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Effects of bi-kappa distributed electrons on dust-ion-acoustic
shock waves in dusty superthermal plasmas
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The basic properties of dust-ion-acoustic (DIA) shock waves in an unmagnetized dusty plasma (containing inertial
ions, kappa distributed electrons with two distinct temperatures, and negatively charged immobile dust grains) are investi-
gated both numerically and analytically. The hydrodynamic equation for inertial ions has been used to derive the Burgers
equation. The effects of superthermal bi-kappa electrons and ion kinematic viscosity, which are found to modify the basic
features of DIA shock waves significantly, are briefly discussed.
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1. Introduction
Nowadays, the study and analysis of the properties of

dusty plasmas have become a popular and important research
topic. A particular field of study which has received a great
deal of attention is that of dust-ion-acoustic (DIA) waves (e.g.,
DIA solitary and shock waves) and has been extensively stud-
ied both theoretically and experimentally. About 21 years
ago, Shukla and Silin[1] theoretically showed that because of
the equilibrium charge neutrality condition ni0 = ne0 +Zdnd0,
and the strong inequality ne0 � ni0 (where ne0, nd0, and
ni0 are electron, dust, and ion number densities at equilib-
rium respectively, and Zd is the number of electrons resid-
ing onto the dust grain surface) a dusty plasma (with neg-
atively charged immobile dust) supports the low-frequency
DIA wave. In this situation, the ion mass provides the iner-
tia and the restoring force comes from the electron thermal
pressure. The presence of DIA waves has been verified by
the laboratory experiments.[2,3] The linear properties of the
DIA waves in an unmagnetized bounded[4,5] plasma, as well
as in magnetized[6–9] and inhomogeneous[10] dusty plasmas
have also been studied. A number of authors have studied the
DIA solitary waves (SWs)[11–15] by using the dusty plasma
model consisting of negatively charged static dust and single-
temperature electrons as well as ions. These SWs[11–15] are
formed due to the delicate balance between nonlinearity and
dispersion.

However, a plasma medium with significant dissipative
properties, assists the formation of shock structures.[16–19]

The Landau damping, kinematic viscosity among the plasma
species, and the collision between ion-neutral, dust-neutral,
etc. are the major causes of the dissipation that is mainly re-
sponsible for the formation of shock structures in a plasma

medium. The shock structures in dusty plasmas have been
observed in a number of major research laboratories through-
out the world. There are also plans to carry out such practi-
cal experiments during the mission of the International Space
Station. For this reason, studies of the propagation of DIA
shock waves in dusty plasmas have great significance. A
critical review of shock wave phenomena in dusty plasmas
can be obtained in some significant review papers,[20] ref-
erenced papers, and books.[21] The DIA shock waves were
observed by Nakamura et al.[22,23] in a dusty plasma asso-
ciated with a single type of thermal electrons. The dust-ion
interaction produces a kinematic viscosity which is respon-
sible for the formation of DIA shock waves. The results
provide that both monotonic and oscillatory shock structures
exist and the dust density has significant effects on shock
structures as well as the phase velocity of the wave. The
detailed theoretical models for the DIA shock waves were
given by Shukla[24] for a weakly coupled dusty plasma. The
study of the DIA shock waves in a strongly coupled dusty
plasma was also presented by Shukla and Mamun.[25] Re-
cently, Sayeed and Mamun[26] generalized the work of Ma-
mun and Shukla[27] to include the roles of Maxwellian elec-
trons and ions. In 2012, Asaduzzaman et al.[28] considered
a dusty plasma medium where two-temperature Maxwellian
ions play a significant role in the wave dynamics. Tasnim et
al.[29] also considered two-temperature nonthermal ions and
discussed the properties of shock waves. In the same year, Ma-
sud et al.[30–32] considered two-temperature electrons follow-
ing Maxwellian distributions in a dusty plasma environment
and analyzed both the SWs and shock waves in respective arti-
cles. However, most of the theoretical works on the DIA shock
waves[20,22,24,33–35] are based on single-temperature electrons.
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Also, most of the studies have been centered on Maxwellian
plasmas. The authors have also studied non-Maxwellian plas-
mas with only one electron component, for instance, in the
form of the Cairns distribution,[36] kappa distribution[37,38] or
Tsallis distribution.[39] It is due to these features that kappa
distributions are convenient in analyzing observational data
in space plasmas that show a Maxwellian core at low ener-
gies and a power law-like tail at higher energies. For ex-
ample, kappa distributions have been used to interpret space-
craft data in the Earth’s magnetospheric plasma sheet[40] and
the solar wind,[41] Jupiter and Saturn;[42] to explain the ve-
locity filtration effect in the solar corona[41,43] and to ana-
lyze the field-aligned conductance values in the auroral re-
gion by using the Freja satellite data.[44] Schippers et al.[45]

analysed the CAPS/ELS and MIMI/ LEMMS data from the
Cassini spacecraft orbiting Saturn over a range of 5.420 RS,
where RS ≈ 60300 km is the radius of Saturn. They found
a best fit for the electron velocity distribution using a com-
bination of a hot and a cool electron components, with both
species being kappa distributions with individual low val-
ues of κ . In particular, the cool electrons typically have
κc ' 1.8–3,[45] rising to 8 to 10 in the inner magnetosphere.
On the other hand, for the hot electrons, κh typically lies in
the range 3 to 7.[45] The plasmas composed of two kappa-
distributed electron components[45–50] are very relevant to the
Saturnian magnetosphere.[47]. That is, this model is also the
basis of a recent kinetic theory study of the waves in Saturn’s
magnetosphere.[47]

The family of κ distributions, a power law in particle
speed, was introduced on phenomenological grounds to model
superthermal structures.[51–54] Vasyliūnas (1968) was the first
to propose an empirical functional form for describing the dis-
tribution of energy over the whole spectrum of the high-energy
power-law tail, and this is now widely known as the kappa
distribution. In order to provide the missing link between
the Tsallis nonextensive q-statistics to the family of the phe-
nomenologically introduced κ distributions favored in space
and astrophysical plasma modeling, we stress that fundamen-
tal and generalized physics is provided within the framework
of an entropy modification consistent with q nonextensive
statistics, and we perform the transformation κ = 1/(q−1)[55]

or q = 1+ 1/k.[56] κ → ∞ corresponds to q = 1 and recov-
ers the extensive limit-Maxwell–Boltzmann distribution. The
family of kappa distributions are obtained from the positive
definite part[46,57] 3/2 < κ < ∞ corresponding to −1≤ q≤ 1
of the general statistical formalism where in analogy the spec-
tral index kappa is a measure of the degree of nonextensivity.
The nonextensive distribution function provides access to non-
local effects, where κ measures the degree of nonextensivity
within the system. Nonextensive q distribution is successfully
applied to demonstrate the solar neutrino problem,[58] peculiar

velocity distributions of galaxies,[59] fractal like space-times,
etc. On the other hand, kappa-distributions are favored in any
kind of space plasma modeling[60] among others, where a rea-
sonable physical background was not apparent.

The isotropic three-dimensional (3D) kappa velocity dis-
tribution of particles of mass m is of the form[61–65]

Fκ(v) =
Γ (κ +1)

(πκθ 2)3/2Γ (κ−1/2)

(
1+

v2

κθ 2

)−(κ+1)

, (1)

where θ is the most probable speed (effective thermal speed),
related to the usual thermal velocity Vt = (KBT/m)1/2 by
θ = [(2κ−3)/κ]Vt, T being the characteristic kinetic tem-
perature, i.e., the temperature of the equivalent Maxwellian
with the same average kinetic energy,[66] and KB is the Boltz-
mann constant. The most probable speed, and hence the κ

distribution, is defined for κ > 3/2. The parameter κ is the
spectral index, which is a measure of the slope of the en-
ergy spectrum of the superthermal particles forming the tail
of the velocity distribution function and, thus, allows for a
family of power law-like distributions. Low values of κ rep-
resent a hard spectrum with a strong non-Maxwellian (power
law-like) tail, an enhanced velocity distribution at low speeds,
and a depressed distribution at intermediate speeds.[61]. For
κ→∞, the Maxwellian distribution is recovered.[67] Inclusion
of multiple-temperature electrons is of potential importance
and represents more realistic phenomena since such plasma
environments are obtained to be common both in space[68,69]

and laboratory[70,71] environments. Kundu et al.[72] consid-
ered a plasma model consisting of kappa distributed electrons
of distinct temperature and discussed the properties of dust
acoustic waves. In 2010, Pakzad[73] derived the K-dV Burg-
ers equation and properties of ion-acoustic shock waves in the
plasma model were analyzed. The effects of ion kinematic
viscosity and the superthermal parameter on the ion acous-
tic waves were observed there, but the presence of dust par-
ticles was not considered in that investigation. In the next
year, Pakzad[74] also considered a plasma model where the
ions are superthermally distributed, and the characteristic of
shock waves were investigated by deriving the K-dV Burgers
equation. Recently, the behavior of dust acoustic waves was
also analyzed by Pakzad[75] in a plasma environment where
the ions follow a kappa distribution. In that paper, it was found
that the coefficients of the K-dV Burgers equation are signif-
icantly modified by the κ-parameter, where κ is the spectral
index for superthermal distribution. In addition, until now, no
theoretical or experimental investigation on DIA shock waves
has been performed considering a dusty plasma model where
two populations of thermal electrons following kappa distribu-
tion with distinct temperatures and the presence of immobile
dust grains.

In this paper, we present a generalized work to investi-
gate the DIA shock waves in an unmagnetized quasi-neutral
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dusty plasma. For this purpose, we consider ion continuity and
momentum equations, supplemented by the kappa electron
density distribution with distinctive temperatures (bi-kappa
distribution), to derive the Burgers equation (BE). We have
analyzed that the relative number densities of electrons-ions
and the temperature ratio of two distinctive electrons are the
sources of dissipation and are responsible for the formation of
DIA shock waves.

This paper is organized as follows. The basic equations
are presented in Section 2. The Burgers equation is derived
in Section 3, and finally a brief discussion and summary are
provided in Sections 4 and 5.

2. Governing equations
We consider the nonlinear propagation of the DIA waves

in an unmagnetized dusty plasma system consisting of nega-
tively charged static dust, inertial ions, and kappa distributed
electrons with two distinctive temperatures. Hence, at equilib-
rium, ni0 = ne10 + ne20 +Zdnd0, where ni0 is the unperturbed
ion number density, ne10 (ne20) is the density of an unperturbed
lower (higher) temperature electron, nd0 is the unperturbed
dust number density, and Zd is the number of electrons resid-
ing on the dust grain surface. It is to be noted that the possi-
ble ranges[5] of Zd can vary in different plasma environments,
viz. Zd = 103–104, 105–106, 103–104 in Q-machine, dc, and
rf discharges, respectively. The nonlinear dynamics[29,32] of
the DIA waves, whose phase speed is much smaller (larger)
than the electron (ion) thermal speed in a planar geometry is
governed by

∂ni

∂ t
+

∂

∂x
(niui) = 0, (2)

∂ui

∂ t
+ui

∂ui

∂x
=−∂φ

∂x
+η

∂ 2ui

∂x2 , (3)

∂ 2φ

∂x2 = µ +µe1

(
1− σ1φ

κe1−3/2

)−κe1+1/2

+ µe2

(
1− σ2φ

κe2−3/2

)−κe2+1/2

−ni, (4)

where ni is the ion particle number density normalized by
its equilibrium value ni0, ui is the ion fluid speed normal-
ized by Ci = (kBTef/mi)

1/2, η is the co-efficient of viscos-
ity normalized by mini0ωpiλ

2
Dm, φ is the electrostatic wave

potential normalized by kBTef/e, σ1 = Tef/Te1, σ2 = Tef/Te2,
µe1 = ne10/ni0, µe2 = ne20/ni0, µ = Zdnd0/ni0 = µe1 +µe2−1
where Tef = ne0Te1Te2/(ne10Te2 +ne20Te1). Here ne0 is the to-
tal electron number density[76] at equilibrium. It should be
noted that Te1 (Te2) is the lower (higher) electron temperature,
Tef is the effective temperature[76] of two electrons, Ti is the
ion temperature, kB is the Boltzmann constant, and e is the
magnitude of the electron charge. The time variable t is nor-
malized by ω

−1
pi = (mi/4πni0e2)1/2 and the space variable x is

normalized by the effective electron Debye length[5,30–32,77,78]

λDm = (kBTef/4πni0e2)1/2.
It is important to mention here that we are interested

in studying the properties of shock waves associated with
DIA waves[1,32] in which inertia comes from the ion mass
and restoring force comes from the electron thermal pres-
sure. We have considered bi-kappa distributed massless elec-
trons (in comparison with ion mass)[46,47] of two distinct
temperatures[46,47] and inertial ions. Thus, we have assumed
only the ion kinematic viscosity[32] and neglected the electrons
kinematic viscosity. This theory is therefore applicable when
VTi� ω/k�VTe1, VTe2.

We note that we have considered negatively charged sta-
tionary (immobile) dust, and thus the contribution of nega-
tively charged dust appeared only in Eq. (4). We further add
here that we have assumed constant dust charge, i.e., neglected
the dust charge fluctuation. However, the dust charge fluctu-
ation is important only when the dust charging time period
(Tch) is comparable to the DIA wave time period (Tw). Thus,
our present theory is no longer valid when Tch is comparable
to Tw.

It is important to note here that our plasma model con-
taining superthermal electrons of distinct temperatures is ap-
plicable when the wave time scale is much smaller than the
time scale of the establishment of the thermal equilibrium, and
when the two group of electrons occupy different regions of
the phase space.[79–81]

3. Derivation of the Burgers equation
We first derive the BE. The DIA BE (with two-

electron temperature) has been introduced by the following
stretched[29,32] coordinates:

ζ = 𝜖(x−Vpt), (5)

τ = 𝜖2t, (6)

where Vp is the phase speed of the DIA waves and 𝜖 is a
smallness parameter measuring the weakness of the dispersion
(0 < 𝜖 < 1). We then expand ni, ui, and φ in power series of 𝜖:

ni = 1+ 𝜖n(1)i + 𝜖2n(2)i + 𝜖3n(3)i + · · ·, (7)

ui = 0+ 𝜖u(1)i + 𝜖2u(2)i + 𝜖3u(3)i + · · ·, (8)

φ = 0+ 𝜖φ (1)+ 𝜖2
φ
(2)+ 𝜖3

φ
(3)+ · · ·, (9)

and develop equations in various powers of 𝜖. To the lowest
order in 𝜖, Eqs. (2)–(9) give

u(1)i =
1

Vp
ψ, (10)

n(1)i =
1

V 2
p

ψ, (11)
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Vp =
1√

µe1(κe1−1/2)σ1

κe1−3/2
+

µe2(κe2−1/2)σ2

κe2−3/2

, (12)

where ψ = φ (1). Equation (12) describes the linear dispersion
relation for the DIA waves.

To the next higher order of 𝜖, we obtain a set of
equations,[29,32] which, after using Eqs. (10)–(12), can be sim-
plified as

∂n(1)i
∂τ
−Vp

∂n(2)i
∂ζ

+
∂u(2)i
∂ζ

+
∂

∂ζ

[
n(1)i u(1)i

]
= 0, (13)

∂u(1)i
∂τ
−Vp

∂u(2)i
∂ζ

+u(1)i
∂u(1)i
∂ζ

+
∂φ (2)

∂ζ
−η

∂ 2u(1)i
∂ζ 2 = 0, (14)

µe1P1P2σ2
1

P2
3

ψ
∂ψ

∂ζ
+

∂n(2)i
∂ζ

+
µe2P4P5σ2

2

P2
6

ψ
∂ψ

∂ζ
− µe1P1σ1

P3

∂φ (2)

∂ζ

+
µe2P4σ2

P6

∂φ (2)

∂ζ
= 0, (15)

where P1 = −1/2− κe1, P2 = 1/2− κe1, P3 = −3/2 + κe1,
P4 =−1/2−κe2, P5 = 1/2−κe2, and P6 =−3/2+κe2.

Next, combining Eqs. (13)–(15), we obtain an
equation[29,32]

∂ψ

∂τ
+Aψ

∂ψ

∂ζ
−C

∂ 2ψ

∂ζ 2 = 0, (16)

where

A =
V 3

p

2

[
3

V 4
p
− µe1P1P2σ2

1

P2
3

− µe2P4P5σ2
2

P2
6

]
, (17)

C =
η

2
. (18)

Equation (16) is known as the Burgers equation.[29,32,82] The
stationary localized solution of the BE is given by

ψ = ψm[1− tanh(ζ/δ )], (19)

where δ = 2C/U0 is the width[29,32] and ψm = U0/A is the
amplitude of the shock wave. It is obvious from Eq. (17), for
A> (<)0, the dusty plasma supports compressive (rarefactive)
DIA shock waves which are associated with a positive (nega-
tive) potential, and no shock waves exist at A = 0. It is obvious
that A is a function of µe1, µe2, κe1, κe2, σ1, and σ2. Therefore,
A(µe1 = µc) = 0 and µc can be expressed as

µe1 = µc

=
1

6R1R2σ2
1
[Q1Q2σ

2
1 −6Q3Q4µe2σ1σ2

+
√

R1R2R3σ2
1 ], (20)

where Q1 = −1 + 4κ2
e1, Q2 = (3−2κe2)

2, Q3 =

3 + 4(−2+κe1)κe1, Q4 = 3 + 4(−2+κe2)κe2, R1 =

(1−2κe1)
2, R2 = (3−2κe2)

2, R3 = (1+2κe1)
2R2σ2

1 −
12(−3+2κe1)(1+2κe1)Q4µe2σ1σ2 +12(3−2κe1)

2

(−1+4κ2
e2)µe2σ2

2 .
Equation (20) represents the critical value of µe1 above

(below) which the shock waves with a positive (negative) po-
tential exists, which can be clearly understood from Figs. 1
and 2.
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ψ

ζ

Fig. 1. (color online) Positive potential shock structures for µe2 = 0.4,
σ1 = 2.5, σ2 = 0.1, η = 0.3, κe1 = 1.6, κe2 = 7, µe1 = 0.75 (upper
curve), µe1 = 0.8 (middle curve), and µe1 = 0.85 (lower curve).
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Fig. 2. (color online) Negative potential shock structures for µe1 = 0.6,
µe2 = 0.4, σ1 = 2.5, σ2 = 0.1, η = 0.3, κe2 = 7, κe1 = 1.6 (upper curve),
κe1 = 1.62 (middle curve), and κe1 = 1.64 (lower curve).

We have found numerically the critical value of µe1

(µc = µe1 = 0.63) for typical dusty plasma parameters, viz.
µe2 = 0.4, σ1 = 2.5, σ2 = 0.1, κe1 = 1.6, and κe2 = 7. It is
clear that ψm = ∞ at µe1 = µc and the BE that we have de-
rived is no longer valid at this condition, so the shock waves
are found for µe1 6= µc. The small amplitude shock waves
with a positive (negative) potential exist for a set of dusty
plasma parameters.[83–86] Figure 1 (2) shows the positive (neg-
ative) potential shock waves for different values of µe1 (κe1).
Figure 3 (4) shows the variation of the amplitudes of posi-
tive (negative) potential shock waves for different values of σ2

(σ1). Figure 5 represents the variation of widths of the shock
waves with η for different values of U0.
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Fig. 3. (color online) Effects of variation of µe2 and σ2 on amplitudes
of positive shock profiles. Here, σ1 = 2.5, η = 0.3, κe1 = 1.6, κe2 = 7,
σ2 = 0.2 (upper curve), σ2 = 0.4 (middle curve), and σ2 = 0.6 (lower
curve).
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Fig. 4. (color online) Effects of variation of σ1 and κe2 on amplitudes of
negative shock profiles. Here, η = 0.3, µe1 = 0.8, µe2 = 0.4, κe1 = 1.6,
σ1 = 2 (upper curve), σ1 = 2.2 (middle curve), and σ1 = 2.4 (lower
curve).
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Fig. 5. (color online) Variation of widths of shock structures with η .
Here, σ1 = 2.5, σ2 = 0.1, κe1 = 1.6, κe2 = 7. U0 = 0.1 (upper curve),
U0 = 0.15 (middle curve), and U0 = 0.2 (lower curve).

4. Discussion

We have considered an unmagnetized dusty plasma sys-
tem consisting of inertial ions, negatively charged immobile
dust, and kappa distributed electrons of two distinct tem-
peratures. The well known BE has been derived by using
the reductive perturbation method. We have also analyzed
and found that the dusty plasma system under considera-
tion supports finite amplitude shock waves, whose basic fea-
tures (polarity, amplitude, width, etc.) depend on the relative
temperature-ratio of electrons (i.e., σ1 and σ2) as well as rel-
ative dust number density µ which is a function of relative
electron number densities (i.e., µe1 and µe2).

The results which have been found from this investigation
can be pinpointed as follows.

1) In our present investigation, shock waves are formed
for above or below the critical value (i.e., when µe1 > µc or
µe1 < µc).

2) We have observed that at µe1 > 0.63, positive (com-
pressive) shock waves exist, whereas at µe1 < 0.63, negative
(rarefactive) shock waves exist (shown in Figs. 1 and 2).

3) We have observed that when µe1 > 0.63 (i.e., µ > 0.03,
where µ is a function µe1 and µe2 as already described af-
ter governing equations) positive potential shock structures
are formed (as shown in Fig. 1), and when µe1 < 0.63 (i.e.,
µ < 0.03), negative potential shock structures are formed (as
shown in Fig. 2). This means that the presence of dust may
change the polarity of the DIA shock structures. It is also ob-
served from Fig. 3 that the presence of dust grains significantly
modifies the basic properties (amplitude and width) of the DIA
shock structures.

4) The magnitude of the amplitude of positive shock
waves decreases (increases) with the increase (decrease) of
relative-electron-number-density µe1 (shown in Fig. 1).

5) It is found that the magnitude of the amplitude of neg-
ative shock waves increases (decreases) with the increase (de-
crease) of the relative-index-parameter κe1 (shown in Fig. 2).

6) The magnitude of the amplitude of shock waves in-
creases (decreases) with the increase (decrease) of κe2 and
the magnitude of the amplitude of shock waves decreases (in-
creases) with the increase (decrease) of σ1 (shown in Fig. 4).

7) The effect of relative-temperature-ratio σ2 on the
shock profiles is found as with the increase of σ2, the height
of the positive potential shock structure gradually decreases
(shown in Fig. 3).

8) From our investigation, it is obtained that the width of
the shock waves increases with the increase of η . In addition,
it can also be said that with the increase of dissipation, the
shock waves become smoother and weaker (shown in Fig. 5).

9) The effect of speed on the propagation of DIA shock
waves that we have observed is that the amplitude (width) of
shock waves decreases (increases) with the increase (decrease)
of U0 (shown in Fig. 5).

5. Summary
The Burgers equation for DIA waves in an unmagne-

tized dusty plasma system consisting of two-electron tem-
peratures following kappa distribution is numerically inves-
tigated. The ranges (σ1 = 1.8–5, σ2 = 0.2–0.8, µe1 = 0.7–
0.9 and µe2 = 0.4–0.6)[30,46,47] of the dusty plasma parame-
ters used in this numerical analysis are very wide, and corre-
spond to space and laboratory dusty plasma situations. The
results of our present investigation should be useful in under-
standing the nonlinear features of electrostatic disturbances in
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space dusty plasmas, viz. saturn’s magnetosphere,[46] pulsar
magnetosphere[72] etc., in which negatively charged dust fluid,
ions, and electrons of two different temperatures (hot and cold)
can be the major plasma species.
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