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A meshless model for transient heat conduction analyses of 3D
axisymmetric functionally graded solids*
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A meshless numerical model is developed for analyzing transient heat conductions in three-dimensional (3D) axisym-
metric continuously nonhomogeneous functionally graded materials (FGMs). Axial symmetry of geometry and boundary
conditions reduces the original 3D initial-boundary value problem into a two-dimensional (2D) problem. Local weak forms
are derived for small polygonal sub-domains which surround nodal points distributed over the cross section. In order to
simplify the treatment of the essential boundary conditions, spatial variations of the temperature and heat flux at discrete
time instants are interpolated by the natural neighbor interpolation. Moreover, the using of three-node triangular finite
element method (FEM) shape functions as test functions reduces the orders of integrands involved in domain integrals.
The semi-discrete heat conduction equation is solved numerically with the traditional two-point difference technique in
the time domain. Two numerical examples are investigated and excellent results are obtained, demonstrating the potential

application of the proposed approach.
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1. Introduction

In recent years, functionally graded materials (FGMs)
have been introduced and applied in the development of
structural components subject to non-uniform service require-
ments. A key feature that distinguishes FGMs from homo-
geneous materials is that the thermal properties of the former
vary spatially. Often, these spatial gradients in material behav-
ior render FGMs superior to conventional composites.!!?! Due
to their excellent thermal properties, FGMs are expected to be
used in the environments of high temperature and high heating
rate. Accordingly, the determination of transient temperature
field is an important topic for those advantageous materials
and has received a considerable attention from researchers.
However, because of the intrinsic complexity of the corre-
sponding governing equation, analytical approaches for FGMs
are restricted to simple geometry and boundary conditions.?!
As aresult, numerical methods turn to be the only viable solu-
tion as no easier alternatives are available.

After more than half a century of development, the finite
element method (FEM)[! is now firmly accepted as a most
powerful general technique for the numerical solution of a
variety of problems encountered in engineering. Thus, the
FEM has been developed over the past few decades to tran-
sient heat conduction analysis in FGMs. %] However, in the
case of complex geometries, the generation of highly distorted
mesh is very common. Once the mesh used for the analysis has
geometric distortions, the accuracy of the numerical results
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may drop off dramatically.®) As another powerful alternative
numerical tool, the boundary element method (BEM)!"! only
requires the boundary of the problem to be discretized into
elements. Nevertheless, the numerical implementation of the
BEM requires fundamental solution and it is time-consuming
and tedious to deal with various singular integrals. Therefore,
except the work by Sutradhar et al.!¥) the application of BEM
to three-dimensional (3D) transient heat conduction analysis
in FGMs has not been found in the published literature.

In the past two decades, more and more attention!®~1?!
has been paid to the development and application of meshless
methods. In the meshless methods, no mesh is required to dis-
cretize the problem domain, and the approximate solution is
constructed entirely based on a set of scattered nodes. Hence,
some special advantages can be found from the problems
which are difficult to solve by the conventional mesh-based
methods.!'314]" Although most meshless methods originate
from solid mechanics, a wide variety of literature is available
on the application of meshless methods to heat conduction
problems. The element-free Galerkin (EFG) method of solv-

ing composite heat transfer problems, !

16,17

unsteady and non-
linear heat transfer problems!!®!7! has been reported. How-
ever, the EFG method requires background cells to integrate a
weak form over the entire domain or boundary of the problem.
In order to alleviate the global integration background mesh,
Atluri and Zhu!'8! presented a new and innovative meshless

approach in which Petrov—Galerkin weight functions instead

*Project supported by the National Natural Science Foundation of China (Grant No. 11002054) and the Foundation of Hunan Educational Committee (Grant

No. 12C0059).
fCorresponding author. E-mail: chenshenshen@tsinghua.org.cn
© 2013 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

120204-1


http://dx.doi.org/10.1088/1674-1056/22/12/120204
mailto:chenshenshen@tsinghua.org.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B Vol. 22, No. 12 (2013) 120204

of the traditional Galerkin weighted residual method is used.
This method, referred to as the meshless local Petrov—Galerkin
(MLPG) method, is a truly meshless method since it requires
no elements or background cells, for either the interpolation or
the integration purposes. By now, the MLPG method has been
successfully used to solve heat conduction problems.!%-2?]
Although the MLPG method is an efficient meshless method,
the essential boundary conditions cannot be enforced directly
when the non-interpolative moving least squares (MLS) ap-
proximation is used. In order to overcome this difficulty, a
series of MLPG-type methods based on different interpola-
tive meshless shape functions have been proposed and suc-

[23-25] Some

cessfully used to solve heat conduction problems.
other meshless methods have also been reported, such as those
by Gao,[?%! Cheng and Liew,?”! Peng and Cheng,*®! Skouras
et al.®!

In the present paper, we present an advanced com-
putational method for transient heat conduction analysis in
3D axisymmetric continuously nonhomogeneous function-
ally graded materials (FGMs) using the meshless local nat-
ural neighbor interpolation (MLNNI) method, which is de-
rived from the generalized meshless local Petrov—Galerkin
(MLPG) method as a special case. The MLNNI method, orig-
inated from Cai and Zhu,?%! shows great promise since it can
not only maintain prominent features of the MLPG method
but also employ the advantage of easy imposition of essen-
tial boundary conditions of the natural neighbor interpolation
(NNI).B1" A 3D axisymmetric body is created by the rota-
tion of the cross section around the axis of symmetry. Ax-
ial symmetry of the geometry and boundary conditions re-
duces the original 3D initial-boundary value problem into a
two-dimensional (2D) problem. A set of properly scattered
nodes within the cross section is employed and no elements
or meshes are required. The local weak form of partial dif-
ferential equations (PDEs) is derived by the weighted residual
method based on simple polygonal sub-domains. The spatial
variations of the temperature and the heat flux are interpolated
by the NNI, and test functions are taken as the three-node tri-
angular FEM shape functions. The semi-discrete heat conduc-
tion equation is solved numerically with the traditional two-
point difference technique in the time domain. In the end,
two numerical examples are then provided to verify the va-
lidity and accuracy of the proposed method for transient heat
conduction analysis of 3D axisymmetric functionally graded
solids.

2. Governing equations

Consider a transient heat conduction problem for a non-

homogeneous medium in domain 2 bounded by I, the gov-

erning equation is!!]

Ta(at) — a(‘m)”g’%’jgwm(w,r)
1
- ), )

where T (x,1) is the temperature field, k and « are the thermal
conductivity and diffusivity, respectively, ¢ is the time, and
O(x,t) is the density of the body heat sources. Summation
convention is applied to index i, which will cover either from
1 to 2 for 2D problems, or from 1 to 3 for 3D problems.

For an axisymmetric problem, it is convenient to use
cylindrical coordinates, (r,¢,z). In such a case the governing
equation (1) can be rewritten into the following form:

k(x) 0T (z,1)

k Tl ,t i - ,[
(k) Ty(,1)),+ =2 5 4 O, r)
k(x) 0T (x,t
_ K@) 9T(,) o
o(x) ot
The initial conditions and the boundary conditions of the prob-
lem are
T(x,0)=T, in Q, (3a)
T(x,t)=T(x,t), on I, (3b)

q(w,1) = k(z)Ti(@)ni(x) = g(z,1), on I3,  (3c)

where I and I are the Dirichlet boundary and the Neumann
boundary, respectively, and n; are the components of the unit
outward normal vector to the boundary I".

3. Numerical implementation of the MLNNI
method

3.1. Brief description of the natural neighbor interpolation

In order to achieve a non-element-type interpolation,
meshless methods each require a local interpolation or approx-
imation to represent the trial function. The natural neighbor in-
terpolation (NNI)[3!1 used in the present analysis may be con-
sidered as one of such schemes. The NNI is based on the well-
known Voronoi diagram and Delaunay tessellation. Consider
, )y } in 2D Euclidean

space R%. The Voronoi diagram is a partition of the space into

a set of nodes N = { =1, @2, x3, ...

sub-regions 77, where each region 77 is associated with a node
xy, such that any point x in 77 is closer to node x; than to any
other nodes. In mathematical terms, the Voronoi polygon 7; is
defined as[*?!

T1:{mERZ:d(w,wl)<d(:c,:cj)VJ7$I}, )

where d(x,x;) is the distance between x and ;. Simply con-
necting the nodes whose Voronoi cells have common bound-
aries yields the Delaunay triangulation. The Voronoi diagram
and its corresponding Delaunay triangulation are dual.

If an interpolation point x is tessellated along with the set
of nodes N, then, in the newly constructed triangulation based
on N and x, the natural neighbors of & are those nodes which
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form an edge of a triangle with . The natural neighbor shape
function of a with respect to a natural neighbor [ is defined
as the ratio of the area of overlap of their Voronoi cells to the
total area of the Voronoi cell of «

¢r(x) = Ar(z) /A(T), 5)
where
Aw) = ¥ Ay(@), ©)
J=1

and n is the number of natural neighbors of the point . Re-
ferring to Fig. 1,  has four (n = 4) natural neighbors (namely
nodes 1-4) and the shape function ¢; () may be represented
as

¢1(x) =A1/As, @)

where A; and A, denote the areas of quadrilateral abfe and
abcd, respectively.

Fig. 1. The 1st-order and 2nd-order Voronoi cells about x.

According to this definition, and in the context of two-
dimensional approximations, the unknown temperature field
T () is approximated in the form

T(@)=Y o)1, ®)

where T; (I = 1,2,...,n) are the nodal temperatures of the n
natural neighbors. It should be stressed here that the natural
neighbor (Sibson) shape functions possess some remarkable
properties such as positivity, interpolation, partition of unity,
and linear completeness.

3.2. Local weak-forms

In the implementation of the present MLNNI method, a
weak form is first constructed over a set of overlapping lo-
cal sub-domains Q! (I =1,2,...,M), where I denotes a node,
and M is the total number of nodes. Using the local weighted

residual technique, the local weak form of Eq. (2) over a local
sub-domain Q! can be written as

/ V(k(@)Ti(x.0) 42 + / V0. 1)dR2
Jar Jar

k(x) oT (z,t) . k(x) oT (x,1)
+/Q;VT or dQ‘/ggva(:c) o 5 O

where v is the test function. It should be stressed that there
are neither Lagrange multipliers nor penalty parameters intro-
duced in Eq. (9) because the essential boundary conditions can
be imposed directly as in the FEM.

Using the relationship

v(k(x)Ti(z,1)) ; = (vk(z)Ti(z,1)) ; —v,ik(z)Ti(2,t) (10)

i ;
and the divergence theorem in Eq. (9), we can obtain the fol-
lowing local symmetric weak formulation:

/ vk(@)T (2, 1)ndl” — / vk(2) Ti(,1)dQ
I al

AT (z,1)

dQ
or

+/Q,vQ<m,t)d9+/le&f>

[ M IT@) (11
Jar a(x) ot

where I/ is the boundary for the sub-domain ©!. When there
is an intersection between the local boundary I/ and the global
boundary I, the boundary I/ is usually composed of three
parts: the internal boundary an’ , the boundaries FSII and Fsé
over which the Dirichlet and Neumann conditions are used re-
spectively. If there is no intersection between I/ and global
boundary I, then I} = I!. Substituting Eq. (3¢) into Eq. (11),
the first term on the left-hand side of Eq. (11) becomes

/ vk(x)Ti(x,t)n;dll
1’;[

= 1vk(w)77,>(a:,t)n,-d1“+/{ vk(x)T;(x,t)ndl’
I L

n / vgdr". (12)
I

In the present MLNNI method, as trial functions are con-
structed by the NNI, it is natural to construct polygonal sub-
domain Q! using the Delaunay tessellations. Therefore the
polygonal sub-domain €/ is constructed by collecting all the
surrounding Delaunay triangles 7;; with node x; being their
common vertices as shown in Fig. 2. By choosing the test
function v to be the three-node triangular FEM shape function
Nj in each Delaunay triangle 7j; belonging to the sub-domain
Q! equation (12) can be simplified into

/ ) Nik(z)T (2, t)n,dl
Jr;

= / N1k(w)Ti(w7t)nidF+/ N;gdI'. (13)
Jr} ' I

sl
As shown in Fig. 3, the integrals over FSII in Eq. (13) can be
divided into two cases. For Fig. 3(a), the test function N; is
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equal to zero over the local prescribed boundary FS{ and there-
fore the integral over FSII will vanish. For Fig. 3(b), as already
pointed out, essential boundary conditions must be enforced
on node x; and therefore the integral over 1:11 in Eq. (13) does
not need computing. Accordingly, equation (13) can be further
simplified into

/ Vk(2) T (2, )midT” = / vgdr". (14)
I | r

Then the substitution of Eq. (14) into Eq. (11) results in the
following equation

k(x) T (x,1)
/Q N o /Q Nik(@)T (. 1)40

_/‘ le x) 3T(:1:,t)dQ
Jal r ar

- /F Nigdl' + /Ql NQ(z,1)dQ. (15)
s2 S

For the transient heat conduction problem, temperature 7'
is a function of both the spatial coordinates and time ¢. In this
paper, we first discretize the space domain at an arbitrary time
t. Assume that the problem domain (2 is represented by prop-
erly scattered nodes. By using the natural neighbour interpo-
lation described in Subsection 3.1, the unknown temperature
T in Eq. (15) can be expressed as follows:

=

T(x,t)=) ¢r(x)T;(z). (16)

I=1

The substitution of Eq. (16) into the weak form (15) for all
nodes leads to the following discretized system equation:

CT(t)+KT(t)=P(t), 17)
where
k
= a((a;))zvlqndsz, (182)
B 3 IN; d¢;  IN; ¢y
K = /Qsz"“”) (8r8r+8z8z>dg
Pt) = /Q NiQ(,1)d2 + /F Nigl@,)dl’,  (18¢)
T = (Ti(t), B(e), ... Ty(1)) ", (18d)
po (0 90 o0 g
Jat 7 ot T ot

where N is the total number of nodes in the entire domain. It
should be noted here that the heat capacity matrix C' and the
heat conduction matrix K are both independent of time ¢.

I
Fsio

node I

o

sub-domain 0!

node I

Fig. 2. Local polygonal sub-domain and boundary for node 1.

node I
(a) (b)

Fig. 3. Dirichlet boundary condition 1';11 over sub-domain /.

3.3. Solution techniques

Equation (17) is a linear system of ordinary differen-
tial equations, in which time is the only independent vari-
able. In this paper, we use the traditional two-point difference
technique!?®! for time discretization. The relation between
T; 1 as and T; employed here can be written as follows:

oT aT 77;+At7TI
o(5), -0 (5), -5

where Af represents the time step.
Solving Eq. (17) for (9T /9t),1a: and (JT /Jt),, respec-
tively, and substituting the results into Eq. (19), we can obtain

(C/A+0K) T,
= (C/A~(1-0)K)T,+ 6P A+ (1-0)P, (20)

where O is the time weighted coefficient. By changing the
value of 6 from O to 1, different members of this family of
methods are identified. In the present paper, 8 = 2/3 is cho-
sen, which corresponds to the Galerkin form.

4. Numerical examples

With the purpose of validating the proposed technique,
two numerical examples are presented to perform transient
heat conduction analysis of 3D axisymmetric functionally
graded solids in this section. Three Gaussian points are used
in each Delaunay triangular region for domain integrals unless

otherwise mentioned.
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4.1. Full cylinder

The first example is to examine an infinitely long full
cylinder with a radius a = 1 m loaded by a thermal shock with
the Heaviside time step variation 7' (a,t) = ToH (¢t — 0) where
To = 100 °C as depicted in Fig. 4. The same problem was also
analyzed by Sladek et al.!!) using the local BIEM.

Fig. 4. Boundary conditions and node distribution in analyzed domain
for a finite full cylinder.

In order to check the accuracy of the proposed method,
homogeneous material properties are assumed in the first step.
The diffusivity coefficient is chosen to be ¢ = 1.0 m?-s~!. We
can consider a finite part of the cylinder in the numerical anal-
ysis, with heat fluxes vanishing on both artificial cross sections
of the cylinder due to the fact that boundary conditions along
the cylinder are uniform. The cylinder can be created by ro-
tating a rectangular plate of height L and width a about the z
axis as shown in Fig. 4. Here, L = 1 m is chosen. In the com-
putation, 45 (5 x 9) nodes distributed in 5 layers in the z axis
direction, each layer having 9 nodes equidistantly distributed
in the radial direction, are employed. The time step used in the
two-point difference technique is A = 0.02 s. The analytical

solution for this problem is known as 3!

Jo(rB)

g By (ap,) PP,

T(r,t) = TO— 7
n=1

2y

where f3, are the roots of the following transcendental equation

Jo(aBn) =0. (22)

In Fig. 5, computational time history results for the tem-
perature on the axis of the cylinder, obtained by the present
MLNNI method, are depicted. For comparison, the analytical
results for the temperature on the axis of the cylinder are also
plotted in the same graph. From Fig. 5, one can observe that
the present method produces a result indistinguishable from
the analytical solution.

100
o 80F
.
g
% 60 -
B analytical
g 40 e present
&=

20
0 0.4 0.8 1.2 1.6
Time/s

Fig. 5. (color online) Time variations of the temperature on the axis of
a homogeneous cylinder.

Next we proceed to consider a functionally graded full
cylinder with the thermal conductivity and diffusivity being
graded in the radial direction r as described by

k(x) =koe", ofx)= ope", (23)

with kg = 1.0 W-m~ ' -deg™!, ap = 1.0 m?>-s~ !, and 7y is
known as the exponential parameter. Here ¥ = 0 corresponds
to a homogeneous material with constant thermal conductivity
ko and diffusivity og. For three different exponential param-
eters y=0, —1, and —2 m~!, numerical results for the time
variation of the temperature on the axis of the cylinder, are
shown in Fig. 6. It is clear that the temperature evolution for
a homogeneous cylinder with ¥ = 0 is steeper than that for the
functionally graded cylinder with the decreasing of thermal
parameters along radial coordinate.

100 ¢

&) 80

~

g

5 601

k5

g

% 40t s y=0m!

ﬁ —— Y= —1m-!
201 A y=—-2m"!

0 0.4 0.8 1.2 1.6
Time/s

Fig. 6. (color online) Time variations of the temperature on the axis of
a functionally graded full cylinder.

4.2. Hollow cylinder

The second example is an infinitely long functionally
graded thick-walled hollow cylinder with the radii a = 8 x
1072 m and b = 10 x 1072 m as depicted in Fig. 7. Since
boundary conditions along the cylinder are considered to be
uniform a finite part of the cylinder in the numerical analysis
is selected with length L = 2 x 10~2 m. On the external surface
of the hollow cylinder the temperature, 7 = 1 °C, is prescribed
either stationarily or as Heaviside time-step thermal loading at
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time instant + = 0. The inner surface is kept at zero temper-
ature. All the other surfaces are insulated. For comparison
purpose, a homogeneous material is first considered. The an-

alytical solution for the homogeneous material can be written
[33]
as

In(r/a) > J2(aB,)Uo(rBy)
) = mm_z? ) — 12(bB,)
x exp(—af?r), (24)

where

Uo(rBn) = Jo(rBn) Yo (L)

and f3, are roots of the following transcendental equation:

—Jo(bBn)Yo(rBn) (25
Jo(ar)Yo(br) —Jo(br)Yo(ar) =0, (26)

with Jo(r) and Yo (r) being Bessel functions of first and second
kind and zeroth order respectively.

3=z

/‘%\
a
_—//
T=H(t) L
/7 . \\
2
1=r

Fig. 7. Boundary conditions and node distribution in analyzed domain
for a finite hollow cylinder.

In our numerical calculations, we assume an exponential
spatial variation for both the thermal conductivity and diffu-
sivity, i.e.,

k=koe""™ o= ape” ", (27)

where ko =17 W-m~!-deg™!, and otp = 0.17 x 10~* m2 s,
The time step used in two-point difference technique is At =
0.5 s.
of 45 (9 x 5) nodes uniformly distributed in the rectangular

As shown in Fig. 7, the node distribution consisting

domain with 9 nodes in the radial direction is employed. Fig-
ure 8 depicts the time variations of temperature at the radius
r =9 cm for the homogeneous case with constant thermal con-
ductivity (ko) and diffusivity (o). Again, the MLNNI method
gives good agreement with the analytical solutions. It is also
observed that the temperature field approaches to steady state
after = 15 s. In addition, figure 9 shows the variations of the
temperature with the radial coordinate at four different time
instants.

0.6
o
04}
I
—
3
B
< analytical
2, e present
5 02f
H
O IR [N T (N TN TN TN ST TN ST SN '
0 4 8 12 16 20

Time/s

Fig. 8. (color online) Time variations of the temperature at r = 9.0 cm
in the hollow cylinder with homogeneous material properties.

1.0

0.8

0.6

0.4

Temperature /°C

0.2

01.00 1.05 1.10 1.15 1.20 1.25
r/a

Fig. 9. (color online) Temperature variations with radial coordinate r at

different time levels for a hollow cylinder with homogeneous material

properties.

To investigate the influence of the material gradation on
the temperature variation, two different exponential parame-
ters y=0.2 cm~' and 0.5 cm™!
culation of the FGMs and the results are compared with the

are chosen in numerical cal-

results of the homogeneous material. The time variations of
the temperature at » = 9 cm for three values of the exponential
parameter y are shown in Fig. 10. In addition, the steady-
state temperature profiles along the radial direction are plotted
in Fig. 11 for four different exponential parameters. One can
observe from Figs. 10 and 11 that the increasing of the expo-
nential parameter of FGMs raises the spatial variation of the
temperature response.

0.6
I
T
E 0.4r
g
g —a— 7v=0cm™!
g —— v=0.2 cm™!
° 0.2 -
= —4— v=0.5 cm™!

0 4 8 12 16

Time/s

Fig. 10. (color online) Time variations of the temperature at » = 9.0 cm
in a functionally graded hollow cylinder.
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1.0F
081
I
N
I
5 061
]
—
é 04} = y=0cm™!
S —o v=0.2cm™!
0.2 —4— v=0.4 cm™!
—v v=0.6 cm~!
0 L L L L
1.00 1.05 1.10 1.15 1.20 1.25

r/a

Fig. 11. (color online) Steady state temperature distributions along the
radial direction for a functionally graded hollow cylinder.

5. Conclusions

In recent years, meshless methods have gained significant
popularity due to their advantages in some practical applica-
tions. In addition, the understanding of temperature distribu-
tion and relevant heat fluxes in FGMs under severe thermal
environment is important for several industrial applications.
Motivated by the need to extend the applications of the newly
developed numerical method, we propose a solution procedure
based on the MLNNI for transient heat conduction analysis
in 3D axisymmetric functionally graded bodies with contin-
uously nonhomogeneous material properties. In the MLNNI
method, the NNI and the three-node triangular FEM shape
function are chosen differently as trial function and test func-
tion. Since the shape functions constructed by the NNI possess
delta function property, the essential boundary conditions can
be implemented directly. In addition, the construction of the
polygonal local sub-domain for each node is very simple with
the help of the Delaunay tessellation. Time integration of the
semi-discrete heat conduction equation is achieved by using
the traditional two-point difference technique. Some test prob-
lems are studied by the proposed scheme, and the obtained re-
sults are compared with other available solutions. It is shown
that they are in complete agreement with each other and the
proposed solution technique is quite efficient.
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