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The dynamics of three coupled dipolar Bose Einstein condensates∗
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The dynamics of the three coupled dipolar Bose–Einstein condensates containing N bosons is investigated within a
mean-field semiclassical picture based on the coherent-state method. Varieties of periodic solutions (configured as vortex,
single depleted well, and dimerlike states) are obtained analytically when the fixed points are identified on the N = constant.
The system dynamics are studied via numeric integration of trimer motion equations, thus revealing macroscopic effects
of population inversion and self-trapping with different initial states. In particular, the trajectory of the oscillations of
the populations in each well shows how the dynamics of the condensates are effected by the presence of dipole–dipole
interaction and gauge field.
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1. Introduction
Great progress in experimental design has been made

since the first achievement of Bose–Einstein condensation
(BEC) of dilute gases in 1995.[1,2] It has formed one of the
main topics of research at the moment and marked the be-
ginning of a new era in optical physics, condensed matter
physics, quantum optics, and so on. Nowadays, ultra-cold
atomic and molecular systems are at the frontier of modern
quantum physics, and are seriously considered to offer more
control than solid-state systems.[3–5] We know that quantum
gases are very dilute systems, in the ultra-cold regime only s-
wave scattering between particles can take place. This makes
us replace the real interatomic potential by a pseudo-potential,
which is short range, isotropic and characterized by the s-wave
scattering length a. For a large number of atomic species,
the magnitude and even the sign of the scattering length a
can be tuned by means of an external magnetic field. This
phenomenon, called Feshbach resonance,[6,7] has found multi-
ple applications since its first experimental observation in cold
gases.[8,9]

The interaction pseudo-potential, despite its simplicity,
plays a crucial role in the static and dynamic properties of
Bose–Einstein condensates;[10,11] one of the most fascinating
properties they are responsible for is the superfluid character
of those gases. There has been a great quantity of previous in-
vestigations analyzing the dynamics[12] and the quantum tun-
neling of Bose–Einstein condensates. Smerzi et al. deliberated
the occurrence of macroscopic self-trapping within one well in
Ref. [13]. In Refs. [14]– [16] the behavior of the system dur-

ing an adiabatic change of parameters was researched and the
Landau–Zener formula and generalizations of the linear two-
level crossing scenarios were analyzed. Ran et al. investigated
the non-Abelian Josephson effect between two F = 2 spinor
Bose–Einstein condensates in double optical traps in Ref. [17].
Liu et al. investigated the Wannier–Stark intraband transitions
in lattice potentials under gravity in Ref. [18] and in Ref. [19]
the Josephson effect for photons in two weakly linked micro-
cavities has been considered by Ji et al. Another line of inves-
tigation considers the mesoscopic regime in which semiclassi-
cal techniques can be used to study the system.[20–25]

But recently, dipolar quantum gases, in which the
anisotropic and long-range dipole–dipole interaction (DDI)
between dipole moments plays a remarkable, even dominant
role, have drawn much attention for they show engaging novel
properties. For those reasons, there has been a quest for real-
izing quantum gases with different, richer interactions in order
to study these interesting properties. BECs in optical lattices
with DDI have become a fascinating field of experimental and
theoretical interest and much attention has been paid to explore
the effects of the DDI by employing different models.[26,27]

Tie et al. investigated the anisotropy of dipole–dipole inter-
action of a dipolar condensate in one-dimensional optical lat-
tices. They found that the tunneling rate between Bloch bands,
the Bloch band structure, and the stabilities of it can be con-
trolled by adjusting the effective aspect ratio of the conden-
sate and the dipolar orientation.[28] In Ref. [29], the matter-
wave interference was studied in an axial triple-well optical
dipole trap and the local field distribution functions of up-spins

∗Project supported by the National Key Basic Research Special Foundation of China (Grant Nos. 2011CB921502, 2012CB821305, 2009CB930701, and
2010CB922904), the National Natural Science Foundation of China (Grant Nos. 10934010, 11228409, and 61227902), and the National Natural Science
Foundation of China–The Research Grants Council (Grant Nos. 11061160490 and 1386-N-HKU748/10).

†Corresponding author. E-mail: wjh@iphy.ac.cn
© 2013 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

120304-1

http://dx.doi.org/10.1088/1674-1056/22/12/120304
wjh@iphy.ac.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 22, No. 12 (2013) 120304

for systems of dipolar interaction with particular emphasis on
Ising-type lattice systems was investigated systematically in
Ref. [30].

In this paper we present a semiclassical method to analyze
the spectral properties of a dipolar BEC in a triple-well poten-
tial, which presents clear visual nonlocal features of DDI. This
technique has been used to investigate the vibrational spectra
of molecules[31–34] and provides a presentative picture for the
inexplainable spectra at first glance. In the circumstances, the
dynamics of a dipolar BEC in a triple well potential is par-
allel to the vibrations of a triatomic molecule. We introduce
a simple semiclassical method of visualization and classifica-
tion of the quantum eigenstates to describe the dipolar quan-
tum system by using the geometrical language. We perform a
systematic analysis of the trimer dynamics to ascertain that the
absence of integrability dominates the interactions of the three
dipolar BECs modeled in a standard semiclassical picture, and
the analysis provides a thorough scenario of the trimer dynam-
ical regimes and of their dependence on the external parame-
ters occurring in the Hamiltonian which is expected to be op-
erationally useful in relative experiments.

This paper is organized as follows. In Section 2, we retro-
spect the derivation of the Hamiltonian for three coupled BECs
from the quantum field theory of bosonic fluids in the dilute-
gas approximation, and advance the semiclassical picture that
describes three coupled wells with macroscopic populations.
In Section 3, we confirm the set of fixed points of the trimer
Hamiltonian equations. Section 4 is devoted to perform a di-
mensional reduction of trimer dynamics by defining a new set
of canonical variables whereby the constant of motion N is
incorporated in the dynamical equations. Section 5 contains
conclusions and some comments on future work.

2. The model and trimer dynamics
As shown in Fig. 1, we consider a system consisting of

boson gases in an external potential Vtrap. If the boson fluid is
a dilute gas of N interacting bosons, that is to say, a weak two-
particle pointlike interaction can be assumed, then the Hamil-
tonian in the second quantization can be written as

Ĥ =
∫

d𝑟ψ̂
†(𝑟,t)

[
Vtrap(𝑟,t)−

h̄2
∇2

2m

+
g
2

ψ̂
†(𝑟,t)ψ̂(𝑟,t)+Vdd(𝑟,t)

]
ψ̂(𝑟,t), (1)

where m is the mass of the particles, g = 4πash̄2/m is the cou-
pling constant of the two-body interaction strength, and as is
the s-wave scattering length. For an attractive interaction g is
negative, while for a repulsive interaction g takes a positive
value.

Vdd(𝑟) =
∫ ∣∣ψ̂(𝑟′)

∣∣2 Udd(𝑟−𝑟′)d𝑟′

takes into account the dipole–dipole interaction strength, and

Udd(r) =
Cdd

4π

1−3cos2 θ

r3 .

The operator ψ̂†(𝑟) [ψ̂(𝑟)] is the Heisenberg field operator
that creates (annihilate) bosons at position r which can be ex-
panded as ψ̂(𝑟) = ∑

3
i=1 φi(𝑟)âi(t), where âi(t) [â†

i (t)] is the
annihilation (creation) boson operator that satisfies the com-
mutation relation [âi(t), â

†
j(t)] = δi, j. Then by substituting this

expression in the second quantization Hamiltonian, we get the
quantum trimer Hamiltonian

H(ai,a
†
i ) = −J ∑

i, j
[a†

i a j +H.c.]+
U0

2

3

∑
i

ni(ni−1)

+U1

3

∑
i

nini+1, (2)

where

J =−
∫

d𝑟φ1(𝑟)

[
−h̄2 ∇2

2m
+Vtrap(𝑟)

]
φ2(𝑟)

is the hopping rate,

U0 = g
∫
|φ1(𝑟)|4 d𝑟+

∫
|φ1(𝑟)|2|φ1(𝑟

′)|2Udd(𝑟−𝑟′)d𝑟d𝑟′

characterizes the on-site interactions, and

U1 =
∫
|φ1(𝑟)|2|φ2(𝑟

′)|2×Udd(𝑟−𝑟′)d𝑟d𝑟′

is the coupling constant for nearest-neighbor DDI (dipole–
dipole interaction). The site index i, j = 1,2,3, and the op-
erators ni = a†

i ai counts the bosons at site i.

Vtrap↼↪y↪↽

V0

φ1 φ2 φ3

y

l l

Fig. 1. (color online) The experimental schematic diagram of the three-
well system. The wells are aligned at the y axis, separated by an energy
barrier V0 and a distance l. The atoms were polarized by a strong ex-
ternal field with a dipole moment 𝑑 along a fixed direction. We assume
that compared to other energies (especially the interaction energies),
the lattice potential is strong enough so that the on-site wave functions
φi=1,2,3(𝑟) are fixed, which is independent of the number of bosons per
well.

By representing the system quantum state through a trial
state |Z〉= ∏i |zi〉 written in terms of Glauber’s states |zi〉 (de-
fined by ai |zi〉 = zi |zi〉), the quantum dynamics involved by
Hamiltonian H(ai,a

†
i ) can be cast in a classical form. The

effective Hamiltonian can be obtained by implementing the
time-dependent variational principle (TVDP), we get

H(z,z∗) = 〈Z|H |Z〉

=
3

∑
i=1

[−J(z∗i zi+1 + c.c)+
U0

2
(|zi|4−|zi|2)
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+U1 |zi|2 |zi+1|2], (3)

(i= 1≡ 4 on the trimer chain) with the equations for the triple-
well dynamics

ih̄ż1 =−J(z2 + z3)+
U0

2
(|z1|2−1)z1 +U1(|z2|2 + |z3|2)z1,

ih̄ż2 =−J(z3 + z1)+
U0

2
(|z2|2−1)z2 +U1(|z1|2 + |z3|2)z2,

ih̄ż3 =−J(z1 + z2)+
U0

2
(|z3|2−1)z3 +U1(|z1|2 + |z2|2)z3,

(4)

here we implement the randomphase approximation in the
equations for their expectation values zi = 〈Z|ai|Z〉, z∗i =

〈Z|a†
i |Z〉, and the dynamics equations for zi can be calculated

from H(z,z∗) by the Poisson brackets {z∗i ,z j}= (i/h̄)δi, j.

3. Fixed points of the Hamiltonian
The distinguishing features characterizing a given Hamil-

tonian dynamic are deduced by exploring the structure of its
phase space. The first step to do this[35,36] is to find out the lo-
cation of the fixed points of the Hamiltonian and to find their
dependence on the model parameters J, U0, and U1. Since the
constant of motion N =∑

3
i=1 |zi|2 constrains the trimer dynam-

ics, one must involve the restriction to the phase-space sub-
manifold definitely defined by N = const through a Lagrange
multiplier χ . This requires us to consider the variations of
H − χN in place of that of H. For Eqs. (4), the fixed points
can be obtained by setting żi = 0. Then we get the equations

0 = −J(z2 + z3)+

(
U0

2
|z1|2−µ

)
z1 +U1

(
|z2|2 + |z3|2

)
z1,

0 = −J(z3 + z1)+

(
U0

2
|z2|2−µ

)
z2 +U1

(
|z1|2 + |z3|2

)
z2,

0 = −J(z1 + z2)+

(
U0

2
|z3|2−µ

)
z3 +U1

(
|z1|2 + |z2|2

)
z3,

(5)

where µ =U0/2+χ , the set of Eqs. (5) is equal to

− JZ +

[(
U0

2
−U1

)
|zi|2 + J+U1N−µ

]
zi = 0, (6)

where i = 1,2,3, and Z = z1 + z2 + z3. Hence, any vector
(zi)≡ (τ1,τ2,τ3) that satisfies Eqs. (6) provides a dynamically
active solution of Eqs. (4) represented by zi(t) = τi exp[iχt/h̄].
Such a periodic orbit represents an extremal configuration of
H on the hypersurface N = const despite its time dependence.
The solutions of Eqs. (6) can be grouped in different classes,
the first of which is represented by the case

Z = ∑
j

z j = 0. (7)

Noting the invariance of Eqs. (6) under the global symme-
try transformation zl → zl exp(iΦ) and the fact that zl/Z ∈ R

with l = 1,2,3, we can set zl = xl exp(iΦ), where the xl are
real numbers and Φ is an arbitrary phase, thus equations (6)
reduce to a system of the three-real equations

E j(x) :=
[(

U0

2
−U1

)
x2

j + J−µ +U1N
]

x j− JX ≡ 0, (8)

with X = x1 + x2 + x3, and j = 1,2,3. When we impose
the condition xi 6= 0 for i = 1,2,3, the sum of the quantities
E j(x)/x j can be set to be equal to zero provided x j 6= 0 thus
giving the equation

3µ =

(
U0

2
+2U1

)
N− J ∑

i

X− xi

xi
. (9)

Besides, form E1(x)/x1 − E2(x)/x2 = 0 and E2(x)/x2 −
E3(x)/x3 = 0 we obtain

(x2− x1)

[(
U0

2
−U1

)
(x2 + x1)+

JX
x1x2

]
= 0, (10)

(x2− x3)

[(
U0

2
−U1

)
(x2 + x3)+

JX
x2x3

]
= 0, (11)

completed by the condition N = x2
1 + x2

2 + x2
3.

Thus we obtain the remaining cases from Eqs. (10) and
(11), where zi can be replaced by the real quantities xi. Such
cases are given by x1 = x2 = x3 6= 0, x1 = −x3 6= x2 = 0, and
x1 = x2 6= x3 6= 0 which will be discussed below.

3.1. Ground-state configuration

When x1 = x2 = x3, based on Eq. (3) combined with the
conserved quantity N, we find that x j = ±

√
N/3 which pro-

vides

zi =
√

N/3exp(iΦ), (i = 1,2,3), (12)

and (U0/2+2U1)N−6J−3µ = 0. Then we can give the en-
ergy of such configurations

Egs =
1
3

(
U0

2
+2U1

)
N2− JN. (13)

Since the ground-state phase represents the symmetry of the
model, it is arbitrary. Also, the fact that z j =

∣∣z j
∣∣exp(iφ j)

has the same phase which reproduces the symmetry breaking
phenomenon that distinguishes the vanishing of the phase dif-
ference between closed points and the minimum energy state
in superfluid media. Such two features are known to charac-
terize the superfluid ground state of the Bose–Hubbard lattice
model, and to extend to the trimer model of condensates in our
semiclassical picture naturally.
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3.2. Vortexlike configurations

The Z = 0 situation leads to a special configuration. In
the circumstances equations (6) reduce to[(

U0

2
−U1

)
|zi|2 + J+U1N−µ

]
zi = 0

implying that

|zi|2 = 2
µ− J−U1N

U0−2U1
, ∀ j,

µ =
1
3

(
U0

2
+2U1

)
N + J, (14)

where from ∑i |zi|2 = N we can derive the value of µ . With the
result that the independence of |zi| on the site index, the condi-
tion Z = 0 can be realized only if the phases of zi = |zi|exp(iθi)

are satisfied with that θi(k)= 2π ik/3+Φ0, where k= 1,2, and
Φ0 is an arbitrary phase. The vortex states energy is given by

Ev =
(U0 +2U1)N2

12
−2JN cos

(
2π

3
k
)

=
(U0 +2U1)N2

12
+ JN, (15)

with

zi(k) =
√

N/3exp(iθi(k)), (16)

while the dynamics of Eqs. (4) are described by the solution
zi(t) = zi(k)exp[it(µ−U0)/h̄].

3.3. Configurations with a single depleted well

These configurations are characterized by the existence
of a single depleted well (SDW). Without losing generality,
we choose the second well, so that we have x1,x3 6= 0, and
x2 = 0. This can be faced based on Eqs. (8): we must impose
x1 = −x3 to satisfy E2(x) = 0, with the addition of constraint
N = x2

1+x2
3, implies that x1 =±

√
N/2 =−x3,x2 = 0, then we

get the fixed points

z1 =
√

N/2e iΦ , z2 = 0, z3 =
√

N/2e i(Φ+π), (17)

with µ ≡ (U0/2+2U1)N+J. The energy of this configuration
is

ESDW =
(U0 +4U1)N2

4
+ JN. (18)

The permutations of site index i of zi furnish another five fixed
points of the same type. In consideration of state (17), it is
worth noting that configurations with an SDW have the same
structure of the π states occurring in the dimer dynamics,
where the phase of each well keeps a constant phase differ-
ence π in process of time evolution. Solutions

zi(t) = zi(0)exp
[

it
(

µ−U0

2
+U1

)
/h̄
]

of SDW with zi(0) given by Eqs. (17) exhibit the same prop-
erty.

3.4. Dimerlike configurations

For such states, the variables xi satisfy the condition
xi = x j 6= xk. Through index permutation, three cases are thus
obtained. In general, nine fixed points are finally found in the
dimerlike class since three fixed points turn out to be associ-
ated with each dimerlike configuration.

To deal with a definite case, we consider the following
case x1 = x2 6= x3. Because of the identification x1 = x2, equa-
tions (10) and (11) become a unique equation that can be writ-
ten as (

U0

2
−U1

)
(x2

1− x2
3) = J

(
1+

x3

x1
−2

x1

x3

)
. (19)

Such an expression allows us to parametrize x1 and x3 in
two possible ways,

x1 =
√

NRcoshα, x3 =
√

NRsinhα;

x1 =
√

NRsinhβ , x3 =
√

NRcoshβ , (20)

both of these parametrizations allowing for the elimination of
N in the constraint 2x2

1 + x2
3 ≡ N. In the first case, we find

R2 =
1−q2

2+q2 , R2 =
τ

4

(
1+q− 2

q

)
, (21)

whereas the second case gives

R2 =
1− p2

1+2p2 , R2 =
τ

4

(
2p−1− 1

p

)
, (22)

where τ = 4J/(U0−2U1)N, q = tanhα , p = tanhβ , and
α,β ∈ R. System (21) reduces to the cubic equation

τ(q2 +2)(q+2)+4q(q+1) = 0, (23)

which, provided q ∈ [−1,1] in order to ensure the condition
R2 ≥ 0, supplies either none or two solutions, depending on
the fact that τ > τ∗,τ < τ∗. Then we find that by solving the
system, the two roots qυ(τ),ν = 1,2 fulfil the conditions

−1≤ q1(τ)≤ q2(τ)≤ 0 for 0≤ τ ≤ τ
∗, (24)

with q1(τ) = q2(τ) for τ = τ∗. By imposing the requirement
that the two q-dependent functions of Eqs. (21) be tangent at
some point,

−6q
(2+q2)2 ≡

τ

2

(
1+

2
q2

)
, (25)

the parameter τ∗ is identified, in addition to Eq. (23), and we
obtain the value τ∗ ' 0.2972 by solving numerically.

Such a formation does not characterize system (22),
which always reveals a single solution for some appropriate
value obtained from the equation in the sector p ∈ [−1/2,0]

τ(p2 +2)(p+2)+2p(p+1) = 0. (26)

120304-4



Chin. Phys. B Vol. 22, No. 12 (2013) 120304

In consideration of the restriction q, p < 0, from the defini-
tion (20) we conclude that x1x3 < 0. The three solutions q1(τ),

q2(τ), p(τ) just obtained correspond to three vectors, within
the space of coordinates {(x1,x2,x3)} ≡𝑅3, expressed as

A1 = (a1,a1,−(a1/ |a1|)
√

N−2a2
1),

A2 = (a2,a2,−(a2/ |a2|)
√

N−2a2
2),

A3 = (a3,a3,−(a3/ |a3|)
√

N−2a2
3), (27)

where

aν =±
[

N
2+q2

ν

]1/2

, ν = 1,2, a3 =±
[

N p2

1+2p2

]1/2

, (28)

which can be derived from q = tanhα , cosh2(α)−sinh2(α) =

1 and p = tanhβ , cosh2(β )− sinh2(β ) = 1, with qυ and p de-
fined as implicant functions of parameter τ through Eqs. (21)
and (22), respectively. The dependence on parameters J, U0,
U1, N of A1(q1), A2(q2), A3(p) by means of τ are thus estab-
lished.

Points Ai found in this way generate three curves with
N = const by varying τ . These become 9 when considering
the fixed points generated by index permutations,

B1 =
(

a1,−(a1/ |a1|)
√

N−2a2
1,a1

)
,

C1 =
(
− (a1/ |a1|)

√
N−2a2

1,a1,a1

)
,

B2 =
(

a2,−(a2/ |a2|)
√

N−2a2
2,a2

)
,

C2 =
(
− (a2/ |a2|)

√
N−2a2

2,a2,a2

)
,

B3 =
(

a3,−(a3/ |a3|)
√

N−2a2
3,a3

)
,

C3 =
(
− (a3/ |a3|)

√
N−2a2

3,a3,a3

)
, (29)

related to the subcases x1 = x3 6= x2 and x2 = x3 6= x1. Due to
the double choice ± in Eqs. (28) such curves are 18.

If the values of qυ and p are carried out for some cer-
tain τ ≤ τ∗ explicitly, the energy for Ai is obtained by formu-
las (28),

ED =

(
U0

2
+2U1

)
[N2 +6a4

i −4Na2
i ]

− J
[
a2

i −2ai

√
N−2a2

i

]
, (i = 1,2,3). (30)

When τ changes, we conclude to illustrate the physical
situations which correspond to configurations A1, A2, A3. Let
us begin with τ → 0. We have q1 = −1 and q2 = p = 0
that entail A1(−1) := ±(

√
N/3,

√
N/3,−

√
N/3), A2(0) :=

(
√

N/2,
√

N/2,0), A3(0) :=(0,0,
√

N), respectively. When τ

is increasing, A1(q1) and A2(q2) get closer and closer. When
τ > τ∗ only the fixed point A3(p) exists. Among others,

τ → ∞ implies p = −1/2, so that we obtain A3(−1/2) =
±(
√

N/6,
√

N/6,−
√

2N/3).
At last, we want to see that state A1(−1) exhibits the

same per-well boson distribution as the ground state. Such
two states differ one and only to the phase of the third well.
In a similar manner, the π-like state (

√
N/2,−

√
N/2,0) and

state A1(0) just differ owing to the opposite phase of the sec-
ond well. The finding by our analysis is that the stability char-
acter for dimerlike states exhibits two saddle points and one
maximum point for 0 < τ < τ∗.

4. The dynamics on the reduced phase space
Hamiltonian (3) commutes with the boson number N and

depends on three complex degrees of freedom. This fact is the
same as the structure of the coupling term in H(Z,Z∗) which
allows us to reduce the number of canonical coordinates from
six to four. This can be achieved by replacing the complex
coordinates zi =

√
ni exp(iθi) with

φ1 = θ2−θ1, ξ1 = (n2 +n3−n1)/N,

φ2 = θ3−θ2, ξ2 = (n3−n2−n1)/N,

ψ = (θ1 +θ3)/2, N = n1 +n2 +n3, (31)

which obey the canonical Poisson brackets {φi,N} = 0,
{ξi,φ j}= 2δi j/N, {ξi,ψ}= 0, {ψ,N}=−1. With such new
variables the effective Hamiltonian (3) becomes

H(ξ1,ξ2,φ1,φ2)

= ε0 +(
U0

4
−U1

2
)N2(ξ2−ξ1−ξ1ξ2 +ξ

2
1 +ξ

2
2 )

− JN[
√

(1−ξ1)(ξ1−ξ2)(cosAcosφ1− sinAsinφ1)

+
√

(ξ1−ξ2)(1+ξ2)(cosAcosφ2− sinAsinφ2)

+
√

(1−ξ1)(1+ξ2)(cosAcosφ12 + sinAsinφ12)], (32)

where ε0 = (U0/4−U1/2)N2 − µN and A is an arbitrary
phase caused by gauge field. Then in terms of coordinates
(ξ1,ξ2,φ1,φ2) the ground-state fixed points and vortexlike
configuration correspond to(

1
3
,−1

3
,0,0

)
,

(
1
3
,−1

3
,

2
3

πk,
2
3

πk
)
, (k = 1,2), (33)

respectively. SDW states can be expressed as (0,0,ϕ,π −ϕ)

for n2 = 0 and dimerlike fixed points (consider A1 in Eqs. (27))
are given by (ξ1,2ξ1−1,π,−π) where ξ1 = 1−2a2

1(τ)/N and
a1(τ) is defined by Eqs. (28).

5. Discussion of numerical results
We now present the results of the numerical analysis and

investigate the phenomenology of the trimer dynamics within
the initial conditions close to the fixed points.
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5.1. Ground state initial conditions

Figure 2 shows the typical time evolution of the conden-
sates’ populations related to a motion with initial conditions
close to a ground-state configuration. We can see that, when
A = 0, U0 = J ' 2U1, the condensates’ populations of each
well keep intact as time goes on. When we increase U1 to
U1 ' 3U0/2, the oscillations of the condensates’ populations

occur after a certain time, the reason for this is that the dipole–
dipole interaction is a long range interaction which can lead
to a quantum tunneling when it is strong enough. But when
A 6= 0, the populations of each well will keep constant no mat-
ter how strong the dipole–dipole interaction. This is a very
interesting phenomenon which indicates that the gauge field
enhances the stability of the ground state.
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Fig. 2. (color online) (a) Typical time evolution of the condensates’ populations related to a motion with initial conditions close to a ground-state configuration
without gauge field. The red dotted, blue dot-dashed, green dashed lines refer to n1(t), n2(t), and n3(t) respectively. (b) Time evolution of condensate
populations n1(t) (red doted line), n2(t) (blue dot-dashed line), and n3(t) (green dashed line) when U1 increased to U1 = 1.5U0. (c) and (d) Populations n1
(red doted line), n2 (blue dot-dashed line), and n3 (green dashed line) are plotted as a function of the time in the presence of gauge field.

5.2. Vortexlike initial conditions

The initial conditions for the dynamics have been cho-
sen close to the fixed points (ξ1,φ1) = (1/3,2kπ/3), k = 1,2,
(vortex state). Since no difference distinguishes the trajecto-
ries with k = 1 and that with k = 2, we pay attention to k = 1.
First of all, let us consider the situation of A = 0. Figure 3
shows the time evolution of ni when U0 = J ' 2U1, we can
see that the population of each well oscillated regularly and
respectively with the same frequency. Then we increase U1

to U1 ' 3U0/2, the frequency of oscillations will go up and
the trajectories will become irregular in one oscillating period
but regular for a long time (see Fig. 4). If we continue to in-
crease U1, the oscillations will become faster and faster, in
other words, the stronger the dipole–dipole interaction is, the
faster the oscillations are. When A 6= 0, the effect of the gauge
field will make the oscillations become more complicated. But
these effects can be classfied into two types, one type is that
the gauge field makes the oscillations of the condensates more

regular, the other type is that the gauge field makes the am-
plitude of the oscillations bigger and bigger as time goes on.
A = π/3 and A = π/2 are two typical representatives of the
oscillations (see Fig. 5).
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Fig. 3. (color online) The figure plots the populations n1(t) (red line),
n2(t) (blue line), and n3(t) (green line) as a function of the time, for the
initial conditions chosen close to vortexlike state with U0 = 2U1.
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    
t

.

.

.

.

.

.

.

.

n
i/

N
A/  U/U

Fig. 4. (color online) Populations of three condensates: n1(t) (red line),
n2(t) (blue line), and n3(t) (green line) as a function of time for the ini-
tial conditions chosen close to vortexlike fixed point with U1 =(3/2)U0.
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Fig. 5. (color online) Condensates’ populations, as a function of the
time, related to the vortexlike initial state with U0 =U1 and gauge field
being on the scene. The red, blue, and green lines are refer to n1(t),
n2(t), and n3(t), respectively.

5.3. SDW-like intial conditions

In this case the initial conditions for the dynamics have
been chosen close to ξ1 = ξ2 = 0, φ1 = ϕ , φ2 = π−ϕ , where
we have set ξ1 = 0.01, ξ2 =−0.01, ϕ = 0.5π (ϕ can be chosen
arbitrarily). Figure 6 describes the oscillations of the popula-
tions under the condition of A = 0 and U0 = J ' 2U1, one
can see that the quantum tunneling only happens between two
of the three wells, that is to say the population of the second
well n2 always keeps to zero and the presence of the gap be-
tween n2 and n1, n3 indicates a macroscopic self-trapping ef-
fect. But this self-trapping differs from the self-trapping re-
viewed in the previous section, where z1 = z3 → n1 = n3, in
that n1,n3 develop independent oscillations. Then we increase

U1 to U1 = 3U0/4 and keep A = 0, the nonperiodic oscillations
of populations n1(t), n2(t), and n3(t) are compared as shown
in Fig. 7. The results indicate that the long range dipole–dipole
interaction makes the quantum tunneling of the condensates
more widespread. If we continue to increase U1, the oscilla-
tions will become more and more fierce and irregular, at last,
even a population-inversion effect involving n1(t), n2(t) gets
going.
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Fig. 6. (color online) Temporal behavior of the condensates’ popula-
tions related to the initial conditions close to the configurations with
a single depleted well (SDW). The red, green lines trace n1(t), n3(t),
respectively, n2(t) = 0.
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Fig. 7. (color online) Typical time evolution of the condensates’ popula-
tions related to a motion with initial conditions close to a configuration
with a single depleted well (SDW). The red, blue, and green lines refer
to n1(t), n2(t), and n3(t), respectively.

5.4. Dimerlike initial conditions

As mentioned before, the fixed points of this case con-
sist of two saddle points and a maximum. The conditions
ξ1 = 0.295 and ξ1 = 0.005 firm the trajectory associated with
the first saddle point with coordinates ξ1 = −ξ2 = 0.295,
φ1 =−φ2 = π , and to the second saddle point with ξ1 =−ξ2 =

0.005, φ1 = − φ2 = π , respectively. The trajectories near the
maximum ξ1 = 0.995, ξ2 =−0.995, φ1 =−φ2 = π , appear to
be the same, regularly with that of near the saddle points. So
in the case of the dimerlike initial conditions, we just consider
one of the three cases: maximum fixed point. In this case, pop-
ulations n1(t), n2(t), and n3(t) display as shown in Fig. 8, a
periodic effect of population–synchronization involving n1(t)
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and n3(t), whereas the fact that n1, n3� n2 entails an evident
self-trapping phenomenon. Then we increased U1 to U1 =U0,
we found that the dipole–dipole interaction increased the fre-
quency of the oscillations and enhanced the self-trapping at the
same time (see Fig. 9). This is the greatest difference of the
effect of the dipole–dipole interaction when compared with
other initial states. These results were got at the absence of
gauge field. When A 6= 0, the situation will become more irreg-
ular and complicated. Here we just show the simplest case for
A= π/3, figure 10 describes the oscillations of the populations
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Fig. 8. (color online) Populations of three condensates: n1(t) (red line),
n2(t) (blue line), and n3(t) (green line) as a function of the time for the
initial conditions chosen close to a dimerlike fixed point with U0 = 2U1.
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Fig. 9. (color online) The figure plots the populations n1(t) (red line),
n2(t) (blue line), and n3(t) (green line) as a function of the time, for the
initial conditions chosen close to a dimerlike state with U0 =U1.
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Fig. 10. (color online) Typical time evolution of the condensates’ pop-
ulations related to a motion with initial conditions close to a dimerlike
fixed point. The red, blue, green lines refer to n1(t), n2(t), and n3(t),
respectively.

for this case. We can see that the gauge field destroyed both
the self-trapping and the dimerlike initial state at the very be-
ginning and made a hypodispersion of the populations for each
well with the same oscillation frequency.

6. Conclusions
In this paper, we have focused our attention on the dy-

namics of the phase space for the mean field form of the
model describing three dipole–dipole interacting BECs. We
first calculated the fixed points of the Hamiltonian to explore
the structure of its phase space. Then we investigated the dy-
namics of the Hamiltonian in reduced phase space by reduc-
ing the number of canonical coordinates of the Hamiltonian
from six to four. And at last we analyzed the numerical re-
sults, we found that the dipole–dipole interaction will increase
the frequency of the oscillations of the populations and the
gauge field will change the amplitude of the oscillations with
different initial states. In combining with the recent experi-
mental results, the phenomenology of this system seems more
and more viable to experimental observations. In conclusion,
we showed that the semiclassical method provides an intu-
itive picture of the quantum mechanical many-particle Hamil-
tonian, and allows a direct classification of the dynamics.
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