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Thermoelectric transport through a quantum dot
with a magnetic impurity∗
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We study the thermoelectric effect in a small quantum dot with a magnetic impurity in the Coulomb blockade regime.
The electrical conductance, thermal conductance, thermopower, and the thermoelectrical figure of merit (FOM) are calcu-
lated by using Green’s function method. It is found that the peaks in the electrical conductance are split by the exchange
coupling between the electron entering into the dot and the magnetic impurity inside the dot, accompanied by the decrease
in the height of peaks. As a result, the resonances in the thermoelectric quantities, such as the thermal conductance, ther-
mopower, and the FOM, are all split, opening some effective new working regions. Despite of the significant reduction
in the height of the electrical conductance peaks induced by the exchange coupling, the values of the FOM and the ther-
mopower can be as large as those in the case of zero exchange coupling. We also find that the thermoelectric efficiency,
characterized by the magnitude of the FOM, can be enhanced by adjusting the left–right asymmetry of the electrode–dot
coupling or by optimizing the system’s temperature.
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1. Introduction
With some recent experimental[1–5] and theoretical[6–9]

breakthroughs, the thermoelectric effect in low-dimensional
mesoscopic systems has attracted much interest due to the high
efficiency of converting heat into electricity, or vice versa.
The efficiency of thermoelectrical materials in the linear re-
sponse regime where the gradients of both the temperature
and electric fields are infinitely small is described by the ther-
moelectrical figure of merit (FOM) ZT whose expression is
ZT = GS2T/κ , where G is the electrical conductance, S the
thermopower (or Seebeck coefficient) determined by subtract-
ing the ratio between the electric energy eV (V is the bias
voltage across the left and right electrodes) induced by the
temperature difference ∆T in the absence of charge current
T , i.e., S = − eV

∆T |I=0. The thermal conductance κ is con-
tributed by both the electrical and the phonon ones. In conven-
tional bulk thermoelectrical materials, the ratio κ/GT remains
constant according to the Wiedmann–Franz law,[10] which has
been broken since 2001 in nanoscale structures.[1–5] To be spe-
cific, the magnitude of the thermopower in such structures is
significantly enhanced by the sharp features of the electronic
density of states (DOS) resulted from the quantum size effect.
Moreover, the heat flow carried by the phonons or the phonon
thermal conductance can be reduced by particular device de-
sign with the help of the phonon engineering technique.[11,12]

Much work has been devoted to the research subject in pursuit

of large FOM values in various low-dimensional systems. As
a zero-dimensional quantum structure, the quantum dot (QD)
has become an extensively studied object due to the existence
of discrete energy levels and tunable Coulomb interaction be-
tween electrons,[6,13–25] which can all lead to sharp features of
the DOS and to the violation of the Wiedmann–Franz law.[26]

In recent years, some researchers have studied the ther-
moelectric phenomena in a QD structure modulated by the
Fano[27–32] and Kondo[33–35] effects, which are character-
ized by the peaked configuration of the DOS or the electri-
cal conductance. Essentially, these two effects arise from
the strong correlation between the electrons in the dot and
those in the electrodes connected to the dot. In addition, re-
cent experimental[36] and theoretical[37] work has indicated
that discrete energy levels can be induced by intra-dot mag-
netic exchange interactions (between electrons and the mag-
netic impurity in the dot). In most cases, the magnetic im-
purity is modeled by another QD with odd occupancy, but it
can also be a transitional magnetic atom (Co), as used in a
recent experiment,[36] in which an electron entering QD will
form with the magnetic impurity a singlet or a triplet state.
The kind of the formed state depends on the sign of the ex-
change coupling strength between the electron and the impu-
rity. Additional resonances then emerge when the dot energy
level aligns with these states, indicating the formation of sharp
features of the DOS which will play an important role in the
thermoelectrical performance. To the best of our knowledge,
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this issue has never been addressed and becomes the motiva-
tion of the present paper. As shown in Fig. 1, we study the
thermoelectric performance of a QD that contains a magnetic
impurity. The left and right electrodes are respectively held
at temperatures of TL and TR with chemical potentials of µL

and µR. As will be shown later, the peaks in the electrical
conductance that are originally positioned at the dot levels of
εd = µ and εd = −U + µ , where µ = µL = µR is the equi-
librium chemical potential in the electrodes, are all split into
two by the exchange interaction between the transporting elec-
trons and the impurity. Meanwhile, the heights of the peaks
are all obviously lowered. Interestingly, the strengths of the
thermopower and the FOM can now be unchanged or slightly
weakened, opening up some effective new working regions.

J

impurity

quantum dot
ΓL

ΓR

µL
µR

TL
TR

Fig. 1. (color online) Schematic picture of a quantum dot connected
to the left and right electrodes with coupling strengths of ΓL and ΓR.
The two electrodes are individually held at temperatures of TL and TR,
and their chemical potentials are µL and µR, respectively. Electrons
transporting through the quantum dot interact with a magnetic impurity
through an exchange coupling J.

2. Model and method
The Hamiltonian for the whole system is described by the

Anderson model,[37,38]

H = ∑
k,σ ,β

εkβ c†
kβσ

ckβσ + εd ∑
σ

d†
σ dσ +Ud†

↑d↑d
†
↓d↓

+ ∑
k,σ ,β

(Vβdc†
kβσ

dσ +H.c.)+ J𝑠 ·𝑆, (1)

where c†
kβσ

(ckβσ ) is the creation (annihilation) operator of
the electrons with momentum k, spin σ , and energy εkβ in the
β (= L,R) electrode; d†

σ (dσ ) creates (annihilates) an electron
with spin σ and energy εd in the QD with U being the intra-dot
Coulomb interaction between the electrons. The fourth term
on the right-hand side of Eq. (1) represents the dot–electrode
coupling with strength of Vβd. The last term in Eq. (1) stands
for the exchange interaction between the electrons entering the
QD and the unpaired spin on the magnetic impurity. We em-
phasize that this correlation originates from the exchange cou-
pling between the electrical Coulomb interaction but not the
direct coupling between the spin magnetic momentums of the
electrons. Here, 𝑠 and 𝑆 are respectively the spin operators
for the electrons at level εd and the magnetic impurity. By im-
posing single occupancy at the impurity c†

0↑c0↑+ c†
0↓c0↓ = 1

and S = σ̂/2, where c†
0σ
(c0σ ) is the creation (annihilation) op-

erator of the electrons on the magnetic impurity, we arrive at
c†

0↑(↓)c0↑(↓) = (1± σ̂z)/2, c†
0↑c0↓ = σ̂+/2, and c†

0↓c0↑ = σ̂−/2,

where σ̂+(−) = σ̂x± iσ̂y and σ̂ = (σ̂x, σ̂y, σ̂z) are the Pauli ma-
trices. The exchange coupling Hamiltonian can then be written
as[37,38]

J𝑠 ·𝑆 =
J
2 ∑

σ ,σ ′=↑,↓
d†

σ dσ ′c
†
0σ ′c0σ

=
J
2
(n↑−n↓)Sz +

J
2

d†
↑d↓S

−+
J
2

d†
↓d↑S

+, (2)

where a constant term J/2 is neglected.
The electric and heat currents can be derived by Keldysh

Green’s function technique as[24](
Je
Q

)
=

1
h

∫
dε

(
−e
ε−µ

)
[ fL(ε)− fR(ε)]T (ε), (3)

where fβ (ε) = {1+ e(ε−µβ )/kBTβ }−1 is the Fermi distribution
function of lead β with chemical potential µβ , temperature T ,
and Boltzmann constant kB. As we are interested in the linear-
response regime, the chemical potentials and the temperatures
of the two leads are set to be µL = µR = µ and TL = TR = T .
The transmission coefficient T (ε) can be expressed in terms
of Green’s function as[24]

T (ε) = i ∑
σ

ΓLΓR

ΓL +ΓR
[Gr

σ (ε)−Ga
σ (ε)], (4)

where Gr(a)
σ (ε) and Γβ = 2π∑

k
|Vβd |2δ (ε − εkβ ) are QD’ re-

tarded (advanced) Green’s function and the line-width func-
tion, respectively. We calculate Green’s function by using
the equation of motion method, which was given explicitly in
Refs. [37] and [38]. Once Green’s functions are obtained, we
can calculate the thermoelectric quantities by[16,24]

G =
e2

h
K0(µ,T ), (5)

S =− 1
|e|

K1(µ,T )
K0(µ,T )

, (6)

κ =
1
h

[
K1(µ,T )eS+

K2(µ,T )
T

]
, (7)

where Kn(µ,T ) =
∫

dε(−∂ f (ε)/∂ε)(ε − µ)nT (ε) with n =

0,1, . . . and f (ε) = {1 + e(ε−µ)/kBT}−1. In low tempera-
tures, the contribution from the lattice vibration (phonon)
to the thermal conductance can be approximated by κph =

π2k2
BT/(3h).[39] Here we neglect this term since the trans-

port of phonon can be blocked by using a particular device
design.[11,12,16]

3. Numerical results
In the following numerical calculations, we choose the

intra-dot Coulomb interaction U = 1 as the energy unit and set
the constants e = h̄ = kB = 1. The equilibrium chemical po-
tentials of the two electrodes are set to be µL = µR = µ = 0.
Figure 2 shows the electrical conductance G, thermal conduc-
tance κ , thermopower S, and ZT versus the dot level εd un-
der the condition of ΓL = ΓR = 0.02U and different values of
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the exchange coupling strength J. When the QD is free from
the magnetic impurity (J = 0), both the electrical conductance
in Fig. 2(a) and the thermal conductance in Fig. 2(b) have
two well-defined peaks positioned respectively around εd = 0
and εd =−U .[22,24] The peaks of the thermal conductance are
wider than those of the electrical conductance, and the sep-
aration between them is also larger than those of the electri-
cal one. This is because the thermal conductance depends on
both electrical conductance and heat carried by each electron,
and then has wider peaks around the conducting channels in
the energy space.[22,24,39] The thermopower S has three zero
points individually centered at εd =−U ,−U/2, and 0. Across
these zero points, the thermopower changes sign due to the
electron–hole symmetry. Taking the εd = 0 conducting chan-
nel as an example, the detailed reason for the behavior of the
thermopower can be explained as follows.[22,24] When the dot
level εd is above the channel which is aligned with the chem-
ical potential in the lead µ , there are more electrons excited
by the temperature gradient from which the thermoelectric ef-
fect originates. Then, a voltage drop is generated when the
electrons transport from the hotter left lead to the colder right
lead under the open circuit (zero charge current) condition, re-
sulting in negative thermopower as in units of kB/e. When εd

is aligned to the chemical potential µ = 0, the thermopower
vanishes since an equal number of electrons and holes are tun-
neling in the same direction, or equal numbers of electrons are
flowing in opposite directions, and then the charge current is
cancelled out. When εd is below the channel, the main carri-
ers become the holes (or electrons are tunneling from the right
electrode to the left) and then the thermopower changes sign.

As shown by the black solid line in Fig. 2(d), the FOM

for J = 0 has two peaks positioned respectively at the left and
right sides of the two channels εd = 0 and εd = −U , which is
determined by the combined effect of the quantities discussed
above, i.e., G, κ , and S. It has three zero points at εd = 0,
−U/2 (the electron–hole symmetry point), and −U , where
the thermopower S = 0. The four maxima are much larger
than 1, indicating the violation of the Wiedmann–Franz law.
This originates from the sharp features of the DOS of the QD
indicated by the electrical conductance. In the presence of the
exchange interaction between the electrons entering into the
QD and the magnetic impurity inside the dot, the original two
peaks in the electrical conductance are individually split into
two (see Fig. 2(a)). This is because the spin unpaired electron
on the magnetic impurity forms with the transporting electron
singlet and triplet states whose state energies are respectively
3J/4, −J/4, −U + J/4, and −U − 3J/4.[37,38] As shown in
Fig. 2(a), the four peaks for the case of J > 0 are well defined
whereas those for the case of J < 0, the peaks at εd = 3J/4
and −U − 3J/4, which are the excited states, are quite small.
The reason is that the channel of the ground state is more fa-
vorable for electron transportation than the excited state.[37,38]

Accordingly, higher peaks originate from electrons transport-
ing through the ground states, which are singlet 3J/4 and
−U−3J/4 for positive J, whereas triplet |J|/4 and−U−|J|/4
for negative J. Moreover, transport through the threefold de-
generate triplet state is favored as compared with the nonde-
generate singlet state. Note that the energy levels at 3J/4 and
−U−3J/4 for J < 0 are singlet excited states, and this is why
the peaks there are very small. The thermal conductance κ in
Fig. 2(b) resembles the behavior of the electrical conductance,
except that the widths of the peaks are broadened.
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Fig. 2. (color online) (a) Linear electrical conductance G, (b) thermal conductance κ , (c) thermal power S, and (c) figure of merit ZT
as functions of the dot level εd with different values of exchange coupling J. Other parameters are ΓL = ΓR = 0.02, and T = 0.03.
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For the thermopower given in Fig. 2(c) in the case of
J 6= 0, there are two points are worth pointing out. Firstly,
similar to the case of J = 0, the thermopower now has two
well defined peaks positioned individually at the left and right
sides of each resonance in the electrical conductance. The two
main twin peaks at states of 3J/4 and −U −3J/4 are still an-
tisymmetric with respect to the S = 0 point, but the height of
the negative and positive maxima of the other two at states of
−J/4 and −U + J/4 are not equal to each other. We attribute
this difference to the behavior of the thermal conductance in
Fig. 2(b) induced by the excited states. For J < 0, the peaks in
the thermopower are more clear than those in the electrical and
thermal conductances. Secondly, although the peaks’ height
of the electrical and thermal conductances in the presence of
magnetic impurity is much lower than the case of J = 0, the
height of the main peaks around the ground states in the ther-
mopower can be as large as those for J = 0. We think this is
quite favorable in the thermoelectric effect, since large voltage
drop is generated with small electrical and thermal conduc-
tances. Moreover, the heights of the peaks resulting from other
molecular states are also quite high in spite of small electrical
and thermal conductances, opening some promising work re-
gions for thermoelectric designs. Behaviors of the FOM in
Fig. 2(d) resemble that of the thermopower with quite large
values of the peaks’ height. It shows that the twin peaks in the

FOM resulting from the excited states are relatively low due
to the property of the thermopower.

Similar to the electronic transport through nanoscale de-
vices, thermoelectric transport is sensitive to the system’s
symmetry.[15,16,25,40] In Fig. 3 we present the physical quan-
tities varying with respect to the QD level for different values
of the dot–electrode coupling asymmetry factor λ = ΓR/ΓL.
The electrical and thermal conductances in Figs. 3(a) and 3(b)
are significantly suppressed by increasing the left–right asym-
metry (decreasing λ ). The thermopower in Fig. 3(c), how-
ever, seems to be less influenced by the left–right coupling
asymmetry, which is consistent with the conclusion drawn in
Ref. [40]. Since the thermal conductance is determined by
both the transmission coefficient (characterized by the electri-
cal conductance) and the heat energy carried by the electrons,
decrease in λ imposes great impact on the thermal conduc-
tance, leading to more significant suppression than the elec-
trical conductance. As a result, the FOM in Fig. 3(d) can
be enhanced, which is consistent with our previous results in
Ref. [25]. By properly adjusting the asymmetric factor λ , the
peaks’ height at the excited states can be quite large, again
with small electrical and thermal conductances. As shown
in Refs. [25] and [40], if the line-width function of the right
colder electrode ΓR is larger than ΓL, the FOM will be sup-
pressed, which is not shown here.
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Fig. 3. (color online) (a) G, (b) κ , (c) S, and (c) ZT as functions of the dot level εd for J = 0.4 with different values of left–right
coupling asymmetry λ = ΓR/ΓL for ΓR = 0.02 and T = 0.03.

Finally, we present in Fig. 4 the FOM as a function of the

dot level for different values of operating temperature T . As

is expected, the value of ZT will be enhanced with increas-

ing temperature in the thermal energy region of kBT <U/10.

For kBT > U/10,[16,24,25] the value of FOM will decrease

with increasing temperature (not shown here). As compared

to Fig. 2(d), the height difference between the twin peaks at

the left and right sides of each molecular state is increased by
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the increase in the temperature. The behavior of the FOM is
again mainly determined by the non-monotonic dependence
of the thermal conductance on the temperature.[16,24,25] In
the present manuscript, we mainly focus on low-temperature
regime, as did in most experiments regarding to QD. In Figs. 3
and 4, we only show the results for J > 0. If J < 0, the results
are essentially the same and are not given here.
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Fig. 4. (color online) Figure of merit as a function of the dot level for
different values of the operating temperature T with ΓL =ΓR = 0.02 and
J = 0.4. The behavior in the case of J < 0 resembles the present result
(not shown in the figure).

4. Conclusion
In conclusion, impacts of exchange interaction between

a magnetic impurity in a quantum dot and electrons entering
into it on the thermoelectric effect are studied in the Coulomb
blockade regime. We find a multiple-peak configuration in the
physical quantities such as the electrical conductance, thermal
conductance, thermopower, and figure of merit. The values
of the electrical and thermal conductances will be visibly sup-
pressed at the molecular states formed by the spin unpaired
electron on the magnetic impurity and the electron entering
the dot. The values of the thermopower and the figure of merit,
however, can be as large as or a bit smaller than the case of the
quantum dot system free from magnetic impurity. This enables
the device to work at lower electrical and thermal conductance
with high efficiency of converting heat into electricity, or vice
versa. We find that the thermopwer and the figure of merit can
be enhanced by properly adjusting the dot–electrode asymme-
try and the operating temperature.
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[29] Trocha P and Barnaś J 2012 Phys. Rev. B 85 085408
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