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Effect of buoyancy-driven convection on steady state dendritic
growth in a binary alloy*
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The effect of buoyancy-driven convection on the steady state dendritic growth in an undercooled binary alloy is
studied. For the case of the moderate modified Grashof number, the uniformly valid asymptotic solution in the entire region
of space is obtained by means of the matched asymptotic expansion method. The analytical results show that the buoyancy-
driven convection has a significant effect on the needle-like interface of dendritic growth. Due to the buoyancy-driven
convection, the needle-like interface shape of the crystal is changed. When the Peclet number that is not affected by the
buoyant flow is less than a certain critical value, the interface shape of the dendrite becomes thinner as the Grashof number
increases; when it is larger than the critical value, the interface shape becomes fatter as the Grashof number increases. In
the undercooled binary alloy the morphology number plays an active role in the interface shape and leads to the buoyancy
effect that is different from the situation for the pure melt. The smaller the morphology number is, the more significant
change the interface shape has. As the Peclet number further increases, the effect of buoyancy on the interface diminishes

eventually.
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1. Introduction

The effect of convective flow on dendritic growth un-
der microgravity has been investigated during the past

I-18] Huang and Glicksman!!! first carried out the

decades.!
important experimental investigation in the micro-gravity en-
vironment and found that buoyancy-driven convention has a
profound effect on the growth speeds and the tip radii of
the isolated dendrites. Rubinstein and Glicksman®! found
that dendrite growth velocity is an indication of the effect
of interfacial energy anisotropy and buoyancy-driven convec-
tion. Baumgartl ez al.!”! theoretically and experimentally stud-
ied the effect of buoyancy-driven convection and obtained
a good correlation between the results of three-dimensional
time-dependent numerical modeling, experimental modeling,
1 concluded that

the combinative effect of buoyancy and surface tension con-

and crystal growth of GaAs. Cai et al.

vection enhances the homogeneity of the solute concentra-
tion and thus their morphological stability. Basil et al. 1]
made numerical simulations as well as laboratory experiments
of buoyancy-driven convection in an ampoule under varying
heating and gravitational acceleration loadings and studied the
nature and strength of the convective motion under low grav-
ity conditions. Ananth et al.'!l and Schrage!'?! performed

theoretical analysis of a single dendrite for a simplified model

DOI: 10.1088/1674-1056/22/11/116805

of dendritic growth in the presence of natural convection and
approximately solved the equations for the non-dimensional
supercooling. Huo et al., Zhu et al.!"3~13] numerically stud-
ied the crystal growth under microgravity and concluded that
there is possibly a stable growth interface with the upper end
of the face tilting backwards. Huo et al.!'®! found that there is
possibly a stable growth face of the crystal under micrograv-

[17] analyzed the influence of microgravity on

ity. Ge et al.
the GaSb crystal and its potential developments in the future.
Analytically, Canright and Davis!'®! obtained a local solution
valid near the interface for the steady state dendritic growth
in an undercooled pure melt for the case of a small Grashof
number, and concluded that when the Prandtl number and Ste-
fan number are large enough, buoyancy enhances growth and
distorts of the dendrite, whereas when the Prandtl number and
Stefan number are small enough, buoyancy slows growth and
flattens the tip. For the dendritic growth in the pure melt with
buoyancy-driven convection, by using the matched asymp-
totic expansion method, Xu[?*2! obtained the uniformly valid
asymptotic expansion for the steady state solution and revealed
the stability mechanism of dendritic growth as well as the se-
lection condition for the tip growth velocity.

The solute in the alloy melt alternates the interfacial tem-
perature due to the Gibbs—Thomson condition and the solute
segregation, hence, the effect of buoyancy-driven convection
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on the dendritic growth from the binary alloy will be different
from that on the dendritic growth from the pure melt. This pa-
per aims to extend Xu’s result in the pure melt to the case in
the binary alloy. By using the matched asymptotic expansion
method?%??], we find the uniformly valid asymptotic solution
for the steady state dendritic growth for the case of the moder-
ate modified Grashof number and explore the growth mecha-
nism of the dendritic growth in the binary alloy melt.

2. Mathematical model

Consider a single axi-symmetric dendrite growing in an
undercooled binary alloy influenced by buoyancy-driven con-
vection. Assume that the melt is the isotropy and incompress-
ible Newtonian fluid, (Fig. 1), (T»)p and (Cw)p are the dimen-
sional temperature and concentration far from the dendrite,
respectively, g is the gravitational acceleration along z posi-
tive direction downward into the undercooled melt, (x,y,z)p
denotes the dimensional rectangular coordinates, (¢)p denotes
the dimensional time. The subscripts “D” refer to the dimen-
sional quantities, respectively. We use the tip velocity V as the
velocity scale, the diffusion length /p = kp/V as the length
scale, where kp is the solute diffusivity in the liquid phase,
AH /(cppL) as the temperature scale, where AH is the latent
heat per unit volume of the solid, ¢, is the specific heat, pr
is the density of the melt, and (C.)p as the concentration
scale. Then, we introduce the following dimensionless vari-
ables (x,y,z), #, and physical quantities U, Ti,, Ts, Cr, Cs.
The subscripts “S” and “L” refer to the solid phase and lig-
uid phase, respectively. In the moving paraboloidal coordinate
system (&, 7, 0) that is fixed at the dendrite tip

1
r=ngén, z=§n3(§2—n2)7 (1)

where the normalization parameter n& is to be determined
by setting the location of the dendrite-tip, r = /X% + 2.
The interface shape is expressed as 11 = ns(&,0,t). In the
paraboloidal coordinate system, the velocity field is written as
U=U(&,n,6,r) = (u,v,w). For the axi-symmetric dendrite,
there is no flow in the azimuthal direction, 0, then the third
component w = 0, the vorticity vector 2=V x U = (0,0, w3)
has only one nonzero component, and the steady interface
shape function is written as n = ns(&,7). We choose the nor-
malization parameter ng such that the steady interface shape
satisfies the normalization condition

ns(0,1) =1, 2
and introduce the stream function ¥ = y(&, n,) and vorticity
function {(&,n,t) = N3EN @; such that

h— A ow -1 9y
ngEnvER+n2dn’  ndEn /240?98

then the non-dimensional governing equations are expressed

; 3)

as follows.

phase n = const

B liquid phase

(Co)p

Fig. 1. The geometry of dendritic growth in an undercooled binary alloy
with buoyancy-driven convection.

The kinematical equation
Dy =-n5(§>+n)L. @

The vorticity equation

ScD*¢ = né(é%nz)%

20 d(w.ngEn) 1 d(w.)

nién? J(E.m)  niéndEm)
6 Gr ( ITL 3TL> 5
s o\ "3z ooy ©)

The temperature equations in the liquid phase and solid phase

8TL A 8(TL71//)

VAL =g (E2+n?) 5= + o e, 6
EE AT e ) ©
aTx aTx dTx
2m _ 4o 02\91s S S
The concentration equation in the liquid phase
I | 1 a(CLy)
V20, = nd(E2 4 n) Ll 4 LY 8)
LE MG e aEm)
aC. aC. aC
24 402 220908 S S
V7Cs = acny (67 +n7)— = +oc(§ 98 "on ), 9

where the operators V2 and D? are defined as

_ 92 9 19 19
S 982 on? £JE mon’
oL P 19 10

- 9E2 on?

V2

and A = kp /K1, 0r = Kr/Ks, Oc = Kp/Ksp, Kt and Ks are
the thermal diffusivities in the liquid and solid phase, respec-
tively, ksp is the solute diffusivity in the solid phase, Sc is the
Schmidt number, Sc = v/kp, Vv is the kinematical viscosity,
and Gr is the Grashof number,

Gr— Bgwr (Tv)p —

3 (T°°)D) .
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The non-dimensional boundary conditions are expressed

as
ne&*n* +o(1), §—0,
Ty, = Tw, CL—1 as n—oo; (10)
Ts=0(1), Cs=0(1) as n—0; 11

oy 9 ay 9l oL G

VeTGETae T an g g "
as £E=0, n>1, (12)
and the interface conditions are as follows.
(i) the mass conservation condition
d 0y
e 1) G = nigns(éns)’ (13)
(i) the continuity condition of the tangential component
of velocity
dy  Jdy
—s)' 5+ 5 +moéns [ns(ns) =€) =0,  (14)

(iii) the thermal dynamical equilibrium condition
1L =Ts, (15)
(iv) the Gibbs—Thomson condition
Ts = —McCy, (16)

(v) the enthalpy conservation condition

10T ,0TL B
T G [y =0, an
(vi) the mass conservation for the concentration
aC dC
_ 2 I _ L 1 9L
(CL—Cs)ng (Ems) {37} (ns) 7E } (18)
(vi) the concentration jump at the interface
Cs = kCL, (19)

where the notation prime represents the derivative with
respect to &, Mc is the morphology number, Mc =
—m(Cu)p/ [AH /(cppr)], with m being the liquidus slope, k
is the segregation coefficient, 0 < k < 1. In the present paper,
the temperature and concentration in the solid phase are taken
as constants, the densities in the liquid phase and solid phase
are taken as equal, pp. = ps, and surface tension and interface
kinetics are negligible.

In order to use the Lagurre function for analysis, we use
the transformation

770

2
5= 0 g2 £ SRR 20)

(o

V=Y.tV C:S—zé,
C

1 -
(Yoo = Ena‘ajznz =28%267), Q1

T =T, —|—ScTL, =1 +SCCL, (22)

then the governing Egs. (4)—(9) become

_d¢ ag /. 0w _ow
°9 "oz +282 67 (G_ >

06 o7
1 9(w,0) JofL 9%
28% 9(6,7) 06  0JT
_ _82TL 0T, 0T
°35 "w 35 ot
TaTL +L8(TL7V_/)
556 "oz ) T ase 9(6,7)
) 92, 9C.  aCL
°%52 "Tom T o5 ot
_g 9CL 36—1 n 1 9(CL,yp)
=\%%96 "9z ) 25 9(6,7)

+G67 ( (24)

|

>

02

O
/-\
QJ
15

(25)

(26)

where G represents the modified Grashof number

283Gr

G= :
7|

27

The interface conditions (13)—(19) at the interface T = 75(5, €)
become

£+(77's) 5% =0, (28)
_dy  _ 0y

Sc(TL +McéL) = f(TerMc), (30)
1 oT; oTh

T {fs afL —c’r(fs)’a(_;] +T5+6(%) =0, (3
Sc(1—k)[Ts+6(%s)'|CL+ (1 —k)[Ts + 6(7Ts)']

o6 _,_,0G]
+ |: a— G(TS) 86:| =0, (32)

where the notation prime represents the derivative with respect
to G.

For typical metals, the Schmidt number is large and we
adopt its reciprocal number as a small parameter

1
£= — 33
¢ (33)

then the interface shape function is written as the form

- = 770

T =15(0, s)—e—ns =0(¢). 34)
The normalization condition of the interface shape 15(0,7) = 1
is rewritten as

Z5(0,8) = 7 = e%. (35)
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For the small parameter €, the above solidification system un-
der study constitutes a singular boundary problem. We seek a
uniformly valid asymptotic expansion solution for the steady
state of the binary alloy as € — 0.

3. Asymptotic expansion solution in the La-
guerre series

Since the viscous effect is dominant near the interface
while the inertia effect is dominant in the region far from the
interface, the interaction between convection and the interface
morphology behaves differently in different parts of the melt
region. Similar to the treatment made by Xu,?%?!! we divide
the whole region into two sub-regions: the inner region near
the interface 7 < 1; the outer region away from the interface
T = O(1). We seek the outer expansion solution and inner ex-
pansion solution in each sub-region, respectively, and match
them to obtain a uniformly valid asymptotic solution. Due to
the effect of the flow field on the temperature and concentra-
tion fields, we first find the inner solution for the binary alloy,
then solve the outer solution for the temperature and concen-
tration fields.

A

In the inner region, we use the inner variable (&, %)

1= (36)

m\en

then T = efy, fp = n3/2 = O(1), and write for the flow field

v=vy"(6,%)+P(6,t¢), ¢=¢(6,1¢), (37

where y* = 261/¢e, §(6,%,€) = &(6, €1,¢),W(0,1,€) =
y(6,et,€), the inner solution ¢ and ¥ have the asymptotic

expansions
W = ebo(€)P0(6,7) +€01(€)1(5,7)
+£ﬁ2(8) A2((_)'7f')+"', (38)
& = €lo(€)(0,1) +€01(€)61(6,1)
+&02(8)62(6, 1) + -+, (39)

where asymptotic sequence 0, (&) are to be determined, and
U, and ¢, have the Laguerre series expansions

Iy = Bo(2)6LY(6) + B, (8)6L" (5)
+Bua(t)eLM (6) 4+, (40)

&, = Ano(8)GL" (6)+ A1 (2)6L (5)
ARl () +--- . @1)

With the result made by Xu,!'®!"! taking ¥y(¢) = €2, we
derive that

AQ() = G_I()70 (Af’El (A1) — e_lf) ,

R 2 -
By =—=Gloo [Qo(AT) — Qo(A

1 ) = AQ0(A%0,0) (£ —00)]

Bio=0 (n=234,-),
I I .
Qo(s) = Es(Z—i—s)El(s) — 5(1 +s)e

‘We obtain the inner solution of the flow field
2

¥ =~ Glood [Qo(A®) ~ Qo(AT) ~ AQ) (A 00) (2 — o))
x [228)(6) - 11" (6)] + 0(e*), “2)
¢ = eGlyy [MEI (l%)—e’“} 5+ 0(e?)). (43)

With the inner variable (G,7), we rewrite the interface

function
t=15(6,€) =€) +hs(5,¢€), (44)

where hs(0,€) = 0, |hs| < %, and expand %y(g) and
hs(6,€) in the asymptotic series

20(€) = 20,0+ To(€) = 0,0+ S0 (€) 210+ 81 (&) B0+ -+, (45)
hs = 80(&)ho + 81 ()hy + Sy(e)hy + -+, (46)

where asymptotic sequence 5, (g) are to be determined and Iy
have the Laguerre series expansions

~

Ay

iz LU )(6)+fzn71L(11)(6)+... (47)

From /5(0,€) = 0, it yields that 7s(0) = % = eng /2, then

ha(0)=0, n=0,1,2,.... (48)

For the temperature field and concentration field, we have the
asymptotic expansions

in which, 7}, and C, have the Laguerre series expansions

T, = Duo(B)LY (6)+ Dy ()L (8) + -+,

; (51)
Gy = Eno(B)LY (6) + By ()L (8) + -

(52)

For the leading order term in Egs. (49)—-(50), we can take

6o(€) = &, similar to the Xu’s treatment, 1929 we have
Dyo=0, E, =0, n=1.2,.., (53)
Do = Al oE1(A%), Eoo= I&oEl (1), (54

T. = —)ufo’oelfo‘OEl (}L%(),o) —Mc —Mcl(goe%O*OEl (fop), (55)

where E| (x) is the exponential function

~+oo

—t
Ei(x)= [ S=dt, Iop=typetTo
1(x) = e, oo =To0e" 00,

X
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Koo foall Bt
’ 1—(1 —k)"l:'()AoEl (%o’o)eroﬁo

This formula is the generalization of the famous Ivantsov
solution.?%Z1 If M = 0, equation (55) reduces to the Ivantsov
solution,

lngo An2 Ang
_ 10,0 Ange/2 ~70.0
& 2 © El( 2 )’

or
T. = —lfo’oel%U'OEl ()yf'op),

which is the same as that for the case of the pure melt obtained
by Xu.[1%201 It can be seen that o,0 depends on the undercool-
ing parameter 7., and the morphology number Mc. In Figs. 2
and 3, we show, respectively, the solutions of the tempera-
ture 7y and concentration C‘o for the cases: 7po = 0.20, 0.50,
1.00, 1.50, Mc = 0.20, kK = 0.30, and A = 0.001. In Fig. 4,
we show the variations of undercooling temperature 7., with
variable 1y ¢ in the binary alloy for different values: Mc = 0,
0.10, 0.20, 0.30 and k = 0.3, A = 0.001.

8
6
ji
o]
—
&S 4
2
\ 7:()’() =0.20
0
0 2 4 6 8 10
7

Fig. 2. The solutions of temperature Ty versus variable Zfor the cases:
7,0 = 0.20, 0.50, 1.00, 1.50 from bottom to top in the undercooled bi-
nary melt with A = 0.001, Mc = 0.20, k = 0.3.

Fig. 3. The solutions of concentration Cy versus variable Zfor the cases:
7,0 = 0.20, 0.50, 1.00, 1.50 from bottom to top in the undercooled bi-
nary melt with A = 0.001, Mc = 0.20, k = 0.3.

From hg(0,€) = 0, we obtain that

hoo = 0. (56)

Due to the buoyancy effect, the non-uniform temperature
distribution induces a perturbed flow field in the inner region.

0 . 4 . 8 . 1.2 . 1.6 . 20
T0,0
Fig. 4. The variations of undercooling temperature 7., with variable % o
in the binary alloy for different values: Mc = 0, 0.10, 0.20, 0.30 (from
top to bottom) in the undercooled binary melt with k = 0.3, 2 = 0.001.
The above solution is divergent for any fixed & when
T — oo, and then not uniformly valid in the far field. Thus
we turn to seek the outer solution and match it with the inner
solution.
In the outer region T = O(1), we seek the asymptotic ex-
pansion in Eqgs. (36)-(40) as € — 0 for the flow field

¢ = v(e)o(6,7) +vi(€)6i(6,7) +
+0n(€)6a(6,7) + -+, (57)

V= o(€)yo(6,7) + vi(€)y1(6,7) +
+n(8)Yn(6,7) + -+, (58)

in which, asymptotic sequences v,(€) are to be determined,
and g, and y, have Lagurrer series expansions
& =Ano(D)5LY (5) +An1 (DGLY (3)+++, (59)
W = Buo(2)GLS (6) + Ba1 ()GLY) (6) +--- . (60)

Similar to the result in the pure melt made by Xu[?%2!l, the
outer solution of the stream function

82
v = f{bo,oEz(f')C_T* %

+b01[3E4( 1) —2E3( ‘f
2

Ul
Il
|
~
ol
S
[=)
5
—
D
S—
Q
I
=
Qi
l‘\l

(62)

where Wy and Wy
solution, %! and

are two determined special outer

2 - .
~Glop04(A 1),

booy = 7
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1 - . i} © e U 1, db L .
boy = —=GlooQy(Atoo), En(T) = / dr. h00—20+(1+Ato)to—2h01 =0, (70)
A 1 A dt
From Egs. (A7) and (AS), it is seen that the second sequences %00 Al,o +(1- K)o Eio
5,7 and §,C; are only affected by the first sequence of flow ©odt o
field €39 (&) Yo, which only involve the components LE)U (6) +(1—k)(1+kfo0)(1+ Eop) 10
1), = PN
and L{"(5), then = 21— K)(1+Eo0)ho.1, (71)
A A _ N . dD, dE
7 =Dy oLy (3) +DiiLi (), (63) Diy+McEy, + ( 0+ Mc d?L_O)ho 1 =0, (72)
él :E170L§)1)(6)+E171L(11)(6). (64) 1 d[)
*‘LA' (1—|—7LT()())T]0+/’101 =0, (73)
Due to £V(€) Yy = O(&?), the interaction terms in Egs. (A1) A dT
and (A2) have the orders of magnitude 0 Ep (1=K 0o o
dr o
E el ) = O(E"), ENe(Cor ) = O(e* '
3 Ni(To, o) = O(€7), - 3Nr(Co, Yo) = O(€7), + (1= K) (24 Kt0,0) (14 Eo.0)o,s =0. (74)

we take §)(g) = €, then the governing equations for Dj g,

N N . The general solutions of Eqgs. (65)-(68) with the vanishing
D1, E10, and E7 ) are

conditions at the far field are of the forms

d%Dy 1Y\ dD;, “0 A s
i +( +%) gz = 2AGloeHo(4), (65) D1o(2) = I 0E1 (A%) — 2AGI o Ro (%), (75)
d?b 1\ dD iy Dy 1(%) = L1 1E1 (A1) + AGI3 oRo (% 76
T +(7L+%) —55 = AGR (B ), (66) 118 =D B (A7) + AGloofo(2), 7o
A . E1o(8) = I oE1(£) — IGIO,OI(?ORI(%) (77)
g E0 L 584y 3B |
de? d? E\\(3) =17, Ei( )+AG100100R1( ) (78)
2 A A (A1) (A
= —ZGlyol§ote* Vi Hy(2,1), (67)
}"2 ’ A where E| (1) is the exponential integral, and
d D . dD
drél +(AT+1) d%_’l - B
N te M : R
1 - A A a Y Ro(?) = _/ dx/ [Q0(Ay) — Qo(A00)
- zGIQOIOCDrHO(r,7L)e(’L ne (68) LY
. . 1
where ~A0(A%00)y ~T0)] J dy. (79)
A%
N e
Hy(T,A) = ——[00(A%) — Qp(A % T e -
0(1,4) = — EQO(A ) AQOA( 0,0) Ri(h) = _/e xdx/[Qo(/”Ly)—Qo()Lfo}o)
- /IQO()LTO,O)(T - TO,O)]' 3 .0
The interface conditions: at the interface ¥ = 1 o, 2 Q6 (At0.0)(y — %o, 0)% dy. (80)
N . dDoo dEoo
Dro+McEio+ < dz +Mc d% )Tl 0=0, (69 Wit the interface conditions (69)—(74), we have
\
Io =22 (0102 — McO3 — (0 + ) (1 4+ A%0,0) ho1 + (1 + A%00) (Mchs — O1by) @1
' —0102e‘“0-0 —Z,Ol(l +2/i’070) +McO3 e oo ’
03 (MAlOJ +by e*”‘“’) — [(1=k)(1+Eo0)ho,1 +b3] b2
11,0:2 _ —Atog _ ~ “Aoo ) (82)
0105e 0 —A01(14+A%0)+McOse i
_ . 2 .
10 =24GI3ge *100Z5(0,1) + IGMCIQOI&Oe*’”0=°Z4(%0,0, 1), (83)
L= A2+ A7) (0161 —Mcb3) 4
' —-0,0, e Moo — 1(2-‘1-)/5010)01 +Mc04eflf0>0 ’
c _ (02b3 — O4by) e A0 + 1(24-1%0’0)[73 (85)
L1 —0102671%09 —A(Z—‘y—l’f’op)Ol +MC04e*“0>0 ’
R _ . 1 - .
ho,i = AGI3ge *00Z, (f90,1) + — GMclo ol e 4792, (f9,9, 1), (86)

A
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where

O1Ry (%)

Zl (%070,24) =

—010,e *00 —A(2+A%,0)0; +McOye oo’
[0y — (1—k)%o,0] Ri (0,0)

ZZ(%O,OaA’) =

—010,e *00 —A(2+A%,0)0 +McOye oo’
— (02 e Moo +1 e Moo + 2,01) 7 ("L;o’o,l) — 011’_\:‘0(%0’0)

Z3%,0,A] =

Z4(%07(),A«) =

—()1026_)L%(’~0 — 2,01(1 +2,’f0’0) +McO3 e Moo
- {(02 + 1) e Hoo +101} Z5(%0,0,A) +[(1—k)%0.0— O1] R (%00)

)

in which Oy, O,, O3, Og4, by, by, b3 are seven abbreviations

= (1=

00— e o,

1 —k)Mc[1 + Eo0(%00)],
( (1+kToo)(l+E07()),
04:(1*k)(2+kfo,o)(1+ﬁo,0),

k)t
A —(
k)

_ N 1 - .
b = A,GIOZ’OR()(TQ()) + IGMCI()T()I(()%ORI (7070),
by = l(l + lf’o}o) + 0, 671%0'0,

1 - s A A
by =— (1 — k)GIO,()Ig)OT()’()Rl (T(),()).

A

Thus we obtain the inner solution for the temperature and con-
centration fields
T, =T+ A,‘LA'()’() elf&oEl (ﬁ,f)
84[(1170E1 (ﬁ,’f) — ZAGI&OR()(‘LA'))
+6 (I E1(AR)+ AGI5 R ()] +++,  (87)
Too(1—k)e®o _
1—(1- k)’L'()7()E1 (107()) e 0.0

N 2 = A .
+e*(IFE1 (%) — IGIMI&URI (%))

1 - N
T GloolGoR ()] +-+. (88)

And the interface shape function

CL 1+

+6(I5 Er(8) +

=15 =10+ (F10+7016)+ -, (89)
h

=1+ (90)
Too

It is easily proved that Eqs. (87) and (88) satisfy the far

field conditions, i.e., as T — oo or 1] — oo,
L —T., CpL—1. ©n

Consequently, the outer solution for the temperature and con-
centration fields in the outer region are not necessary.

—0102671%0 —A0(1 +Af070) +McO3 e Moo

)

The normalization parameter becomes

T[g = 270 +484Geil%0‘0 |:}LI§.OZ3(‘LA'070,7L)

: ) -
+ chlo,OIOC,oZzt(To,o, A)| 4
8 Gr
= 21 0+ = e_lTOO |:AI§_OZ§(‘LA'()7()7 7L)
T Sc '
: ) -
+1MC10,01§OZ4(10,0,A) 4o (92)

The twice mean curvature of the tip is

_2 (M d
K0 = 5 (1= 50

The Peclet number Pe, which is defined as Pe = A4, /{p, and
{; is the tip radius, becomes

2
Pe=A—r
()
Gr2e*o

— Pepd 1+ —
“’{ ST

|:l[§7021 (’LA'()_’(), A)
1 C ~
+ %Mclo,oloyozz(fo,o, A)

Gr4e o
Sc ’f'oﬂ() |Too|

1 R
+ IMCIO,OI&OZ4(TO,07 /1)} }, (93)

|:)J&OZ3 (”L;(),(), A )

where Peg represents the Peclet number that is not affected by
the buoyant flow

Pey = A1Go = 2A%00. (94)

The interface shape function is expressed as

2e 40 Gr 1 C s 5
Ns = ns(é , 8) ~4 1+ — AIO 021 (To o,l) + IMCIO’OI()’OZZ(TO,O,A) £2. 95)

|T..| S2
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0 500 1000 1500

7’;
Fig. 5. The variations of solution 7j with variable % in the binary melt
for the cases: & =0, 0.50, 1.00, 1.50 from bottom to top in the under-

cooled binary melt with %9 = 0.2, k=0.3, 4 = 0.001, and Mc = 0.30.

In Figs. 5-8, we respectively show the variations of the
temperature T and concentration C’l versus the variable 7 for
the cases: foo = 0.2 and 79 = 2.0 in which k=0.30, A =
0.001.
izo,l and %; o versus the variable %po for the cases: Mc =
0.1,0.5,1.0,1.5,2.0,and k= 0.30, A =0.001. It can be seen
from Fig. 9(a) that % is less than some critical values, the

In Figs. 9-10, we respectively show the function

function szJ is always negative and the smaller morphology
number corresponds to the lower value of the function }Azo,l,
whereas from Fig. 9(b) that when %y increases larger than
the critical value, the function fzo7 | is always positive and the
smaller morphology number corresponds to the higher value
of the function 13011. As 1p o further increases, the function flo,1
diminishes eventually. When % g is less than some critical val-
ues (as seen in Fig. 10(a)), the function %; o is always positive
and the smaller morphology number corresponds to the higher
value of the function 2071, whereas when 1 o increases larger
than the critical value (as seen in Fig. 10(b)), the function % o
is always negative and the smaller morphology number corre-
sponds to the lower value of the function % o. As % further
increases, the function 1} o diminishes eventually. It implies
that the morphology number plays an active role in the change
of the interface and leads to the buoyancy effect that is differ-
ent from the situation for the pure melt. The smaller the mor-
phology number is, the more significant change the interface
shape of the dendrite has. Thus, we can see from Eq. (91) that
the normalization parameter is mainly changed by the function
11 0 and the change of the Peclet number comes from the con-
tributions of the function £ ¢ and the function }Ang , and from
Eq. (92) that the function 7 o, together with the function %,1,
contributes the change of the Peclet number Pe. The inter-
face function Eq. (94) shows the interface function is mainly
changed by the function /,:l()yl. Figures 11 and 12 illustrate that
for the Grashof number Gr > 0, when the Peclet number Pe
(or equivalently, %) is less than some critical value, the in-
terface shape of the dendrite becomes thinner as the Grashof

number increases, whereas when Peg (or equivalently, %) in-
creases larger than the critical value, the interface shape be-
comes fatter as the Grashof number increases. When Peq fur-
ther increases (as we see from Fig. 9), the effect of buoyancy

on the interface diminishes eventually.

—0.0051

—0.010

—0.015

100 300 500 700 900
72
Fig. 6. The variations of solution 7} with variable % for the cases: 6 =0,

0.50, 1.00, 1.50 from bottom to top in the undercooled binary melt with
o0 =2,k=0.3, 1 =0.001, and Mc = 0.30.

BN

Fig. 7. The variations of solution @1 with variable 7 for the cases: 6 =0,
0.50, 1.00, 1.50 from bottom to top in the undercooled binary melt with
%0 =0.20, k = 0.3, A = 0.01, and Mc = 0.30.

—80

—120

Fig. 8. The variations of solution C‘l with variable 7 for the cases: 6 =0,
0.50, 1.00, 1.50 from bottom to top in the undercooled binary melt with
%0,0 =2.0, k=10.3, A =0.001, and Mc = 0.30.
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(b)

Mc=2.0

0 200 400 600

,7"_
Fig. 9. The variations of function /”\l(),l versus variable 1 o for the cases:
Mc = 0.1, 0.5, 1.0, 1.5, 2.0 (a) from bottom to top; (b) from top to

bottom in the undercooled binary melt with k = 0.3, A = 0.001.

(a) M =0.10

—~10 . .
0 200

400 600

To,0
Fig. 10. The variations of function £ o versus variable % o for the cases:

Mc =0.1, 0.5, 1.0, 1.5, 2.0 (a) from top to bottom; (b) from bottom to
top in the undercooled binary melt with k = 0.3, A = 0.001.

800

600

w 400f

2001

0 -
—-30 —20 -—10 0 10 20 30
r
Fig. 11. The interface shapes for the cases: Gr =0, 0.50, 1.0, 2.0 from

outside to inside in the binary melt with Pey = 0.0004 (or T = 0.2),
Sc =20, k=0.3, A =0.001, and Mc = 0.20.

40001

30001

n 2000f

1000

—200 —100 0 100 200
T

Fig. 12. The interface shapes for the cases: Gr =0, 0.50, 1.0, 2.0 from
inside to outside in the binary melt with Pey = 0.004 (or o = 2.0),
Sc =20, k=0.3,2 =0.001, and Mc = 0.20.

4. Conclusion

We have studied the effect of buoyancy-driven convec-
tion on the steady state dendritic growth with zero surface ten-
sion and zero kinetic undercooling in an undercooled binary
alloy. For the case of the moderate modified Grashof num-
ber, by using the matched asymptotic expansion method, we
obtain the uniformly valid asymptotic solution in the entire
region of space. The analytical result shows that the tempera-
ture field plays an active role and the perturbed flow field and
concentration field are passive. The interactions between the
temperature field and flow field and between the concentration
field and flow field are only through their inner solutions. The
zeroth-order inner solution of the temperature field determines
the zeroth-order inner solution of induced flow field, then the
zeroth-order inner solution of the induced flow field affects
the temperature field, concentration field, and interface shape,
resulting in the first-order correction of the temperature and
concentration fields and the interface shape.

Due to the buoyancy-induced convection in the under-
cooled binary alloy, the interface shape of needle-like crystal
is changed. The interface shape depends on four parameters:
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undercooling 7., Peclet number Pey, Grashof number Gr, and
morphology number Mc. When the Peclet number Pe is less
than some critical value, the interface shape of the dendrite
becomes thinner as the Grashof number Gr becomes larger,
whereas when Pe is larger than the critical value, the inter-
face shape becomes fatter as the Grashof number Gr increases.
The smaller the morphology number is, the more significant
change the interface shape of the dendrite has. In the under-
cooled binary alloy, the morphology number plays an active
role in the change of the interface and leads to the significant
buoyancy effect that is different from the situation for the pure
melt. Due to the buoyancy-induced convection, the normal-
ization parameter and the Peclet number are changed. As the
Peclet number further increases, the effect of buoyancy on the
interface diminishes eventually.
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Appendix A

The inner solution equations and interface conditions for
the temperature field and concentration field
The inner solution equations

_ 9%, oy, 0%, ITy
€996 "85 "o T ot
8TL afL AE 8(7171’\[/)
’I( 96 Tae)*z 365 A
062 &" 2%z 9%
B _dC aC £ d(C, V)
= ("a— ar)+za<a,e>' i
The interface conditions: at the interface £ = 1y o
Py
(T +Mc)+ T+ = FES (To+hs)
ey
+M {CL‘F 3% " (% + hs) + } =0, (A3)
1., _ . [df 9%
/I(To,o-l-fo-l—hs){a}—&- 352 L(To+hs) ]

_ JTL, (92TL N
_£G(h)7t[86+a 8A(T0+hs) :|
+€[t0.0+ %o+ hs + 6 (hs)'] = 0, (A4)

P T )
(1 7k)[f070+T0+hs+G(hs) ] [CL 7% (To+hs) ]
+e(1—k)[fo0+ T+ hs + 6 (hs)'] + Ao (o0 + %o
. [aCL  9%G
—I—hs){a}+ PY L(0+hs) }
¢,  0J°CL B
+ &6 (hs)’ [achaoaA(OJrhS) ]_0. (A5)

Equations (A1) and (A2) have the solution of the Laguerre se-
ries expansions

(A6)

(AT)

A ) A A
—-e Y En—i—EN(E,,,B,,), (A8)

m=n-+2

where N(D,,,B,,) and N(E,,, B,) are the coefficients of the La-
guerre function in the asymptotic expansion of Jacobian deter-
minants d(7i.,¥)/d(5,%) and 3(Cr, ¥) /9 (5, 1).
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