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TOPICAL REVIEW — Quantum information

Graphene-like physics in optical lattices”
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Graphene has attracted enormous attention over the past years in condensed matter physics. The most interesting
feature of graphene is that its low-energy excitations are relativistic Dirac fermions. Such feature is the origin of many
topological properties in graphene-like physics. On the other hand, ultracold quantum gas trapped in an optical lattice has
become a unique setting for quantum simulation of condensed matter physics. Here, we mainly review our recent work
on quantum simulation of graphene-like physics with ultracold atoms trapped in a honeycomb or square optical lattice,
including the simulation of Dirac fermions and quantum Hall effect with and without Landau levels. We also present the

related experimental advances.
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1. Introduction

Graphene is a monolayer of carbon atoms packed into a
dense honeycomb crystal structure. This material was pre-
sumed not to exist in the free state and has not been isolated
experimentally until recently.!!l It is the first example of truly
two-dimensional material and now has attracted tremendous
interest in material science and condensed matter physics. >3]
One of the most interesting aspects of graphene physics is that
its low-energy excitations are massless Dirac fermions.*>! In
the low-energy limit, the band structure of graphene can be
approximated as two Dirac cones located at two inequivalent
Brillouin zone corners. The energy dispersion relation in these
cones is linear and the electron dynamics can be treated as rel-
ativistic. Therefore, graphene can provide a new platform for
testing relativistic quantum electrodynamics.°!

The presence of such Dirac feature in graphene is also
expected to lead to a number of unusual electronic proper-
ties such as the unconventional quantum Hall effect.!”! In the
presence of a magnetic field, the energy spectrum of graphene
is rearranged into Landau levels (LLs). Due to the presence
of valley and spin degrees of freedom, each LL is approx-
imately four-fold degenerate. The underlying Dirac struc-
ture gives rise to an unconventional quantum Hall sequence
Oyy = £4¢? /h(n+1/2), where n is the LL index and the factor
4 denotes the double valley and spin degeneracy. The unusual
Hall sequence is now well understood and found to arise from
the fact that the zero-energy LL has half of the higher LLs’
degeneracy.!®! Experimentally, such a ladder of Landau levels
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exhibits itself in the observation of unconventional quantum
Hall plateaus. (%101

Graphene is also related to the birth of topological insu-
lator, which now has become the forefront of condensed mat-
ter physics. In 1988, Haldane showed that electrons hopping
on a graphene lattice can exhibit the integer quantum Hall
effect without Landau levels.!'!! In that model, a complex-
valued next-nearest-neighbor (NNN) hopping was introduced
to break the time-reversal symmetry. This two-band system
has nontrivial topology and can be characterized by the topo-
logical Chern numbers. By tuning the NNN hopping strength,
one can open an energy gap at the Dirac points and produce
the quantum anomalous Hall effect. Haldane model is the first
model that predicted topological insulator presenting the QHE
without LLs, which opens the door for the final prediction and
discovery of Z, topological insulator.!'?!

On the other hand, ultracold atoms trapped in optical
lattices nowadays are widely recognized as powerful exper-
imental tools for mimicking a wide range of systems origi-
nally stemming from condensed matter physics.!'>!#l These
systems can provide a highly controllable environment and
reach many extreme physical situations unachieved in solids.
Many significant experimental advances have been made in
this direction. Specifically, mimicking gauge fields and rel-
ativistic quantum phenomena has recently attracted much

[15.16] In particular, for ultracold atoms in optical

attention.
lattices, the group of Esslinger in ETH has realized a tun-
able graphene-like honeycomb optical lattice and observed

the related topological phase transition between massless
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and massive Dirac fermions,[!”! which was revealed theoret-
ically in Ref. [18].
ing method,!3 several groups have successfully generated

Moreover, by using the optical dress-

the artificial Abelian and non-Abelian gauge fields in ultra-

[19-291 observed the Zitterbewegung effect,3%311

cold atoms,
and the spin Hall effect.[?>=3*] These theoretical and exper-
imental advances pave the way to study some topological
phases of matter related to relativistic Dirac fermions with
well-controllable experimental parameters.

In this paper, we mainly review our recent theoretical
work on quantum simulation of graphene-like physics with ul-
tracold atoms and present the involved experimental demon-
stration. This review is organized as follows. In Section 2, we
firstly describe our theoretical work on mimicking graphene
and observing the related topological phase transitions be-
tween massless and massive Dirac fermions with ultracold
femionic atoms in a honeycomb optical lattice, and then show
the recent experimental demonstration. In Section 3, we re-
view that the unconventional Hall effect in graphene can be
simulated with ultracold atoms in a square optical lattice and
the contribution of single Dirac cone to the Hall conductiv-
ity can be detected. In Section 4, we show that the quantum
anomalous Hall effect (Haldane model) in graphene lattice can
be realized and detected with ultracold atoms trapped in a hon-
eycomb optical lattice and subjected to a laser-induced stag-
gered magnetic field. In Section 5, we give a short summary
on this review.

2. Dirac fermions in optical lattice

Ultracold atoms loaded into a hexagonal optical lattice
was proposed to simulate Dirac fermions in 2007 by our
group. '8! In that paper, we further found that, by controlling
the lattice anisotropy, one can realize both massive and mass-
less Dirac fermions and observe the topological phase transi-
tion between them. There are two (zero) Dirac points in the
phase of massless (massive) Dirac particles, and each Dirac
point is characterized by a topological winding number £1
and related to a quantized (topological) Berry phase +7x. In
this scene, the phase transition between massive and massless
Dirac particles can be considered as a topological phase tran-
sition, which separates the phases characterized by different
winding numbers.*>! The experimental possibility of this pro-
posal has been analyzed in detail in Ref. [36]. Even in the
presence of a harmonic confining potential, the Dirac points
are also found to survive.[*”l In the presence of atomic inter-
actions, the many-body physics of Dirac fermions has been
extensively studied in honeycomb lattice, including the BCS—
BEC crossover, 38! the superfluidity at the Dirac point,[*! the
topological phase transition**#?I and even charge and bond
ordered states with p-orbital band of lattices./**! Experimen-
tally, the simulation of Dirac fermions and observation of

the topological phase transition between massless and mas-
sive Dirac particles through applying a controlled anisotropy
on the structure, as predicted in Ref. [18], have been demon-
strated in several systems, such as a tunable honeycomb op-
tical lattice,!'”l molecule lattice,[** as well as microwave
lattices. [+

In this section, we focus on reviewing our theoretical
work on quantum simulation of Dirac fermions.!'8! We first
show that Dirac fermions could be mimicked in a graphene-
like honeycomb optical lattice and detected by measuring the
Bragg spectroscopy and the atomic density profile. Then, we
present the experimental results of ETH group on engineer-
ing and detecting Dirac points in a tunable honeycomb optical

lattice.[!7]

2.1. Simulation of Dirac fermions

Let us consider single-component fermionic atoms
loaded in a hexagonal optical lattice. This lattice can be gen-
erated with three detuned standing wave lasers and has the po-
tential

V(x,y) = Z V;)Sin2 [kL()CCOSBj +ysin ;) —l—g , (D

j=123

where 0, = /3, 0, = 2n/3, 6; =0, and ki, is the optical
wave number. As shown in Figs. 1(a) and 1(b), it is easy to
tune the hexagonal lattice into a standard isotropic form or an
anisotropic form by varying the laser intensities along differ-
ent directions. From Fig. 1(c), one can find that a hexagonal
lattice consists of two sublattices denoted by A and B. For
single-component fermionic atoms, the atomic collisions are
negligible at low temperatures. The tight-binding Hamiltonian
of the system is then given by

H=-Y t;(alb;+H.c.), )
(i.j)

where (i, j) represents the neighboring sites, a; and b; denote
the fermionic mode operators for the sublattices A and B, re-
spectively. The tunneling rates f;; depend on the tunneling
directions in an anisotropic hexagonal lattice, and we denote
them as 7, fp, and #3 corresponding to the three different di-
rections as described in Fig. 1(c). For simplicity, we assume
t1 =t =t and t3 = Bt with 8 being the anisotropy parame-
ter. The first Brillouin zone of this system has also a hexag-
onal shape in the momentum space (see Fig. 1(d)). Two of
the six corners in Fig. 1(d) are inequivalent and usually de-
noted as K and K’. One can choose K = (27/a)(1/+/3,1)
and K' = —K, where a = 27t/(+/3kp) is the lattice spacing.
The Hamiltonian (2) can be diagonalized and the energy spec-
trum of the system has the expression of

Ey
— :i:t\/ 2+ B2 42cos(kya) + 4B cos(V3kwa/2) cos(kya/2).(3)
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Fig. 1. (a) and (b) The optical potentials for producing a honeycomb
optical lattice. The minima of the potentials are denoted by the solid
dots. All V) are the same in (a), and V) = V;) = 0.91V{ in (b). (c)
Decomposition of the hexagonal lattice as two triangular sublattices A
and B with anisotropic tunneling. (d) The Brillouin zone of the hexago-
nal lattice. The dispersion relations are shown in (e) for § = 1 (gapless
state) and (f) for 8 = 2.5 (gapped state). 18!

The energy spectra are plotted in Figs. 1(e) and I(f).
When 0 < f8 < 2, the two branches touch each other and there
appears a Dirac cone structure around the touching points.
The two Dirac cones have the same form as that in graphene
when B = 1 and squeeze in the x or y direction when f de-
viates from 1, but they still touch each other. Note that the
merging and aligning of Dirac points were also discussed in
a shaken honeycomb lattice recently.!*®! When 8 > 2, a finite
energy gap Ag = |¢|(B —2) appears between the two branches.
Thus, across the point 8 = 2, the topology of the Fermi sur-
face changes and there appears a topological phase transition
without any usual symmetry breaking.!!%4”1 With this topo-
logical phase transition, the system changes its behavior from
a semimetal to an insulator at the half filling case. Around the
half filling, the Fermi surface is close to the touching points,
and one can expand the momentum k around one of the touch-
ing points K = (k2,kY) as (k.,ky) = (k! + gx,k) 4+ gy). Up to
the second order of g, and gy, the dispersion relation (3) be-

Eq=+\/A2 +vigi +vig}, 4)
where A =0, v, = V/3Bta/2, and vy =tay/1—B2/4 for 0 <
B <2 A, =t|(B—2), vy =ta\/3B/2,and vy =ta /B /21

for B > 2. Compared with the standard energy—momentum re-

comes

lation for the relativistic Dirac particles, here Ay and vy, take
the meanings of rest energy and the velocity of light, respec-
tively. The wave function for the quasiparticles around the half
filling then satisfies the Dirac equation i%d,¥ = S#pH¥, where
the relativistic Hamiltonian Hp is given by

Hp = v,0px +vy0ypy + Ay Oy, ®))

with oy, denoting the three Pauli matrices. By tuning the
anisotropy parameter 3, the quasiparticles in this system can
change themselves from massless to massive Dirac fermions.

It is interesting to note that, apart from the hexagonal opti-
cal lattice, optical lattices with other structures of symmetries
can also be used to simulate the two-dimensional relativistic
Dirac fermions. For example, it is also proposed to simulate

48,49

Dirac fermions in a so-called .73 optical lattice, [ in a line-

centered-square optical lattice,’°! and even in a simple square
optical lattice combing with a synthetic gauge potential.[>1-3%]
One may also simulate three-dimensional analog of Dirac
quasiparticles with cold atoms properly loaded in some cu-
bic optical lattices.’*-°!1 Without optical lattices, relativistic
quasiparticles and related novel effects in bulk atomic gases
within the light-induced gauge fields!!> have also attracted

much attention. [30-31.62-70]

2.2. Detection of Dirac fermions

In the following, we will show how to conform the rel-
ativistic quasiparticles and the topological phase transition
with the density profile measurement!’!-’?l and the Bragg

spectroscopy. 73!

2.2.1. Density profile measurement

The density profile of the trapped atoms can be measured
through the time-of-flight imaging with the light absorption.
One can reconstruct the initial real-space density profile of the
trapped gas from the final measured absorption images. Un-
der the local density approximation, the local chemical po-
tential varies with the radial coordinate by u = o — V(r),
where [y is the chemical potential at the trap center and
V(r) = mw*r?/2 is the global harmonic trapping potential.
At temperature 7', the atomic density is given by

1
n(p) = S—O/f(kx,ky,u)dkxdky, )

where Sy = 872 / V/3a? is the area of the first Brillouin zone
of the hexagonal lattice, and f(ky,ky, i) = 1/{exp[(Ex —
Ww)/T]+1} (Ex in Eq. (3)) is the Fermi-Dirac distribution. At
low temperature (T ~ 0), this density profile n(it) is shown in
Figs. 2(a) and 2(b) for the parameters with massless and mas-
sive Dirac quasiparticles, respectively. Clearly, a plateau at the
atom density n = 1 in the density profile appears for the gapped
phase with massive Dirac fermions, but there is no such a
plateau for the case with massless Dirac fermions. Thus, the
plateau is associated with massive quasiparticles, and its emer-
gence provides an unambiguous signal for the phase transition
between the two cases. Furthermore, the linear dispersion re-
lation for the massless Dirac fermions can be confirmed by
the derivative dn/du since one has dn/du = (47 /v?Sp) |Su|
around the Dirac cone. As shown in Figs. 2(c) and 2(d), for the
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case with massless Dirac fermions, dn/du is indeed linearly
proportional to oy at the vicinity of the half filling. There-
fore, experimentally, from the measured density profile n(u),
one can determine its slope to confirm the massless Dirac

fermions.
1.5
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Fig. 2. The number density of atoms # per unit cell as a function of the
chemical potential u for (a) § = 1 and (b) B = 2.5. (c) The derivative
dn/du as a function of the chemical potential u for f = 1. (d) An en-
larged part of dn/du at the vicinity of u = 0. The linearity of the curve
shows the linear dispersion relation for the quasiparticles.[!®!

2.2.2. Bragg spectroscopy

The Bragg spectroscopy can provide an alternative and
complementary method to confirm the linear dispersion rela-
tion for the massless Dirac fermions and the energy gap for
the massive ones. In Bragg spectroscopy, one shines two laser
beams on the atomic gas as shown in Fig. 3(a). By fixing the
angle between the two beams (thus fixing the relative momen-
tum transfer ¢ = k, — k1, where k; denotes the wave vector of
each laser beam), one can measure the atomic transition rate
by scanning the laser frequency difference ® = @, — ;. From
Fermi’s golden rule, this transition rate basically measures the
following dynamical structure factor:

S(a,0) = Y. [(fis|Hplin, )" 8[h@ — Epr, + Ei ], (7)
ky.ko

where Hg = Y., 1, 2¢'97|ig, ) (f&,| + h.c. is the light-atom
interaction Hamiltonian, and |ix,) and |fx,) denote the initial
and the final atomic states with the energies Ejj,, and Eg, and
the momenta k; and k;, respectively. At the half filling, the
excitations are dominantly around the touching point, and we
can use the approximate dispersion relation in Eq. (4). For the
isotropic case (8 = 1) with massless Dirac Fermions, S(g, ®)
has the expression of

B T2 2qr2 — q2
8vF /g2 — ¢
where O is the unit step function, @ = gvp/h (¢ = |q|), and

gr = ho/vg.
Fig. 3(b). Note that in this case, the lower cutoff frequency

S(‘]7w) G(w_wr)v (8)

This dynamical structure factor is shown in

@; is linearly proportional to the momentum difference ¢,

and o, vanishes when ¢ tends to zero. For the anisotropic
case with § > 2, the spectrum in Eq. (4) becomes quadratic
with E ~ +(A 4+ h2q2 /2m, + hzqg /2my) for small momentum
transfer g, where the effective mass m, , = A / viy. The dy-
namical structure factor in this non-relativistic limit becomes

Q%A
S(q7 w) = 2V v
xVy

O(o— ), ©)

where @;” =2A +7*q2,, /4m, . Its form is shown in Fig. 3(b).
The lower cutoff frequency @;” in this case does not vanish as
the momentum transfer goes to zero. This distinctive differ-
ence between the dynamical structure factors in Eqgs. (8) and
(9) can be used to distinguish the cases with massive or mass-
less Dirac fermions.

S(q, w)
(a) i (b)

k)], w1 k27 w2

%

atoms

Wy WY
w

Fig. 3. Schematic of the Bragg scattering. (a) Atoms are illuminated
by two laser beams with wave vectors ki, ko, and frequencies ®;, @,
respectively. (b) The dynamic structure factors S(q, @) for the massless
Dirac fermions (solid line) and for the massive ones in the nonrelativis-
tic limit (dotted line).[!8]

2.3. Experimental demonstration

In this section, we will review the recent experiment by
the ETH group on manipulating Dirac points with fermionic
40K atoms loaded in a tunable honeycomb lattice.l'”! By uti-
lizing momentum-resolved interband transition, they further
detect the Dirac fermions and identify the topological phase
transition from massless to massive Dirac fermions.

2.3.1. Tunable optical lattice

We consider an ultracold Fermi gas of “°K atoms loaded
in a two-dimensional tunable optical lattice. As depicted in
Fig. 4(a), this lattice is formed by three laser beams and has
the potential of

V(x,y) = —Vgcos?(kx+ 6/2) — Vx cos? (kx) — Vy cos? (ky)
— 20ty /VxVycos(kx) cos(ky) cos(¢), (10)

where Vg, Vx, and Vy denote the single-beam lattice depths, o
is the visibility of the interference pattern, and k = 27 /A. One
can adjust the two phases continuously and here choose 8 = 7
and @ = 0. As shown in Fig. 4(b), various lattice structures
can be realized by varying the relative intensities of the beams.
For the honeycomb lattice, as plotted in Fig. 4(c), it consists
of two sublattices and their energy offset can be controlled by
the frequency detuning 8. As shown in Figs. 1(c) and 1(d), the
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primitive lattice vectors are perpendicular, leading to a square
Brillouin zone with two Dirac points inside. The presence of
Dirac points in the band structure is identified by observing a
minimum band gap inside the Brillouin zone using interband
transitions.
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Fig. 4. (a) Three laser beams of wavelength A = 1064 nm create the
two-dimensional lattice potential of Eq. (10). (b) Top: different lattice
potentials. Bottom: the accessible lattice geometries as a function of the
lattice depths Vi and V. (c) The honeycomb lattice has a two-site unit
cell. (d) Left: sketch of the first and second Brillouin zones, indicating
the positions of the Dirac points. Right: three-dimensional view of the
energy spectra. W is denoted as the full bandwidth, Eg as the minimum
energy gap at the edges of the Brillouin zone, and gg = 27/A as the
Bloch wavevector. !}

2.3.2. Detection of Dirac points

The starting point of the experiment is a non-interacting,
ultracold gas of N ~ 50000 fermionic *°K atoms in the state
|F,mp) =9/2,—9/2), where F denotes the hyperfine mani-
fold and mp the Zeeman state. The cloud is prepared in the
lowest-energy band of a honeycomb lattice. On application
of a weak magnetic field gradient, the atomic cloud is sub-
jected to a constant force F in the x direction, with an effect
equivalent to that produced by an electric field in solid-state
systems. The atoms are hence accelerated so that their quasi-
momentum g, increases linearly up to the edge of the Brillouin
zone, where a Bragg reflection occurs. The cloud eventually
returns to the center of the band, performing one full Bloch os-
cillation. Then, the quasi-momentum distribution of the atoms
in different bands is measured.”#! In Fig. 5(a), for a trajectory
far from the Dirac points (trajectory 1), the atoms remain in
the lowest-energy band. In contrast, when passing through a
Dirac point (trajectory 2), the atoms are transferred from the

first band to the second because of the vanishing energy split-
ting at the linear band crossing. When measuring the quasi-
momentum distribution, these atoms are missing in the first
Brillouin zone and appear in the second band. The points of
maximum transfer are identified with the Dirac points.

t="1Tg

e O"TB/2

trajectory

trajectory

@

A4
VN
>< ' .

Bragg reflections

e Dirac points -----

(b) Phase 0
0.907 0.957 1.007 1.057 1.107

“0.4f .
=] R 1 b &
.9 -
g 03 \AAB/'Z iV &l |
& ~"A/h =390 Hz
T
g 0.2
&
wn
g
S 0.1f

340 360 380 400 420

Detuning §/MHz

Fig. 5. (a) Quasi-momentum distribution of the atoms before and after
one Bloch oscillation. (b) Dependence of the total fraction of atoms
transferred to the second band on the detuning § and phase 6 which
control the sublattice energy offset.!!”]

To investigate how breaking the inversion symmetry of
the lattice affects the Dirac points, the phase 6 is tuned for
changing the frequency detuning J, then the sublattice offset
A is varied. In Fig. 5(b), the total fraction of atoms trans-
ferred to the second band is measured and the results show a
sharp maximum in the transferred fraction. This situation is re-
ferred to as the point of inversion symmetry and the bandgap
at this point vanish. The population in the second band de-
creases symmetrically on both sides of the peak as the gap
increases, indicating the transition from massless to massive
Dirac fermions.

116106-5



Chin. Phys. B Vol. 22, No. 11 (2013) 116106

2.3.3. Detection of topological phase transition

In the experiment, the topological transition line is
mapped out by recording the fraction of atoms transferred to
the second band, as a function of the lattice depths Vi and Vx,
while keeping Vy fixed. The results are shown in Fig. 6(a).
The onset of population transfer to the second band signals
the appearance of Dirac points in the band structure of the lat-
tice. For a given value of Vx, the transferred fraction decreases
again for large values of Vg, as the Dirac points lie beyond the
momentum width of the cloud. To extend the range of the
measurements and probe the Dirac points even in this region,
a force in the y direction is applied. Along the g, trajecto-
ries, the center of the cloud successively passes the two Dirac
points during the Bloch cycle. As shown in Fig. 6(b), we again
identify the topological transition by the onset of population
transfer to the second band. At this transition, the transfer is
expected to be lower by a factor of two along the central g, tra-
jectory, as compared to the central g, trajectory. This is caused
by the dispersion relation at the corners of the Brillouin zone
being quadratic in the g, direction and linear in g,. One can
find that, for both trajectories in Figs. 6(a) and 6(b), the onset
of population transfer to the second band signals the topologi-
cal transition, where the Dirac points appear.

o

0.1 0.2 0.3

transferred fraction &

2o 0 0 o AN 0 0
0 gB 2¢qB 0 gB 2gp
9o I— qy

Fig. 6. Fraction of atoms transferred to the second band as a function
of lattice depths Vi and Vx with Vy /Eg = 1.8(1), with trajectories in
quasimomentum space in the g, (a) and gy (b) directions. Each data
point is a single measurement, and as a result there are at least 1200
points per diagram. The dashed line is the theoretical prediction for
the transition line without any fitting parameters. The bottom diagrams
show cuts of the band structure along the (a) g, axis and (b) ¢y axis for
the values of Vg and vy 171

3. Unconventional quantum Hall effect in opti-
cal lattice

When the external magnetic field is applied, the Dirac
fermions in graphene will lead to an unconventional Hall
sequence.[g] In this section, we will review, with the help

of laser-induced gauge field,!”! the unconventional quantum
Hall effect in graphene can be simulated using ultracold atoms
trapped in square optical lattice. It is also found that, by tun-
ing the laser intensity to change the gauge fluxes, the energies
of the four Dirac points in the first Brillouin zone are shifted
from each other and the contribution of the single Dirac cone
to the total atomic Hall conductivity can be detected. No-
tably, the laser-induced magnetic fields in two-dimensional
square optical lattices and the Harper model have recently
been demonstrated, >-2° which paves the way to realize the
quantum Hall state in optical lattices.

3.1. Square lattice model

We consider a two-component ultracold fermion gas
trapped in a two-dimensional square optical lattice subjected
to a gauge potential A = (A,,A,) = (aoy,Bo; + 2xPm),

where 0y, is the Pauli operator of the two atomic compo-

nents, ¢ 1ys) the uniform Abelian magnetic flux per unit cell
and we set ¢ =i = e = a = 1. This gauge potential may be
generated through laser-assisted hopping and the gauge fluxes
(o, B) can be tuned via changing the laser field intensity. 576!

The tight-binding Hamiltonian of the system is written as

H=—t Z (Ciz—}—l,neiAxcmﬂ + Cr'n,n—}—leiAyCmﬂ) +H‘C7 (1 1)
m,n

where ¢ is the nearest-neighbor hopping strength, and ¢, , is a
2-component field operator. We firstly study the system in the
non-Abelian gauge potential without external magnetic field
(@ =0). After diagonalizing the above Hamiltonian, the en-
ergy spectra has the form of

Ex = ho (k) £/ h2 (k) + 12 (k), (12)

where /g (k) = —2t(cos(a) cos(ky) +cos(B) cos(ky)), hy (k) =
—2tsin(B)sin(ky), and hy (k) = —2rsin(a)sin(ky). If the
gauge fluxes @ = B = m/2, as shown in Fig. 7(a), the en-
ergy spectra has the same feature as graphene. There are four
Dirac points in the first Brillouin zone, k; = (0,0), k> = (0, ),
k3 = (7,0), and k4 = (m,7m). In Fig. 8(a), under an exter-
nal magnetic field (the induced flux & = 1/121), we calcu-
late the Hall plateaus against the Fermi energy and find that
the Hall sequence does have the same unconventional form
Oxy =4(n+1/2)/h as in graphene. Therefore, the UQHE in
graphene can be simulated with cold atoms trapped in optical
lattice and subjected to laser-induced gauge field.

L0 @y 1) @
0.5 - : , :

5 of 1L VYT AT
—0.5 - . Iy . . .
— 1.0 LBk R AU A0k 1 - - AR AN OGN - 1 - - A0 N MO

ki ko ks ky ki ko k3 ky k1 ky ks ky FBZ

Fig. 7. The dispersion relations in the vicinity of the four Dirac cones
in the FBZ with different parameters: ¢ and 8. (a) o« = 8 = 7/2; (b)
a=mn/240.1,B =m/2;(c) & = n/2+0.05, B = /2 —0.05.[]
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Interestingly, apart from the conventional linear disper-
sion relation in the Dirac cone, the energies of the four Dirac
points are

OE 14 = £2t(cos o+ cos fB),
O0E»3 = £2t(cosa —cos f3). (13)

If the gauge fluxes deviate from a = 3 = /2, one can find
that the positions of the four Dirac points will be shifted with
each other but the characteristics of linear dispersion are still
kept.”>! Based on this feature, we can manifest the contribu-
tion of single Dirac cone to the Hall conductivity as half-odd
number sequences n+ 1/2. The results in Figs. 7(b) and 7(c)
show four and two Dirac points can be shifted with each other.
The corresponding new Hall conductivities are calculated in
Figs. 8(b) and 8(c). Each new Hall plateau corresponds to one
of the new energy gaps induced by the energy shifts. When the
Fermi energy lies in one of the new gaps, each shifted Dirac
cone contributes to the Hall conductivity with a half-odd topo-
logical number. It is found that the sum of the four half-odd
topological numbers corresponding to each gap is equal to the
numerically calculated Chern number of the gap. Compared
with the existing method, our setup proves a clearer and sim-

pler fashion to achieve the signature of half-odd number se-
[77]

quences contributed from single Dirac cone.

10

0

hoy,y

—10

10

hoyy
o

—10

10F

*10' "

o] —
o]

~1.0
Ep/t

Fig. 8. The Hall plateaus against the Fermi energy for @ = 1/121 in the
conditions of Fig. 1 (same indexing). For comparison, in the lower part
of each figure, we also plot the relativistic LLs and the half-odd Chern
numbers corresponding to each gap in the four Dirac cones.!””!

3.2. Detection of Hall conductivity

In cold atoms, the Hall conductivity is detected through
density profile measurement discussed in Section 2.2.1. Ac-
cording to the Streda formula o,, = %g—g | ELT to measure the
Hall conductivity, we need to choose two magnetic flux val-
ues, and identify the plateaus in both density profiles that cor-
respond to the same gap.!’-81 In Fig. 9, the atomic density
profiles are plotted for the cases in Fig. 8, with &; = 1/121,
®, =2/121, and A® = P, — ¢ = 1/121. Through com-
paring the two density profiles, the atomic Hall conductivity
can be derived as hoyy, = (n2 —ny)/AP. We take Fig. 9(b) as
an example to demonstrate the procedure to obtain the Hall
plateaus. If the local Fermi energy lies in the energy gap
with the Chern number 2, as shown in Fig. 8(b), one can
find that the two densities of the gap are ny /AP = 125 and
ny/A® = 123. Then, the corresponding atomic Hall conduc-
tivity is Oy, = (n2 —n1)/(hAP) = 2/h, which yields the Chern
number 2 and agrees with the result shown in Fig. 8(b).

140} (a)

120

n/Ad

100

140

120

n/A¢

100

140

120

n/A¢

100

05 0 0.5 1.0
Er/t

1.0

Fig. 9. The atomic density profiles n(EL)/A® against the local Fermi
energy in the condition of Fig. 7. The solid (dash) line corresponds to
@ =1/121(2/121).1

4. Quantum anomalous Hall effect in optical lat-

tice

Haldane model is the first model that can provide an in-
teger Hall effect without landau levels.['!] This model has
been simulated with ultracold atoms trapped in a graphene-like
s-band and p-band honeycomb optical lattices.”®81:821 The
staggered magnetic field in the Haldane model is generated
through optical dressing and rotating lattice site, respectively.
Besides, it was proposed to implement the Haldane model in
a square optical superlattice.>’ Recently, it has been gener-
alized to use laser-assisted hopping in a state-dependent op-
tical lattice. 33341 In this section, we mainly review our work
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on mimicking Haldane model with s-band optical lattice. 8]

Finally, we describe the detection method for measuring the
Chern number in this simulation system.

4.1. Simulation of Haldane model

In Haldane’s work, a tight-binding model on a honey-
comb lattice including a complex second nearest-neighbor
hopping integral is constructed. The honeycomb lattice con-
sists of two triangular sublattices A and B with different on
site energies M and —M, as shown in Fig. 10(a). A peri-
odic vector potential A is applied to the lattice, given that the
total magnetic flux through each unit cell vanishes, and the
first neighbor hopping integral ¢ is unaffected. The second
neighbor hopping integral ¢ acquires a Peierls phase factor
exp(ie [A-dr/h), where the integration is along the hopping
path. The Hamiltonian of the model is written as

H =Y t(albj+Hc)+Y M(ala;—b'b))
(i.j) J
+ Z t/eiq)/"(a;aj-i-b;bj), (14)
L)

where a; and b; are the annihilation operators on site R; in sub-
lattices A and B, respectively. ¢;; is the accumulated Peierls
phase from site j to its second neighbor /, which is assumed to
take the form @;; = d=¢. The hopping directions for @;; = +¢
are shown in Fig. 10(a).

We consider single component fermionic atoms trapped
in a 2D honeycomb lattice which can be realized by three
detuned laser beams. A detuned standing-wave laser beam
will create a potential in the form Vysin®(kfr), where Vj
is the potential amplitude, and k:(])“ is the wave vector of
the laser. In order to generate the honeycomb lattice with
different on-site energies in sublattices A and B, the three
laser beams with the same wave length but different polar-
izations are applied along three different directions: e, and
?ex + %ey, respectively. The potential is thus given by
V = Vy[sin?(ety +7/2) +sin? (k§y+m/3) +sin®(a_ — x/2)],
where o = gk(%x + %k(l)‘y. The potential contours are plotted
in Figs. 10(b) and 10(c). Under these conditions, atoms are
trapped at the minima of the potential, forming a honeycomb
lattice. An amazing feature here is that the different site en-
ergies of sublattices A and B are controllable by the phase of
laser beam .

Now we elaborate how to simulate the staggered mag-
netic field in the Haldane model. Since the net flux per
unit cell vanishes, the vector potential applied to the lattice
must be periodic. Such magnetic fields can be created by
the Berry phase induced from two opposite-traveling standing-
wave laser beams. 3! For the two laser beams with Rabbi fre-
quencies Q1 = Qosin(kyy + F)e ™ and Q, = Qycos(kky +
%) e_iklf", where k]f =kl cos 0 and k12~ = kL sin 6 with k- being

the wave vector of the laser and 6 the angle between the wave
vector and the e, axis, the total vector potential and magnetic
field can be written as

A = 1k [sin(2KLy) + cos(v/3k5x) sin (k) e
—/(3)hkY sin(v/3k5x) cos(kyy)e,,

B = —2nki kb [cos(2kYy)
+2cos(V/3kkx) cos(kyy)]es. (15)

In order to be commensurate with the optical lattice, here we
take k5 = 21/37/3a. The contours of the magnetic field are
plotted in Fig. 10(d). One can find that the total accumu-
lated phases along the nearest-neighbor directions are found
to cancel out because of the symmetry of honeycomb lattice.
However, the total accumulated phases for the next-nearest-
neighbor hopping along the arrowed directions of the dashed
lines in Fig. 10(a) are just ¢@. As a consequence, the total
Hamiltonian of this cold atomic system can be described by
Eq. (14).

Fig. 10. (a) The Honeycomb lattice structure of graphene, where
open and solid circles represent sites in sublattices A and B. a; =
(a/2,—/3a/2) and ay = (a/2,v/3a/2) are the unit vectors of the un-
derlying triangular sublattice. s;, s, and s3 are three vectors pointing
from an a site to its three nearest-neighbor sites. (b) and (c) The con-
tours of the lattice potential for y =27 /3 and x = 397/60, respectively.
The vertical (horizontal) axis represents yk% /T (xk('; /). (d) Contours
of the laser-induced staggered magnetic field. "8

4.2. Phase diagram
With Fourier transformation into momentum space, the

Hamiltonian of system can be written in the spinor basis (a,
by)" as

Hy = ho(k) +hy(k)ox+ hy(k)o, +h.(k)o:, (16)
where ho(k) =2t'cos @Y, cos(k-a;), hy(k) =tY;cos(k - s;),
hy(k)=tY,;sin(k-s;), and h (k) = M +2t'sin@ };sin(k - a;).
The vector h(k) = [hc(k),hy(k),h. (k)| is an effective mag-
netic field of the spinor. The energy spectra has the from
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of Ex = ho(k) £ |h(k)|, and the energy gap is |h;|, where
h; = h;(Ky) with Ky = :t%(l,O). If h, = 0, the conduction
band touches the valence band at the two Dirac points K. The
topological properties of the model can be obtained from the
field h(k). In particular, the lowest energy band has a total
Chern number of

1

_ . 2
== /Bzh (O x I, h)d k. 17)

The phase diagram is depicted in Fig. 11(a), in which the solid
line is the critical boundary between the normal insulator with
C = 0 and the Chern insulator with C = %1. It is notable that
the phase ¢ = mwtan6 can be controllable by simply choos-
ing the laser angle 6, while the energy difference M between
sublattice can be tuned by the phase of laser beams. With
such controllability, it is promising to realize the exotic topo-
logical phase transition between different Chern numbers in
Fig. 11(a).

4.3. Detection method

We now turn to establish a direct connection between
the topological Cherm number and the atomic density, not-
ing that the latter can be detected with density profile mea-
We first de-
velop a Green function method to calculate the atomic den-

surements typically used in atomic systems.

sity. The system is actually described by a Dirac-like Hamil-
tonian which can be obtained by expanding Eq. (16) around
two Dirac points. By the substitution of k = Ky + p, we have
Hy = FUpp.Ox — VppyOy + m0;, where Up = /3at /2 is the
Fermi velocity and my = M 4 3+/3¢'sin@. Under an unitary
transformation 6,H 6y, the Dirac Hamiltonian becomes

Hy = —Vppx0Ox — UppyOy +moy, (18)

where m = +m is introduced for simplicity.

It is observed that, once an additional uniform magnetic
field B is applied, the conductivity of the system is related
to the atomic density according to the Streda formula o, =
dp/d Ay . Such a magnetic field can be simulated by rotat-
ing the optical lattice at a constant frequency @ = e#/2m. We
choose the vector potential as .oy = .o/] = 0 and «p = HBx. The
density in terms of the Green’s function for the Dirac Hamil-
tonian is given by

(Z+m)G=1,p = =T’ G(x,)]|;v, (19)

where 9 = y*D., with Dy = hdy — U, Dy = hvgd;, Dy =
hpd, +ievp %y, ¥ = o, ¥ = 0y, and y* = — o, in Euclidean
space. From the standard Green function approach, the atomic
density is explicitly obtained as

2_ 2
pe — |f; sgnw)[im{w} +§]@<|u|—|mi|>

2 m
2¢0 [mpm|

O (|m=|—|ul), (20)

where ¢ is the flux quantum, and int[x] means the largest in-
teger less than x. The second term of Eq. (7) is the atomic
density induced into vacuum as g — 0 by the uniform mag-
netic field.

21 (b) 21(c)
1 1
QUL 0 Q O
-1 -1
-2 -2
-3 2 1 0 1 2 3 -3 -2 14 0 1 2 3
/] p/me
21 (d) 2l (e)
1 1
SNy QL 0
-1 -1
-2 -2
-3 2 1 0 1 2 3 -3 2 1 0 1 2 3
w/me| p/my]

Fig. 11. (a) Phase diagram of the system, where the phase boundary
(solid line) corresponds to i, = 0. (b)—(e) Charge density in units of
B/ ¢o for |m_| = 0.5|my| and eBhvE = 4|m_.| as a function of nor-
malized chemical potential u/my for four different cases: (b) my <
O<m_,(c)ymy >0>m_,(d)ymy <m_ <0, and (e) my >m_ > 0.1781

At u = 0, the Hall conductivity at % = 0 can be obtained
from the density by using the Streda formula as o,, = ce?/n,
where the Chern number C = [sgn(m4) — sgn(m_)]/2. In
Figs. 11(b)-11(e), the total atomic density p = p4 + p— in
units of |%/¢o| is plotted for four different cases as a function
of the normalized chemical potential p/|m.|. We here focus
on u = 0, which is of our main interest. For m <0 < m_ cor-
responding to C = —1, the atomic density p = —%/¢p < 0,
as shown in Fig. 11(b). For my > 0 > m_ corresponding to
C = 1, the density p = /¢ > 0, as shown in Fig. 11(c).
For the other two cases, m and m_ have the same sign, cor-
responding to C = 0 and the density p = 0, as seen from
Figs. 11(d) and 11(e). Therefore, a simple direct relation be-
tween the Chern number and the atomic density is established

as

C=ppo/R. @n

The above relation actually provides us a feasible way to

experimentally detect the Chern number C in different phases.
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In the absence of %, the density of the cold atoms at u =0 is
first measured, which is denoted as py. Then, the optical lat-
tice is rotated to generate the effective uniform magnetic field
A, and the new density of the cold atoms p; is measured. If
p1 > po(p1 < po), the system is in a Chern insulator phase
with Chern number C = +1(—1). If p; = po, the system be-
haves like a normal insulator with C = 0. Since the density
difference is actually quantized in units of % /¢y, the above

method could be rather robust.

5. Summary

In summary, we have mainly reviewed our recent work
on quantum simulation of graphene-like physics with ultra-
cold atoms in optical lattices. We show that ultracold atoms
trapped in a honeycomb optical lattice is a direct analogue of
graphene, and the Dirac fermions there can be simulated di-
rectly in such an optical lattice. With the help of artificial
gauge fields, the unconventional Hall effect in graphene-like
systems can be simulated in a square optical lattice. Finally,
we design a method to generate a staggered magnetic field in
a honeycomb lattice for breaking time-reversal symmetry and
realize the quantum Hall effect without Landau levels. We
also review the related experimental advances on our simula-

tion models.
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