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The inertial secondary flow is particularly important for hydrodynamic focusing and particle manipulation in biomed-
ical research. In this paper, the development of the inertial secondary flow structure in a curved microchannel was investi-
gated by the multi relaxation time lattice Boltzmann equation model with a force term. The numerical results indicate that
the viscous and inertial competition dominates the development of secondary flow structure development. The Reynolds
number, Dean number, and the cross section aspect ratio influence significantly on the development of the secondary vor-
texes. Both the intensity of secondary flow and the distance between the normalized vortex centers are functions of Dean
numbers but independent of channel curvature radius. In addition, the competition mechanism between the viscous and
inertial effects were discussed by performing the particle focusing experiments. The present investigation provides an
improved understanding of the development of inertial secondary flows in curved microchannels.
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1. Introduction
Hydrodynamic focusing based on inertial microfluidics

are becoming a utilized as a high-throughput technique of
particles manipulation. It has been employed in wide ap-
plications as varied as cell sorting, chemical and biochemi-
cal analysis, on-chip flow cytometry, chemical reactors, single
molecule detection, size-selective separation, and others.[1,2] It
is known that the principle of hydrodynamic focusing is based
on the theoretical analysis of inertial secondary flow and vis-
cous shear induced lift force.[3,4] The secondary flow, which
arises when the fluid flows in a curved channel with a small
radius of curvature, is a relatively minor flow imposed on the
primary flow.[5] As it has helical streamlines, the secondary
flow is favorably used to separate micro particles in recent
years. Although experimental studies showed the feasibility of
hydrodynamic focusing by using a device with various curved
channels, a decent understanding of the inertial secondary flow
and the lift force evolution is still insufficient because of its
complexity. Knowledge regarding the development of fluid
flow in curved microchannels is particularly important for op-
timizing equipment design and operation.

With the developing computational power available
nowadays, numerical simulation has become an indispensable
method to study channel flows[6,7] and especially the fluid
flows in curved microchannels.[8–10] Ookawara et al.[8] carried
out a numerical study on the development of particle concen-

tration distributions in an arc microchannel by employing the
Eulerian–Eulerian multiphase approach. They analyzed the
development of Dean vortices, lift force, and particle concen-
tration profiles over the channel cross-sectional plane. Yoon
et al.[9] performed a numerical study of the Dean vortices in
a U-shape microchannel. They stated that the zero veloci-
ties on the cross section were always positioned at the same
normalized height of 0.27 and 0.72 regardless of the differ-
ent Reynolds numbers (0.27–0.72 rule). However, the 0.27–
0.72 rule cannot be satisfied when the Reynolds number be-
comes higher, as found in our recent investagation. Mao et
al.[10] performed a three-dimensional (3D) simulation of vis-
cous flow in a quarter annular microchannel by using commer-
cial software (CFD-ACE+, ESI-CFD). It demonstrates the re-
liability of numerical simulation for microchannel flow. How-
ever, the underlying competition mechanism between the vis-
cous shear and the inertial effects on fluid has not been fully
addressed in detail. In the last decades, the lattice Boltzmann
method (LBM) has become a relatively newly developed sim-
ulation technique for fluid systems,[11–14] especially for micro
scale fluid flows.[15,16] It has shown great potential in dealing
with fluid flow with a complex geometry boundary with bet-
ter computational accuracy and numerical stability than tradi-
tional methods.[17–19] Therefore, it is straightforward to em-
ploy the LBM to investigate the complex mechanism of sec-
ondary flows in curved microchannels.
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The intention of the present work is to investigate the de-
velopment of secondary flow structures and the competition
mechanism of viscous/inertial effects in curved microchan-
nel flows. Firstly, we introduce the multi relaxation time –
lattice Boltzmann equation (MRT-LBE) model with a force
term,[12,13] and then validate the model and algorithm by
taking the lid-driven cavity flow as a benchmark. Subse-
quently, the characteristic velocity profiles on the channel
cross-sectional plane under various driven forces have been
analyzed quantitatively. Next, the competition mechanism be-
tween the viscous and inertial effects are discussed by analyz-
ing the particle focusing experimental observations. A brief
summary is given in the last section.

2. Model and algorithm
2.1. Multi relaxation time lattice Boltzmann equation

model

The evolution equation for the MRT-LBE model with a
force term of Q velocities 𝑒i on a D-dimensional lattice can be
expressed as[12,13]

𝑓(𝑥+𝑒i∆t, t +∆t)−𝑓(𝑥, t)

= −𝑀−1 · 𝑆̂ · [𝑚(𝑥, t)−𝑚eq(𝑥, t)]+𝐹 (𝑥, t), (1)

where 𝑀 is a Q×Q linear transformation matrix which de-
fines the mapping between the particle distribution function 𝑓

to the velocity moment 𝑚

𝑚=𝑀 ·𝑓 , 𝑓 =𝑀−1 ·𝑚, (2)

𝑆̂ is a non-negative Q×Q diagonal relaxation matrix com-
posed of relaxation time (s0,s1, . . . ,sQ−1), 𝑚eq is the equilib-
rium values of the velocity moments, and the force term 𝐹

represents the contribution of the volumetric body force on
fluids to the distribution functions. The symbols 𝑓 , 𝐹 , 𝑚, and
𝑚eq in Eq. (1) are three column matrices which are defined as

𝑓(𝑥, t) ≡ [ f0(𝑥, t),( f1(𝑥, t), . . . , fQ−1(𝑥, t)]T, (3)

𝐹 (𝑥, t) ≡ [F0(𝑥, t),(F1(𝑥, t), . . . ,FQ−1(𝑥, t)]T, (4)

𝑚(𝑥, t) ≡ [m0(𝑥, t),(m1(𝑥, t), . . . ,mQ−1(𝑥, t)]T, (5)

𝑚eq(𝑥, t) ≡ [meq
0 (𝑥, t),(meq

1 (𝑥, t), . . . ,meq
Q−1(𝑥, t)]

T, (6)

where the superscript T and eq denote the transpose operator
and the equilibrium of the fluids, respectively.

For the sake of numerical stability and calculation accu-
racy, we adopt the D3Q19 model with the following discrete
velocities 𝑒i:

[𝑒i, i = 0, . . . ,18] =

 0, c,−c, 0, 0, 0, 0, c,−c, c,−c, c,−c, c,−c, 0, 0, 0, 0
0, 0, 0, c,−c, 0, 0, c,−c,−c, c, 0, 0, 0, 0, c,−c, c,−c
0, 0, 0, 0, 0, c,−c, 0, 0, 0, 0, c,−c,−c, c, c,−c,−c, c

 , (7)

where the lattice speed c≡ ∆x/∆t. The resulting moments 𝑚 are labelled as

𝑚= [ρ,e,ε, jx,qx, jy,qy, jz,qz,3pxx,3πxx, pww,πww, pxy, pyz, pzx, tx, ty, tz]T, (8)

in which ρ is the mass density, jx, jy, jz are the x,y,z com-
ponents of the flow momentum 𝑗, and 𝑗 ≡ ρ(ux,uy,uz). The
corresponding equilibrium moments 𝑚eq are[12]

𝑚eq = [ρ,−ρ(11−19u2),ρ(α +βu2), jx,−
2
3

jx, jy,

− 2
3

jy, jz,−
2
3

jz,
1
ρ0

(2 j2
x − j2

y − j2
z ),

γ

ρ0
(2 j2

x − j2
y − j2

z ),
1
ρ0

( j2
y − j2

z ),
γ

ρ0
( j2

y − j2
z ),

1
ρ0

jx jy,
1
ρ0

jy jz,
1
ρ0

jz jx,0,0,0]T, (9)

where u is the magnitude of flow velocity, u =
√

u2
x +u2

y +u2
z ,

and α , β , γ are free parameters. In the present work, we set
α = 3, β = −5.5, and γ = −0.5. With the above sequence of
moments, the diagonal matrix 𝑆̂ is

𝑆̂ = diag(0,se,sε ,0,sq,0,sq,0,

sq,sν ,sπ ,sν ,sπ ,sν ,sν ,sν ,st ,st ,st), (10)

In which, sν and se are determined by the kinematic viscosity
ν and the bulk viscosity ζ according to

ν =
1
3

(
1
sν

− 1
2

)
c∆x, (11)

ζ =
2
9

(
1
se
− 1

2

)
c∆x. (12)

The values of other elements sε , sq, sπ , and st can be chosen
more flexibly in the range (0,2). In the present study, we set
se = 1.19, sε = 1.0, sq = 1.2, sπ = 1.98, and st = 0.98.

2.2. Numerical procedure

From an algorithmic point of view, the MRT-LBE for-
mulation is implemented in two elementary steps: (i) the re-
laxation step in which the collision operator is applied to the
particle distribution, and (ii) the streaming step in which up-
dated particle populations are propagated to the neighbouring
nodes. Therefore, equation (1) may be split into

𝑓(𝑥, t) =𝑀−1 ·
(
𝑚(𝑥, t)− 𝑆̂ · [𝑚(𝑥, t)−𝑚eq(𝑥, t)]

)
(13)
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and

𝑓(𝑥+𝑒i∆ t, t +∆ t) = 𝑓(𝑥, t)+𝐹 (𝑥, t), (14)

where equation (13) describes the relaxation step and equa-
tion (14) is the streaming step, respectively. Thus, The numer-
ical procedure of present MRT-LBE model is summarized as
follows.

(I) Initialization: all elements of 𝑚 are initialized by set-
ting them equal to their equilibrium value 𝑚eq which can be
determined by Eq. (9) with the initial constant density and the
zero velocity.

(II) Relaxation step: with the known moments 𝑚 and
𝑚eq, the relaxation step is conducted based on Eq. (13).

(III) Streaming step: the streaming step is performed
based on Eq. (14), during which the macroscopic density and
velocity of fluid are computed.

(IV) Boundary treatment: inlet, outlet or side boundary
conditions are operated by using a specified treatment scheme.

(V) Proceed through the next time-step starting at step (II)
until the specified precision is satisfied.

2.3. Algorithm validation

In order to validate and evaluate the present numerical
model and computer program, the incompressible lid-driven
flow in a cubic cavity (1.0×1.0×1.0) whose top wall moves
with a uniform velocity was considered. For the present cavity
flow shown in Fig. 1. There are two types of boundary condi-
tion. One is the top lid whose moving velocity is a constant,
i.e., utop = const, and the other is the stationary boundary along
the remaining five cavity walls. The non-equilibrium extrapo-
lation scheme[20] is employed to determine the unknown parti-
cle distribution functions along the top boundary. The other is
the five fixed walls of the cavity, where the half-way bounce-
back scheme[12] is applied to subject to the non-slip boundary
condition. The Reynolds number is defined as Re = utopL/ν ,
where L is the side length of the cubic, and ν is the kinematic
viscosity.

y

x

z

o

.

.

.

.

utop/.

vertical plane

centerline

Fig. 1. Sketch of the lid-driven cubic cavity flow.

In the present work, the driven velocity is fixed utop = 0.1,
and Re is set by varying ν . The uniform Cartesian meshes of

50× 50× 50 and 100× 100× 100 are employed in the simu-
lation. We consider a Re range of 100 (ν = 0.001), 400 (ν =

0.00025), and 1000 (ν = 0.0001) for which steady transversal
vortices are expected to be present. The u-velocity component
distribution on the vertical plane centerline has been used as
a measure of solution accuracy for the 3D lid-driven cavity
benchmark. The computed results from the present simulation
are shown in Fig. 2. The present solution is in good agree-
ment with the results of Jiang et al.[21] and Wong et al.[22] The
negative peak velocities on the vertical centerline are listed in
Table 1. The maximum difference between the present simu-
lation and Wong’s is no more than 11.7% at the peak value in
the case of Re = 1000 and 50× 50× 50 mesh. As the mesh
size increases to 100× 100× 100, the maximum difference
decreases to no more than 5.80% for the same case.
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Fig. 2. Velocity profiles on the centerline of vertical plane at Re = (a)
100, (b) 400, and (c) 1000 with uniform meshes of 50× 50× 50 and
100×100×100.
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Table 1. Comparision between the present simulation with the results in references for the negative peak velocity on the vertical
centerline at Re = 100, 400, and 1000.

Re

Negative peak velocity

Jiang et al.[21] Wong et al.[22] Present simulation Relative difference
mesh of 50×50×50 mesh of 100×100×100 Maximum Minimum

100 −0.2120 −0.2154 −0.1957 −0.1997 9.15% 5.80%
400 −0.2341 −0.2349 −0.2184 −0.2210 7.02% 5.60%

1000 −0.2754 −0.2792 −0.2464 −0.2598 11.7% 5.66%

3. Results and discussion
3.1. Problem description

We next investigate the flow structure development with
various driven forces in an annular microchannel. A schematic
view of the flow geometry, coordinate system, and computa-
tional domain of the problem is illustrated in Fig. 3. Incom-
pressible flow with constant fluid density ρ and constant kine-
matic viscosity ν is assumed. A Cartesian coordinate system
(x,y,z) is applied to describe the flow, where the x,y axis are
aligned on the horizontal plane, the z axis is aligned with the
depth-direction of the channel. The origin of the coordinates
is chosen to be the center point of the bottom plane, as shown
in Fig. 3.

H

W

R

uθ

ur

solid wall: non slip 
                 boundary condition

cross sectional plane

solid wall

solid wall

solid wall

p

x

y

z

a

bθ

Fig. 3. (color online) Sketch of the annular flow geometry and boundary
conditions.

The flow driven by a uniform pressure gradient ∂ p/∂ l =
ρ|𝑎|, streams along the channel circularly, where p is the pres-
sure on fluids, l is the arc length related to position, and 𝑎 is
the acceleration of fluids. By adjusting the acceleration, var-
ious Reynolds numbers are set. The secondary flow strength
depends on the dimensionless Dean number De, which is de-
fined as De = Re

√
Dh/2R for the present problem. Re is the

Reynolds number defined as Re = UmDh/ν , Dh denotes the
hydraulic diameter defined as Dh = 2WH/(W +H), Um is the
mean velocity in the channel, and R is the curvature radius.
The aspect ratio K of the channel cross-sectional plane is de-
fined as K =W/H. In the present work, the channel boundary
is set as solid walls, and the bounceback scheme[23] is applied
to impose the non-slip boundary condition on the walls.

3.2. Flow structures

We firstly carried out the simulation for a channel of
W = 50 µm, H = 50 µm, R = 35 µm under the acceleration

𝑎 of 2n× 103 m/s2 (n = 0,1, . . . ,7). The fluid density, kine-
matic viscosity, space step, time step, and relaxation frequency
are set as ρ = 1.0× 103 kg/m3, ν = 1.0× 10−6 m/s2, ∆x =

1.0×10−6 m, ∆ t = 1.852×10−8 s, and ω = 1.0/sν = 1.8, re-
spectively. For simplicity, the simulations are all running with
the lattice unit in the present work. We converted the fluid den-
sity, kinematic viscosity, and acceleration into lattice units by
taking ρ , ∆x and ∆ t as the references. Corresponding to the
acceleration range, the simulated Reynolds numbers are 2.34,
4.65, 9.11, 17.16, 30.65, 52.45, 86.15, and 133.89.

Figure 4 is the simulated transformation of flow struc-
ture with various Reynolds numbers in the channel, in which
the flow remains steady even regardless of different Re. It is
shown that: under a lower Re, the flow velocity closes to the
inner wall is higher than the flow velocity close to the outer
wall; and the boundary layer width near the outer wall is higher
than that near the inner wall. That is because the surface area
of the inner wall is smaller than the outer wall, and thus the
fluid experiences less friction force from the inner wall than
from the outer wall. Under almost the same driven force on
the cross-sectional plane, the flow intensity near the inner wall
becomes stronger than that near the outer wall, as shown in
Figs. 4(a)–4(d). As Re is increased to higher values, the flow
velocity close to the outer wall becomes higher than the flow
velocity close to the inner wall, and the boundary layer near
the outer wall tends to become thin and that near the inner
wall becomes thick, as shown in Figs. 4(g) and 4(h).

The transformation of flow structures indicates that the
fluid in curved channels is not only suffering the viscous force
from the wall but also the inertial effect caused by channel cur-
vature. Under a lower Re, the inertial effect is very weak and
the viscous force maintains the flow structure’s development.
As Re is increased higher, the inertial effect will become more
obvious. As Re is increased to some critical values, the in-
ertial effect will dominate the flow structure development. In
addition, when the fluid flows in the annular microchannel, the
pressure near the inner wall is slightly larger than that near the
outer wall. The central fluid is thus pushed outwards as a result
of the pressure gradient. Meanwhile, the fluid near the top and
bottom walls moves inwards in order to satisfy the mass con-
servation principle. Thus, symmetrically swirling secondary
flow vortices arise on the cross-sectional plane. As a result of
this, the secondary flow pattern is constructed.
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Fig. 4. (color online) Simulated main flow velocity contours at Re = (a) 2.34, (b) 4.65, (c) 9.11, (d) 17.16, (e) 30.65, (f) 52.45, (g)
86.15, and (h) 133.89.
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Fig. 5. (color online) Secondary flow velocity contours on the cross-sectional plane of the channel at Re = (a) 2.34, (b) 4.65, (c) 9.11,
(d) 17.16, (e) 30.65, (f) 52.45, (g) 86.15, and (h) 133.89.
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Figure 5 is the simulated secondary flow vector and in-
tensity distributions in the cross-sectional plane under differ-
ent Reynolds numbers. Two complex and symmetric swirling
Dean vortices were exhibited on both the top and bottom sides
of the cross-sectional plane, as stated in reference.[24] It also
shows that the maximum velocity comes out at the center of
the plane under lower Re. As Re is increased, both the zero
and maximum velocity positions move to the top and bottom
walls. In order to quantitatively analysis the flow velocity, we
plotted the profiles of axis-round velocity Uθ along the hori-
zontal centerline a (on the cross-sectional plane, Fig. 3) and
the profiles of radial velocity Ur along the vertical centerline
b (on the cross-sectional plane, Fig. 3) for various Reynolds
numbers, as shown in Figs. 6 and 7, respectively.
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0.008

0.012
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Fig. 6. Axis-round velocity U profiles along the horizontal centerline
on the cross-sectional plane of the channel at Re = (a) 2.34, 4.65, 9.11,
17.16, and (b) 30.65, 52.45, 86.15, 133.89 (r is the distance from the
point (x,y,z) to z axis).

As shown in Fig. 6, the Uθ profiles have similar parabola
shapes and the peak velocity lies in the inner side of the chan-
nel under the condition of lower Reynolds numbers. When
Re is increased to 52.45, 86.15, and 133.89, the profile ap-
pears wavy and the peak velocity moves to the outer side
as shown in Figs. 6(f)–6(h). From Fig. 7, we can see that
the zero velocities on the plane are always at the same nor-
malized height of 0.27 and 0.72 at lower Reynolds numbers
(Re = 2.34,4.65,9.11,17.16) shown in Fig. 7(a). The same
conclusion is also reported by Yoon et al.[9] However, the zero
velocities rule cannot be satisfied when the Reynolds num-

ber is increased higher (Re = 30.65,52.45,86.15,133.89), as
is shown in Fig. 7(b).

It is interesting that the profiles shift from only one peak
to two peaks with increasing Re, and a valley grows out on
the profiles when Re = 86.15,133.89. That is because there
is a competition between the viscous and inertial effects on
the fluid. Increasing the Reynolds number will result in the
inertial effect on the fluid enhancing, but it provides a very
limited contribution to the viscous effect comparatively. As
Re is increased, the vortex in the cross-sectional plane will
become more strenuous, and the outwards flowing-trends will
be further intensified. Therefore, the maximum zone of the
secondary flow velocity disappeared at the center of the cross-
sectional plane at Re = 86.15,133.89.
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Fig. 7. Radial velocity U profiles along the vertical centerline on the
channel cross-sectional plane at Re = (a) 2.34, 4.65, 9.11, 17.16, and
(b) 30.65, 52.45, 86.15, 133.89.

To investigate the effect of the aspect ratio K and channel
radius R on the development of secondary flow structures, sim-
ulations are further directed to K = 3 : 2, 2 : 3 and R = 35 µm,
50 µm channel flows with various driven forces. The simu-
lated Reynolds number Re and Dean number De are listed in
Table 2. It can be seen that both Re and De are increasing
with enhancing the pressure gradient. The flow intensity of
the cases with R = 35 µm is higher than that with R = 50 µm
under the same pressure gradient and aspect ratio. When the
aspect ratio of the channel shifts from 2 : 3 to 3 : 2, both Re
and De are decreased under the same driven force and chan-
nel radius. It suggests that the fluids will suffer less driven
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force and the flow intensity will be consequently decreased
with the increase of K and R. Figure 8 appears the simulated
averaged secondary flow velocity Ūs and the distance d be-
tween the symmetrically swirling vortex centers as a function
of De. In order to make comparisons among the cases with
different channel heights, the vertical coordinates of Fig. 8(b)
are normalized by the channel height H. It indicates that both
Ūs and d/H are all enhanced with De increasing. The two
figures suggest that the variation tendencies of Ūs and d/H
are significantly influenced by K. The Ūs ∼ De profiles with
K = 2 : 3 is higher than that with K = 3 : 2, while the condi-
tion of d/H ∼De profiles are on the contrary side. This is also
caused by the competition between the viscous and inertial ef-
fects in the curved microchannel. When K is lower, the inertial
effect on the fluid is more obvious than that under a higher K.
The symmetrical secondary vortex centers will become more
approaching the geometric center of the cross section. As a
result of this, both the averaged secondary flow velocity and
the vortex centers distance d/H become higher under a lower
aspect ratio. Although the radius will influence the intensity of
the main and secondary flows, it contributes nothing to break
the balance between the viscous and inertial effects. Hence,
the functions of Ūs ∼ De and d/H ∼ De are independent of
the channel curvature radius R.
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Fig. 8. (a) Averaged secondary flow velocity Ūs and (b) vortex cen-
ter distance d on the cross-sectional plane of the channel as functions
of Dean numbers (the solid and dashed lines are fitted by the function
y(x) = exp(a+b/x+ c log2(x))).

Table 2. Simulated Reynolds number Re and Dean number De under various driven forces in the channels with K = 3 : 2, 2 : 3 and
R = 35 µm, 50 µm.

∂ p/∂ l K = 2 : 3,R = 35 µm K = 2 : 3,R = 50 µm K = 3 : 2,R = 35 µm K = 3 : 2, R = 50 µm
106 N/m3 Re De Re De Re De Re De

1.0 2.767 2.291 2.284 1.583 2.130 1.764 1.910 1.323
2.0 5.479 4.537 4.550 3.153 4.241 3.512 3.816 2.644
4.0 10.613 8.789 8.233 5.704 8.371 6.932 7.580 5.252
8.0 19.737 16.344 11.983 12.025 16.064 13.303 14.789 10.246

16.0 35.161 29.116 31.547 21.856 29.562 24.480 27.799 19.260
32.0 60.902 50.432 55.043 38.135 52.881 43.790 50.220 34.793
64.0 103.951 86.080 94.496 65.469 92.893 76.923 89.066 61.707

128.0 175.794 145.571 161.218 111.696 160.230 132.683 155.180 107.512

3.3. Experimental observation

In order to validate the competition mechanism between
the viscous and inertial effects in the curved channel flow, an
experimental study was carried out by using a microfluidic de-
vice as shown in Fig. 9. A polydimethylsiloxane (PDMS) spi-
ral microchannel was designed and fabricated according to the
maskless lithography process. Figure 9(a) illustrates the 5-
loops spiral geometry used in the experiment. The microchan-
nel was 150-µm wide and 50-µm high with 400-µm spacing
between two neighboring loops. The initial curvature radius of
the spiral was 3.5 mm and the total length of the microchan-
nel was 160 mm. The fluid solution consists of deionized
water, 1.0 wt% dyed polystyrene particles of 5-µm-diameter
(B0200, Thermo Fisher Scientific, Inc.), and 0.5 wt% Tween

20 (Sigma-Aldrich) which can reduce the agglomeration of
particles and improve the accuracy of the streamline tracer.

In the experiment, the fluid solution was loaded to the
channel via a programmable syringe pump (KDS201, KD Sci-
entific, Inc.) and a short piece of capillary PEEK tubing (1569,
Upchurch Scientific) with a constant and precise volumetric
flux. The inflow flux was set as 300 µL/min, 600 µL/min,
and 900 µL/min in the present study. With the known kine-
matic viscosity of the fluid ν = 1.0× 10−6 m2/s, the corre-
sponding Reynolds numbers for the 3 cases were draw out,
i.e., Re = 50, 100, and 150. By taking polystyrene particles as
tracing particles, the flow field was photographed and recorded
under a fluorescent microscope (IX71, Olympus) and the 14-
bit CCD camera (Exi Blue, Qimaging). In order to improve the
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precision of the experiment, we overlayed 100 frames of the
fluorescent images into one. The gray scale value of the im-
age, which indicates the concentration of tracing particles, was
measured by software IMAGEJ (version 1.45s, NIH, USA).

syringe pump

inlet tube

outlet tube

PDMS microchip
stage

light
source

excitation
light

objectives

dichromatic
mirror

emission filter

fluorescence
light for observation

observation zone

CCd Camera

computer

outlet

inlet

(a)

(b)

Fig. 9. (color online) Schematic diagram of the experimental microflu-
idic device. (a) A photomicrograph of the spiral microchannel in the
experiment. (b) A partial enlarged view of the spiral microchannel.
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Fig. 10. (color online) Experimental fluorescent images and gray scale
profiles scanned along lines perpendicular to the main flow direction
under the inflow flux of (a) 300 µL/min (Re ≈ 50), (b) 600 µL/min
(Re ≈ 100), and (c) 900 µL/min (Re ≈ 150) (In subfigures, the white
scanned lines indicate the approximate position of the spiral microchan-
nel walls, and the white solid lines are the dashed positions).

Figure 10 shows the experimental gray scale profiles
scanned along lines (white lines) perpendicular to the main
flow direction, and the overlayed fluorescent image under the
inflow flux of 300 µL/min (Re≈ 50), 600 µL/min (Re≈ 100),
and 900 µL/min (Re ≈ 150). The figure shows that the parti-
cles were focused into one narrow band along the main flow
direction and the bands are all close to the inner channel wall
regardless of different Reynolds numbers. That is because the
particles in the channel were suffering a couple of forces from
the fluid, i.e., the viscous shear induced inertial lift force 𝐹L

and the Dean vortices induced drag force 𝐹D. The former
pushes particles migrating from the center of the channel to
the wall, while the latter forces particles to travel within the

secondary flow. Particle focusing occurs depending on the rel-
ative magnitude of 𝐹L and 𝐹D, which reveals the competitive
essence between viscous shear and inertial drag effects in the
curved channel.

As the forces 𝐹L and 𝐹D vary in magnitude, the exact
functional form of this variation is currently unknown. To ac-
count for the lift force, Asomolov[25] derived an expression
describing the magnitude of the lift forces as a function of the
particle position across the channel cross section

𝐹L = ρG2CL(𝑥,ap), (15)

where G is the shear rate of the fluid which is dependent on
the velocity field (G ∼ ∇𝑢), CL is the lift coefficient which is
a function of position 𝑥 and particle’s radius ap. According to
the Stokes drag assumption, the magnitude order of the force
𝐹D exerted on a particle due to secondary flows can then be
obtained[26]

𝐹D ∼ ρŪ2
s CD(ap), (16)

where Ūs indicates the secondary flow intensity and CD(ap) is
the drag coefficient. From these expressions, it is clear that
the magnitude of 𝐹L and 𝐹D depends on the distribution of
velocities 𝑢θ and 𝑢r in the present study.

As stated above, the maximum velocity arose close to the
outer channel wall under Re = o(50 ∼ 150) and the velocity
profiles of 𝑢θ had a parabolic shape. Thus, the shear gradient
induced inertial force 𝐹L is directed down the shear gradient
toward the walls, and the particles were pushed away from the
center to the inner wall under 𝐹L. On the other hand, the sec-
ondary flow was outwards on the mid-plane in the z direction,
and the particles migrate laterally toward the outer wall un-
der 𝐹D. The forces are balanced only at the positions near the
inner wall. The particle focusing occurs when they reach the
equilibrium positions.

Furthermore, the magnitude of 𝑢θ was increased and the
peak of the velocity profile moved outwards with Reynolds
numbers increasing. According to Eq. (15), the magnitude of
𝐹L increased with Re increasing. The particles tend to move
inwards under the increased 𝐹L. However, FD was also in-
creased with Re increasing and it increased faster than 𝐹L

(∆𝐹D > ∆𝐹L) leading to pushing particles outwards. As a
result of this, the focusing equilibrium position moved out-
wards with Re increasing, as shown in Fig. 10. Thus, the
inertial effect will become more significant than the viscous
effect in the microchannel with Re increasing, which will in-
fluence the distribution of flow velocity and force the particle
focusing position shift from the inner wall towards the outer
wall. All the dynamical behaviors of the fluid and particles in
the curved microchannel can be attributed to the competition
between the viscous and inertial effects. The experimental re-
sults also proved that the MRT–LBM simulated results were
reasonable and available.
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4. Conclusion
The inertial secondary flow in a curved microchannel was

investigated in this paper. We focus the numerical study on the
flow structure development and the competition between vis-
cous and inertial effects under various Reynolds numbers.

A 3D MRT–LBM model with a force term applied in this
paper was firstly introduced and validated by the simulation of
the 3D lid-driven cavity flows. Numerical study on the sec-
ondary flow in an annular microchannel was carried out with
a range of Reynolds numbers. The simulation results suggest
that the secondary flow structures are formed as a result of
viscous and inertial competition. The Reynolds number, Dean
number, and aspect ratio of cross-sectional plane influence sig-
nificantly on the competition dynamics and the flow structure
development. Both the secondary flow intensity and the nor-
malized vortex center distance are functions of Dean numbers
but they are independent of the channel curvature radius. Fi-
nally, particle focusing experiments were carried out to vali-
date the competition mechanism, and the experimental obser-
vations were qualitatively analyzed with the simulation. It is
found that the inertial effect will become more significant than
the viscous effect when the Reynolds number is increased.

The present investigations provide an improved under-
standing of the development of flow structures in curved mi-
crochannels, and also demonstrate that the MRT–LBM model
is a useful tool in providing physical insights into the underly-
ing mechanism of inertial secondary flow.
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