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Generalized 2D problem of icosahedral quasicrystals
containing an elliptic hole*
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The generalized 2D problem of icosahedral quasicrystals containing an elliptic hole is considered by using the ex-
tended Stroh formalism. The closed-form solutions for the displacements and stresses are obtained under general loading
conditions. The solution of the Griffith crack problem as a special case of the results is also observed. The stress intensity
factor and strain energy release rate are given. The effect of the phonon—phason coupling elastic constant on the mechanical

behavior is also discussed.
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1. Introduction

Quasiperiodic structures with icosahedral symmetry that
are incompatible with the extended periodicity of the crystal
were discovered by Israeli scientist Dan Shechtman in 1984.[1]
Quasiperiodicity induces new degrees of freedom and phason
modes, which can be understood in the high-dimensional de-
scription of quasicrystals. In the case of the icosahedral sym-
metry, the quasicrystalline structure can be embedded in a six-
dimensional (6D) space which decomposes into two orthogo-
nal 3D subspaces: the physical space and the perpendicular or
complementary space. >3]

Quasicrystals are fascinating substances that form a fam-
ily of specific structures with strange physical and mechani-
cal properties. The physical properties, such as the structural,
electronic, magnetic, optical, and thermal properties, of qua-
sicrystals have been investigated extensively.>-3] These prop-
erties lay a foundation for its further application to technol-
ogy. A Swedish company found quasicrystals in one of the
most durable kinds of steel, which is now used in products
such as razor blades and thin needles made specifically for eye
surgery. Quasicrystals used in the manufacture of frying pans
and heat insulation in engines as coating.

It is well known that an elliptic hole problem is the ba-
sis of a crack problem in elastic analysis. The mechanics
of elliptic holes or cracks in planar decagonal quasicrystals
has already been investigated.!8] The analytical solutions
for the Griffith crack in a decagonal quasicrystal were given
by exploiting the displacement potential function method and

DOI: 10.1088/1674-1056/22/11/116101

Fourier transform. 10!

Icosahedral quasicrystals play a central role in the study
of quasicrystalline solids, which are more complicated than
one- and two-dimensional quasicrystals. Due to their com-
plexity, only a few results have been obtained. Analytical ex-
pressions were derived as a first-order approximation for the
elastic displacement fields induced by spherical inclusions in
icosahedral quasicrystals.!'!] The final governing equations of
plane elasticity of icosahedral quasicrystals were reduced to
the single sextuple harmonic equation under a few suitable hy-
potheses by introducing the displacement potential function or
stress potential function. %]

Both the Lekhnitskii and the Stroh formalisms are for
the analysis of two-dimensional deformation of an anisotropic
linear elastic solid. The difference is that the Lekhnitskii
formalism begins with the two-dimensional stresses, whereas
the Stroh formalism starts with the two-dimensional displace-
ments. The two methods have been generalized success-
fully to quasicrystal materials. Lekhnitskii’s formalism is ex-
tended to one-dimensional quasicrystals and cubic quasicrys-
tal solids.''>!%] Radi and Mariano considered the straight
cracks in two-dimensional quasicrystals by using the Stroh
formalism.!”! The closed-form expressions for the elastic dis-
placement and stress fields induced by a dislocation in an
icosahedral quasicrystal were obtained using the extended

[15) Wang et al. derived the detailed struc-

Stroh formalism.
tures of the fundamental elasticity matrix in the Stroh formal-

ism of anisotropic elasticity for quasicrystals.['®! Elastic fields
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of icosahedral quasicrystals containing an elliptic hole are dis-
cussed by the extended Stroh formulism in this paper.

2. Basic equations and Stroh formalism

According to the elastic theory of icosahedral

quasicrystals,®! we have the generalized Hooke’s law

0ij = Cijki& + Rijiiwi,s

Hij = Ryij€& + Kijkiwi s (1
and the equilibrium equations (if the body force is neglected)

Cijkiug ji + Rijwi ji = 0,
Rugijur. ji + Kijruwe,ji = 0, 2

in which a comma denotes differentiation, repeated indices im-
ply summation, oy}, &, u; and C;j; are stress, strain, displace-
ment, and elastic constants of phonon fields, respectively. H;j,
wij, wi, and K are the stress, strain, displacement, and elas-
tic constants of phason fields. R;j; are the phonon—phason
coupling elastic constants. The coordinate system A2P-A2-
A5, i.e., with the x| axis parallel to a pseudo-twofold axis, the
X, axis parallel to a two-fold axis, and the x3 axis parallel to a
fivefold axis, is adopted here, as used in Ref. [17].

Consider a generalized two-dimensional problem of
icosahedral quasicrystals in which all the field variables are
independent of x3. Adopting the Stroh formalism for icosahe-
dral quasicrystal elasticity,!'>! the displacement vector u can
be expressed as

w = [ug,uz,uz,wi,wa,w3)' = af(z), 3)
where
=X1 +Px27

the superscript T represents the transpose, f(z) is an ana-
lytic function, p is a complex number, and a is a constant
six-element column vector. Equation (2) can be satisfied by
Eq. (3) for arbitrary f(z) if

[Q+p(R+R")+p*T]a=0, 4)

where the 6 x 6 matrices QQ, R, and T are given by

Citki Rilkl} {Cilkz Ri2k1}
- ., R= 7
Q {R,lel Kir Rl Kie

Coio Ri2k2} .
T = C (ik=1,2,3). 5
|:R;'5k2 Ki2k2 ( ) ( )

For a nontrivial solution of a, we must have
|Q+p(R+R")+p’T| =0, 6)

which gives twelve roots py and p,, (& = 1,2,...,6), where
pe are assumed to be the six distinct complex roots.!'®! The

associated eigenvector a is determined by Eq. (4). Then, the
general solution of Eqs. (1) and (2) can be expressed as

u=2Re{Af(2)}, 7N
in which
A= [a1 aj a3 a4 as a5],
f(2)=1fi(21) f(z2) f(z3) falza) f5(2s) folze)]" (8)

and z¢ = x1 + pgx2. Without loss of generality, we let Im py >
0.
Making use of Egs. (1), (3), and (5), the phonon stress
and phason stress can be rewritten as
it = —pbif'(2), o = bif'(2),
Hji = —pbiy3f'(2), Hp = bis3f'(2), ©)
where i = 1,2, 3. In matrix notation,
b= (R'+pT)a. (10
Introducing the stress function ¢, the phonon stress o;; and
phason stress H;; can be expressed as
;1 = —0i2, Op = @i 1,
Hj = —¢i132, Hp = ¢i13,1, (11)

where i = 1,2,3. Then, the general solution for stress function
¢ is obtained as

¢ =2Re{Bf(z)}, (12)
in which
B = [b; b, bs by bs bg).

The appropriate form of f(z) in Egs. (7) and (12) de-
pends on the boundary conditions of the problems considered.

3. Elliptic hole problem

Consider an elliptic hole L, which is described by the
equation x7 /a® +x3/b* = 1, in the infinite icosahedral qua-
sicrystal medium subjected to a uniform mechanical load-
ing t5 = [05], 053, 053, H5; ,H;‘i,H;}T at infinity, as shown in
Fig. 1.

(UgclyUZXZVU;:‘vHZIyHZZyHZiS)
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Fig. 1. An elliptic hole in an icosahedral quasicrystal solid subjected to
far-field mechanical loading.
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The boundary conditions in this problem are

¢ = 0 along the hole boundary L, 13)

ij = 05, Hij = Hy, (F+3)2 5 (14)

By using the perturbation technique, the complex poten-
tial vectors for the current problem can be expressed as

f(z) = fo(z) + fi(2), (15)

where the homogenous solution fy(z) is obtained by assum-
ing that the elliptic hole is absent from the infinite quasicrystal
medium subjected to uniform loading t5°. Using Egs. (12) and
(14), one obtains

1
fo(2) = 5 (za) B85, (16)

where ( ) indicates the diagonal matrix. The function f;(z)
corresponds to the perturbed field due to the elliptic hole. It is
an unknown function to be determined according to the bound-
ary conditions.

Introducing the conformal mapping functions!!

2a(8a) = cala+daly ', 17

where cq = (a—1pgb)/2 and dy = (a+1ipgb)/2 map the ex-
terior of the elliptic Ly in the zy plane into the exterior of a
unit circle y that can be described by o = eie(O <0 <2m)in
the {, plane.

Substituting Eq. (15) into Egs. (12) and (14) results in

¢ =1t3x1+2Re{Bfi(2)}. (13)

Then, using Eqgs. (13) and (18), we obtain

~ 1 1
where fAl(G) = f1(z(0)). Multiplying both sides of Eq. (19)
by [,do /(o —{), and according to Cauchy’s formula for the
infinite region, *°! we obtain

~ a, . e
Fi1(§) =56 ) B85, (20)
where

2B (@ 2

-1 o
(' aa) = E T

Utilizing Egs. (12), (15), (16), and (20), the stresses of the
phonon and phason fields can be determined at the z, plane as

t {Glj7H1j}T

B : Pola
(a+ipab) Z%z -
t, = {0'21‘7H2j}T

B
< (a+ipab)

—aRe

B¢,
<a2+pab2>> ] 2

Zza 2 27,2 >B1] &
Za_(a +Pab)
21

aRe

4. Solution to a crack

As a special case, we consider an infinite icosahedral qua-
sicrystal medium containing a Griffith crack with length of 2a.
The medium is subjected to remote uniform loads given by 5.
Then, the complex potential function f(z) can be expressed as

1 o0
f(z):2< z%c—a2>B . (22)

Substituting Eq. (22) into Egs. (11) and (12) yields

t1={01j,H1;}" = —Re[B(paHo(za))B~']t5,

tr = {02, H}" =Re[B(Ho(20)) B~ 'It5,  (23)
where

Za

V& —ad
The field intensity factors at the right crack tip (x; = a) are
defined as

Hy(za) = (24)

K = {Ki, K, Km}T

lim [\/27(x; —a){021,02:,023}T].  (25)

X|—a

Inserting Eq. (23) into Eq. (25) leads to
K = Jrats. (26)

Consider the special case in which a uniform tension o5,
is applied at infinity and there is no coupling between the
phonon and phason fields (i.e., R = 0). The analytic expres-
sions for both the stresses and the displacements are obtained
(see appendix A and B), which show that the phonon stresses
are in accord with the classical solutions of isotropic materials.

It is obvious that the distributions of the elastic fields near
the crack tip are of great interest to us. By introducing a polar
coordinate system (r,0) with the origin at the crack right tip,
we have

Zq = a+r(cosO+ pysind). 27

When r is small compared to the half length a of the crack,
equation (23) for the stresses can be rewritten as

oot e
t) = \/ZRe {B<Aal(9)>Bl} 3, (28)

Aq(6) = 1/cos0 + pysin6.

In order to have a clear and direct picture on how the phonon—

where

phason coupling elastic constant R affects the stresses near
the crack tip, we use the icosahedral Al-Pd—Mn as an exam-
ple to numerically demonstrate the normalized phonon stress
02 near the crack tip, as shown in Fig. 2. The material
properties'?!! are given by

A =74.9 GPa, 1t =72.4 GPa, K| = 125 MPa, K> = —50 MPa.
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Fig. 2. Variation of the normalized phonon stress 0y, near the crack tip
with the coupling parameter R (05, = 2 MPa).

From Fig. 2, it can be seen that the phonon stress 05, near
the crack tip is significantly affected by the phonon—phason
coupling elastic constants R. With the increase in the coupling
parameter R, the effects on the stress is more and more ob-
vious. Therefore, the phonon—phason coupling effect on the
stresses is negligible.

The energy release rate can be obtained by considering
the work done in closing the crack tip over an infinitesimal
distance Ax as

Ax
G = lim /0 t1(x1) - Au(x; — Ax)dx;  (29)
Ta .7t . 1 oo

The normalized energy release rate ratio G/Gy is the energy
release rate for R = 0 is plotted in Fig. 3, where

ta 1 1 2
Go=—|—"++—] 050"
4 (u A +u) 2
It can be found that the energy release rate increases with
the increase in the coupling parameter R, i.e., the fracture
toughness will be large for the large coupling parameter R.
This conclusion is consistent with the results of Mariano!”}

and Mikulla.[?2!

1.8
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G/G,
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~
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Fig. 3. Variation of the normalized energy release rate G/G( with the
coupling parameter R.

5. Conclusion and discussion

We have studied the generalized 2D problem of an ellip-
tic hole in icosahedral quasicrystal media by means of the ex-
tended Stroh formulism. The influences of the phonon—phason
coupling elastic constants R on the stresses are numerically
demonstrated. The results are reduced to the classical ones
when the phason field is neglected. These results show that
the extended Stroh formulism is powerful for the complicated
boundary value problem of icosahedral quasicrystals.

Appendix A

The phonon and phason stress fields (R = 0) of the crack
can be given by

oo < 1a-y
o)1 = O Re < — — 1>,
2 VZ—a \J(Z-a)
a*y

O = G;ZRC
(Z—a

2)3’

w0 z ia%y
Oy = O Re( + —1),
2 VZ—-a \J(Z-a)?
Al 1 3 yzZ
w 2
031 = O5a yRe[ + =
e 2A+p) /(Z—a2p 4

R BTV WST) B e
+3iﬂ}
4 /(Zz_az)s ’

o5 a? 1
Hyy — 222
T2 {u<x+u>f<%

y
(ZZ _a2)3
¥z
(2 —a?)s

Re [i),Kf(Kl —K)
3
+ S Ki(2AK3 + Ki (24 + ) (Ki — K2))

— SKi(Ki(+p) (K1 — K2)
v (422 +a?)
2 a2)7}
15 Ky (41 +3u) y*z(3a® +47%)
[24 wo (A+u) \/(22-a?)?
45i Ky vy’ (a* + 12a2z2+8z4)} }
—a?)1l ’

Re[-AK, (K}

+ K3(5A +2u))

120 u (22

Hyy o55a? 1
2\ p(A+pk;

—K1K» —K3)

3
X ﬁ + ?lKl (K1(2A + ) (K1 — K2)

2

\/7
V3 (422 +a?)
15i Ky (34 42u) y*z(3a® +42%)
24 p A+p) JZ-a)P

— KA+ - K1 ((2AK3

+ Ki(A +u) (K —Kz))
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50 4 2.2 4 o2
A K yla+ az +87) )] W= 22y Re[ AQK? —2KiK> — K2)
120 p (2 —a?)1I 4K2u l—i—u
oo 2
Hy — Oya K Re 132 y X ( = 1) % 2K 2A+u) (K1 —K>)
4 u@+p) (2 —a?)3 V2 —a?
3i ¥z 1 e )7 l(ZK (A +
_2t _ 2 2 1(A+p)(Ki —K>)
5 (104 +3u) (zz—a2)5} 5 (134 +7p) @-a)p 2
2 2.3
K
PUZLE) | Sty g Y02 +42) PR )+ K 3 g
Z_a?) 4 H Z—a?)° (zz—a2)5 4
2 2 2 f 2 4 2 2 2
3K, ¥ (a* + 12422 + 82 a*(42 +a*)  iK3y ( +u)a z(3a* +4z%) 7
+ Re 1 M (Zz_az)” ) (12—a2)7 4 (12—a2)9
oo 2 2
PRy B T P = e Re | g )
2 4 \u(A+p) @_a) Ap(A +p) (22 —a?)
2 f 02 2 2 2
3 2, i a‘z iy~ a*(4z"+a”)
+ 5(4% +u)(;az)5} - 5(7/1 +3u) x (2 —a2) + 4 (34 +2u) (2 —a?)
3 2 2 2
Y(2+a?) 23042 )y41(3a2 +42%) TRy AL )] :
Z-a) 4 H 2 —a2) 4 (2 —a?)?
oK
3i Ky (a* +126°2% + 82%) w3 WRG[M<Z1>
Re 4 u (Z _az)” ) 4:“'()~ +.u)K2 Zz—az
2 2
y a 1y
sa? K2 + K K, — K? =(4A ——(5A+3
H3l:°'22a 2 KK =Ky el 30 y +2( + 1) a_ar 2( +3u)
2 2)3
4 uKx(A+p) (22 —a?)
3 2 a’z s A+ 1) (4z2+a2)}
— 7(81 +3u) \/ZT 7/’L+5u) (2-a25 4 (2 —a?)
(4z +a ) 5(/1+#)y z(3a +422)]
\/ "3 (Z2—a?) |’ References
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