6 = 1. These lead to the equi-
libria (+1,0), where (1,0) is the saddle point, while (—1,0) is
center as shown in Fig. 2. The homoclinic orbit can be written
in the parametric form as

u = 3tanh® <\ft> -2,
(22)
v = 3\/§SGCh2 (?t) tanh (?t) .

Fig. 2. (color online) Hamilton phase portrait: § = 1.

For € # 0, system (19) is dissipative, the homoclinic orbit
is preserved, iff

M(k) = /:ov(kv—l—uv)dt =0. (23)

It is known that, the homoclinic orbit occurs on k = 5/7,
ie. Uy = —(49/25)u,. Thus, the bifurcations of Eq. (19) in
H1—Up plane can be listed as follows.

(i) SNTUSN~={u; = 0, # 0}, the saddle-node bifur-
cation;

(i) H = {w; = —u2}, Hopf bifurcation;

(iii) HL = {u = —(49/25)u3}, the homoclinic bifurca-
tion.

The bifurcation diagram described above divides the p;—
U plane into four persistence regions, in each of which
the system is structurally stable. The bifurcation diagram,
codimension-two bifurcation, and phase portraits are well un-
derstood in Fig. 3.

Noticing that
b4(A281 —A182)2
H = R
a
b b(Aye1 —A€
.UZZ(_(ZI 12)4—82),
a 2a
a = [(2ax +b11)(3A3€} + 6A2e; —2A 1Ar61 8
— A7 (6A281 + £7))] /347,
b— (a0 +b11) (9426 + &(—9A1 +28))

26
One can obtain the bifurcation diagram for system (15) in orig-
inal parameter space plane €—¢&, for Ay = 1, A = —1 in the
following (see Fig. 4).

i) The system behaves as the saddle-node bifurcation
when (€1, &) on the branch SN with the unique equilibrium.
If £, =0, (0,0) is a saddle-node for & # 0 (see region SN).

ii) When (g1,&) touches H; and H,, there appears the
Hopf bifurcation which bifurcates into an unstable limit cy-
cle encircling the stable focus (see regions VIII and IV). And
there is a saddle and a source in regions VII and V.

iii) The unstable limit cycles may extend into a homo-
clinic orbit when (€1, &)) tends to HL, HL,, HL3, and HL4
from II, IV, and VII, respectively.
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Fig. 3. (color online) Bifurcation set of system (17).
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SN VV 1V VII

H,

The numerical method is used to verify codimension-two
bifurcation (see Fig. 5). Figure 5 is the phase portraits of
system (8) for E = 2.6911656521719704 x 10!° N-m?, I =
0.00140625 m*, p = 7.2 x 10% kg/m?,

Fig. 4. (color online) The €;—¢; bifurcation set of system (14).

A=02m? L=40m, 10°kg.
120502-5

g =10N/kg, v=26.0378 m/s, c; = 0.3024 N-s/m. The homo-
clinic orbit are presented in Fig. 5(a) for M = 5.76 x 103 kg.
And the limit circle is presented in Fig. 5(b) for M = 3.76 x
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In summary, from Figs. 4 and 5, we know that regions
III, V, VI, and VII are ideal states in which the amplitude of
the mid-span decreases gradually. The limit cycle in regions II
and IV are not acceptable cases because the small periodical
vibration of mid span could be unstable to destroy the stability
of the structure. Other situations, such as sources I and VIII,
are terrible cases, which make the amplitude increase consis-
tently and make the beam bridge collapse. Furthermore, from
the sense to the physics of the beam bridge, & yields & < 0.
Therefore, the parameters, which satisfy & < 0 and lie in re-
gions III, V, and VI, can be chosen in the design of the beam
bridge to keep vibration stability in real engineering.
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x

Fig. 5. (a) Homoclinic orbit; (b) Limit circle.

4. Conclusions

In this paper, the complicated nonlinear dynamics of a
beam subjected to an axial load and an infinite series of mov-
ing loads have been investigated. The moving loads and the
nonlinear characteristic of the axial force can lead the vibra-
tion of the system to codimension-two bifurcation. Analy-

ses were performed to investigate a parameter regime where
non-persistence set regions undergo a transition to persistence
regions. Taking into account the large difference of ampli-
tudes corresponding to these two possible states, when the
conditions of the parameters are close enough to the bifur-
cation boundaries, a trajectory may hop from one persistence
state to another, causing potentially dangerous large amplitude
jumps which can make the beam bridge collapse. Hence, the
future study on the complicated nonlinear dynamics of this
beam bridge is being carried out in three aspects. The first
is the chaotic behaviors. The second pursued direction is to
construct a multi-degree-of-freedom model for the coupling
vibration of the vehicle-bridge for detecting the potential haz-
ard produced by an infinite series of moving loads. The third
direction is to study the vibration energy absorptions that sup-
press the vibrations of the beam bridge under an infinite series
of moving loads.
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