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Effects of thermal radiation on Casson fluid flow and heat transfer
over an unsteady stretching surface subjected to suction/blowing*
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The unsteady flow of a Casson fluid and heat transfer over a stretching surface in presence of suction/blowing are
investigated. The transformed equations are solved numerically by using the shooting method. The exact solution corre-
sponding to the momentum equation for the steady case is obtained. Fluid velocity initially decreases with the increase of
unsteadiness parameter. Due to an increasing Casson parameter the velocity field is suppressed. Thermal radiation enhances

the effective thermal diffusivity and the temperature rises.
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1. Introduction

Despite the overwhelming importance and frequent oc-
currence of non-Newtonian behavior of fluid in industry and
technology, not so much attention has been paid to the inves-
tigation of the unsteady characteristics of such a type of fluid.
Because of their complexity, there is no single constitutive
equation which exhibits all properties of such non-Newtonian
fluids. Therefore, a number of non-Newtonian fluid models
have been proposed.!'~7! The simple fluid models, such as the
power law and grade two or three models, have shortcomings
in the sense that they yield results that have no accordance
with fluid flows in reality. The power-law model is used to
model fluids with shear-dependent viscosity but it cannot pre-
dict the effects of elasticity. The fluids of grade two or three
can calculate the effects of elasticity but the viscosity in these
models is not shear dependent. In addition, they cannot pre-
dict the effects of stress relaxation. A subclass of rate type
fluids, namely the Maxwell model, can predict the stress re-
laxation. This rheological model excludes the complicating
effects of shear-dependent viscosity from any boundary layer
analysis.[8’9] Jelly, tomato sauce, honey, soup, concentrated
fruit juices, etc. belong to a non-Newtonian fluid model called
Casson fluid. Human blood can also be treated as a Casson
fluid. Casson fluid can be defined as a shear thinning liquid
which is assumed to have an infinite viscosity at zero rate of
shear, a yield stress below which no flow occurs and a zero
viscosity at an infinite rate of shear. ']

The radiation heat transfer effects on different flows are
very important in space technology and high temperature
processes.!! 1?1 However, very little is known about the ef-
fects of radiation on the boundary layer.!'3] Thermal radiation
effects may play an important role in controlling heat trans-
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fer in the polymer processing industry where the quality of
the final product depends, to some extent, on the heat control-

[14-17) The radiative effects have important appli-

ling factors.
cations in physics and engineering. High temperature plasmas,
cooling of nuclear reactors, liquid metal fluids, magnetohydro-
dynamics (MHD) accelerators, and power generation systems
are some important applications of radiative heat transfer from

18] Moreover, the ef-

a vertical wall to conductive gray fluids.
fect of thermal radiation on flow and heat transfer processes is
of major importance in the design of many advanced energy
conversion systems operating at high temperature.'”) Ther-
mal radiation effects become important when the difference
between the surface and the ambient temperature is large. 2]
In all the above mentioned studies, the flow and temper-
ature fields are considered to be in a steady state. However,
in some cases, the flow field, heat, and mass transfer can be
unsteady due to a sudden stretching of the flat sheet or by a
step change of the temperature of the sheet. A few papers
have been published considering the case where the stretch-
ing force and surface temperature vary with time. Anders-
son et al.,'*!1 Dandapat ef al.,[*>?*! and Ali and Magyari(?3]
studied the problem of an unsteady isothermal stretching sur-
face by using a similarity method to transform governing
time-dependent boundary layer equations into a set of ordi-
nary differential equations. Elbashbeshy and Bazid®! pre-
sented similarity solutions of the boundary layer equations
that describe the unsteady flow and heat transfer over an un-
Sharidan et al.?%) studied the un-
steady flow and heat transfer over a stretching sheet in a vis-

steady stretching sheet.

cous and incompressible fluid. Recently, Tsai et al.,[*”! Ishak
et al.,'”81 Mukhopadhyay,?=3! and Chamkha et al.’? ob-
tained similarity solutions for unsteady flow and heat transfer
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over a stretching sheet under different conditions. Hayat and
Awais33! analyzed the time dependent flow over a stretch-
ing surface. Bhattacharyya er al.*¥ analyzed the effects of
slip on unsteady boundary layer stagnation point flow passing
through a stretching sheet. Hayat e al.’>! discussed the three-
dimensional flow of Jeffery fluid passing through a stretch-
ing surface. Recently, Mukhopadhyay(3®! and Mukhopadhyay

and Vajravelu3”]

investigated the Maxwell fluid flow and heat
transfer for an unsteady stretching surface.

Since no attention has been paid so far to the analysis
of Casson fluid flow and heat transfer passing through a non-
isothermal unsteady stretching surface, in this paper an at-
tempt is made to fill the gap in the existing literature and to ex-

[21] for non-Newtonian Cas-

tend the work of Andersson et al.
son fluid and heat transfer. Similarity solutions are obtained
and the reduced ordinary differential equations are solved nu-
merically by using the shooting method. An exact solution of
the momentum equation for the steady case is also obtained.
The effects of unsteadiness parameter, Casson parameter, and
Prandtl number on velocity and temperature fields of the fluid
are investigated and analyzed with the help of their graphical

representations.

2. Equations of motion

Consider laminar boundary-layer two-dimensional flow
and the heat transfer of an incompressible, conducting non-
Newtonian Casson fluid over an unsteady stretching sheet.
The unsteady fluid and heat flows start at t = 0. The sheet
emerges out of a slit at origin (x = 0, y = 0) and moves with
non-uniform velocity U(x,t) = cx/(1 — at) where ¢ > 0 and
o > 0 are constants with dimensions [time '], and ¢ is the
initial stretching rate.

The rheological equation of state for the isotropic and in-
compressible flow of a Casson fluid is

o= { 2(up + py/V2m)eij, T > W,
Y 2(up Jrp}'/\/ 27Tc)eija T < T,

where T = ¢;je;; and ¢;; is the (i, j)-th component of the de-
formation rate, so 7 is the product of the component of de-
formation rate with itself; 7 is a critical value of this product
based on the non-Newtonian model; tip is the plastic dynamic
viscosity of the non-Newtonian fluid; py is the yield stress of
the fluid.

The governing equations of such a type of flow are given
in the usual notation by

du 81)_

$+7y—0’ ey
%_ﬁ_ @-FU@_V ]_|_l Lzu (2)
ar "ox T Voy T B) oy
oT 9T  dT ’T 1 dq;

when the viscous dissipation term in the energy equation is
neglected (as the fluid velocity is low). Here, u and v are the
components of velocity respectively in the x and y directions,
v is the kinematic viscosity of the fluid, B = ug/27./py is
the parameter of the Casson fluid, T is the temperature, K is
the thermal diffusivity of the fluid, ¢, is the radiative heat flux,
and ¢, is the specific heat.

By using the Rosseland approximation for radiation, 38!
we can write

46 IT*
Qr—_§7y7 “4)

where o is the Stefan—Boltzman constant, and k is the absorp-
tion coefficient.

Assuming that the temperature difference within the flow
is such that 7% may be expanded in a Taylor series, and ex-
panding T* about 7., and neglecting higher orders, we obtain
T* =4T3T —3T2. Therefore, equation (3) becomes

oT  dT 9T  J*T 16072 J’T

—tU=—FV=— =Kt —— . 5
T x+v y K8y2+3pcpk 0y? (%)

2.1. Boundary conditions

The appropriate boundary conditions for the problem are

given by
u=U(x1), v=2vy4(), T=Ty(x,t) at y=0, (6)
u—0, T—>T. as y— oo, ©)

where Ty (x,7) = Too + cx*To(1 — at)~3/2/(2v) 21 with Tp,
whose positive (negative) value refers to heating (cooling), be-
ing a reference temperature (slit temperature at x = 0); T.. is
the constant free stream temperature; Uy (1) = —p/+/1 — ot is
the velocity of suction (vp > 0) or blowing (vy < 0). The ex-

pressions for U (x,t), Ty (x,1), Dy(¢) are valid for time r < o~

2.2. Method of solutions

Introducing v = dy/dy, v = —dy/dx and 6 =
(T —T..)/(Ty — To) (y being stream function) and with the
help of 7 = \/¢/{v(1—0at)} y, ¥ = \/ve/(1—ar)xf(n),
and
T = Too4 Toex* (1 — o) >/?/(2v) 6(n),

the governing equations finally reduce to
1
A(’;f”+f) =S = (HB) ®)

A g 4 "
7 (16+36)+2f6 fGPr<l+3N)6, 9)

where A = o¢/c is the unsteadiness parameter, Pr = v /K is the
Prandtl number, and N = 46T /(K k) is the radiation param-
eter, k7 is the thermal conductivity.

The boundary conditions (6) and (7) then become

f=1, f=S, 6=1an=0 (10)
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and
f—0, 6—=0 as n—co. (11

Here, S = vy/+/Vc is the suction/blowing parameter, S (> 0)

corresponds to suction and S (< 0) corresponds to blowing.
Equations (8) and (9) along with boundary condi-

tions (10) and (11) are solved numerically by using the shoot-

ing method. [3940]

3. Exact solution for the steady case

The exact solution of Eq. (8) subject to the correspond-
ing boundary conditions for the steady case, i.e., for A =0, is

) =1 +% (1 _ e—n/\/1+(1/ﬁ)> ,

This solution accords with the analytic result obtained by

given by

Bhattacharyya et al.'*!) in the absence of an applied magnetic
field (i.e., for M = 0) and suction/blowing (i.e., for S = 0).

4. Results and discussion

In order to validate the method used in this study and to
judge the accuracy of the present analysis, comparisons of our
results with the results available from Refs. [26] and [32] cor-
responding to the skin-friction coefficient f”(0) for unsteady
flow of viscous incompressible fluid are made (see Table 1)
and show that they are in excellent agreement. Moreover, to
verify the accuracy of the present numerical scheme, a com-
parison of the results corresponding to the stream function pro-
files f(n) and velocity profiles with the exact results for steady
motion (A = 0) is presented in Fig. 1 and shows that they are
in excellent agreement.

Table 1. Values of f”(0) for various values of unsteadiness parameter
A for Newtonian fluid.

A Sharidan et al.!?°] Chamakha et al.13?! Present study

0.8 -1.261042 -1.261512 -1.261479

1.2 -1.377722 —1.378052 -1.377850
1.6} .

1.2}

exact
* numerical |
0.8

0.4

0 2 4 6 8 10

Fig. 1. (color online) Variations of stream function and velocity with n
for steady motion.

In order to study the behavior of velocity and temperature
fields for a Casson fluid, a comprehensive numerical compu-
tation is carried out for various values of the parameters that
describe the flow characteristics, and the results are shown in
Figs. 2-5.

£'(m)

£

o6k N A=0,0306 |
£ \
0.4Ff :
0.2} 1
N (©)
0 N et S 4
0 2 4 6 8 10

Fig. 2. (color online) Velocity profiles for variable unsteadiness param-
eter A in the presence of suction (a), blowing (b), and the temperature
profiles in the presence of suction and blowing (c).

Figure 2(a) exhibits the velocity profiles for several val-
ues of unsteadiness parameter A in the presence of suction.
It is seen that the velocity along the sheet decreases initially
with the increase in unsteadiness parameter A and this implies
an accompanying reduction of the thickness of the momen-
tum boundary layer near the wall. However, away from the
wall, fluid velocity increases as unsteadiness increases, i.e.,
away from the wall, the velocity field and the corresponding
boundary layer are found to increase with the values of A in-
creasing (A = 0 indicates the steady case). The same nature of
velocity field due to unsteadiness is noted in the presence of
blowing also (Fig. 2(b)). However, the effect of unsteadiness
is more pronounced in the case of blowing than in the case
of suction. Figure 2(c) represents the effects of unsteadiness
parameter on the temperature distribution in the presence of
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suction/blowing. From this figure, it is noticed that the tem-
perature at a particular point decreases significantly as the un-
steadiness parameter increases. The rate of heat transfer (from
the sheet to the fluid) decreases with the value of A increasing.
As the unsteadiness parameter A increases, less heat is trans-
ferred from the sheet to the fluid; hence, the temperature 0(n)
decreases (Fig. 2(c)). Since the fluid flow is caused solely by
the stretching sheet and the sheet surface temperature is higher
than free stream temperature, the velocity and temperature de-
crease as 1] increases. It is important to note that the rate of
cooling is much faster for higher values of unsteadiness pa-
rameter whereas it may take a longer time for cooling during
steady flows.

The effects of Casson parameter 8 on velocity and tem-
perature profiles for steady/unsteady motion in the case of a
non-porous sheet are clearly exhibited in Figs. 3(a)-3(b), re-
spectively. For steady motion and unsteady motion, the same
type of behavior of velocity with the increase in f is noted.
The effect of an increasing value of 8 is to reduce the velocity

7A =0 4
~~A=05 1
(a) A
8 10
1.0
A=05 S=-05
0.8 —8=05
§ 0.6 N :
= (, 8=08,25
0.4F & 1
0.2} |
N (c)
0 ) S LS
0 2 4 6 8 10

n

and hence the boundary layer thickness decreases (Fig. 3(a)).
It is observed that velocity and the associated boundary layer
thickness each are a decreasing function of 3. The velocity
curves in Fig. 3(a) show that the rate of transport considerably
reduces with the value of 8 increasing. The effect of increas-
ing B leads to an enhancement of the temperature for both
steady and unsteady motion (Fig. 3(b)). This effect is more
pronounced for steady motion. The thickening of the thermal
boundary layer occurs due to the increase in elasticity stress
parameter. It can also be seen from Fig. 3(a) that the momen-
tum boundary layer thickness decreases as 3 increases, and
hence induces an increase in the absolute value of the velocity
gradient at the surface. On the other hand, figures 3(c) and 3(d)
exhibit the natures of velocity and temperature profiles respec-
tively for unsteady motion in the presence of suction/blowing.
In addition, as the value of Casson parameter increases, the
fluid velocity decreases (Fig. 3(c)), while the temperature in-
creases (Fig. 3(d)).

S=0,N=1, Pr=0.7 —A=0

08NN A=0.5 1
06 |
£
= 04 |

0.2 |

(b)

0 = ‘

0 2 4 6 8
n

1.0 : : : :

N A=0.5, N=1,Pr=0.7__.g9— _0.5 1
081\, —8=05
__06F \“ 5=0825 1
£ - s, J
= 04f -

0.2} e, -

, (@ ]
0 . ) oo oe,
0 1 2 3 4 5
n

Fig. 3. (color online) Velocity (a) and temperature (b) profiles for variable values of Casson parameter 3 for steady/unsteady motion
in the absence of suction/blowing, and velocity (c) and temperature (d) profiles for variable values of Casson parameter 3 for unsteady

motion in the presence of suction/blowing.

Figures 4(a) and 4(b) display the effects of suc-
tion/blowing parameter S on velocity and temperature profiles
respectively. With the value of § increasing, both fluid ve-
locity and temperature decrease. Actually, velocity decreases
significantly as suction increases (S > 0) whereas fluid veloc-
ity is found to increase with blowing (Fig. 4(a)). It is observed
that when the wall suction (S > 0) is considered, this causes

a decrease in boundary layer thickness and the velocity field

is reduced. Here, S = 0 represents the case of a non porous
stretching sheet. The opposite behavior is noted for blowing
(S < 0). The physical explanation for such a behavior is that
when stronger blowing is provided, the heated fluid is pushed
farther from the wall and, due to less influence of the viscos-
ity, the flow is accelerated. This effect acts to increase max-
imum velocity within the boundary layer. The same princi-

ple operates but in the reverse direction in the case of suc-

114702-4



Chin. Phys. B Vol. 22, No. 11 (2013) 114702

tion. Figure 4(b) presents the temperature profiles for variable
suction/blowing parameter S. It is seen that temperature de-
creases as suction increases, whereas it increases due to blow-
ing (Fig. 4(b)). The effect of suction is to make the velocity
and temperature distributions more uniform within the bound-
ary layer. The imposition of fluid suction at the surface has a
tendency to reduce both the hydrodynamic and thermal thick-
ness values of the boundary layer where viscous effects dom-
inate. This has the effect of reducing both the fluid velocity
and the temperature. On the other hand, the thermal bound-
ary layer thickness increases with injection, which causes a
decrease in the rate of heat transfer (Fig. 4(b)).

1.0 : :
A=05,5=08

0.8 1

0.6 1
S=-1,-0.5,0,0.5,1
0.4} 1

£

0.2 i

1.0

A=05,8=08 N=1, Pr=0.7 -

0.8

— 0.6

S=-1,-0.5,0,0.5, 1
0.4}

0.2}
() 1

Fig. 4. (color online) Velocity (a) and temperature (b) profiles for vari-
able values of suction/blowing parameter S for unsteady motion.

Figure 5(a) displays the effect of radiation parameter N
on temperature field for an impermeable stretching surface.
With the increase of radiation parameter N, the temperature
at a point in the boundary layer increases (Fig. 5(a)) for both
steady and unsteady motion. Figure 5(b) exhibits the radiation
effect on temperature field in the presence of suction/blowing.
Here also, temperature increases with the augment of 7 for in-
creasing values of radiation parameter N. This supports the
physical fact that the thermal boundary layer thickness in-
creases as N increases. The effect of radiation in the thermal
boundary layer Eq. (5) is equivalent to an increased thermal
diffusivity. Pr/(1+4N/3) in Eq. (10) can be considered as
an effective Prandtl number which reduces as the value of N
increases. This can be explained as follows.

An increase in the value of N = 46T>, /(kk) for given
k1 and T, means a decrease in Rosseland radiation absorp-
tivity k. According to Eq. (3) and the expression of g, the

divergence of the radiative heat flux dq,/dy increases as k de-
creases which in turn causes the rate of radiative heat transfer
to the fluid to increase, thereby increasing the fluid tempera-
ture.

LOE

S=0,8=0.8, Pr=0.7

0(n)

6(n)

Fig. 5. (color online) Temperature profiles for variable values of ra-
diation parameter N for (a) steady/unsteady motion in the absence
of suction/blowing and (b) unsteady motion in the presence of suc-
tion/blowing.

1.0 : : : : :
A=05,8=08 N=1, S=0.5

. 0.6} 1
£ Pr=0.5,0.7,1, 1.5
0.4t j

n

1.0 \ \ \ \
A=0.5,5=08 N=1,5=-0.5

0.8 1

5 Pr=0.5,0.7,1, 1.5

0.2 1

n

Fig. 6. (color online) Temperature profiles for variable values of Prandtl
number Pr in the presence of suction (a) and blowing (b).

The behaviors of the temperature profiles for the variation
of Prandtl number in presence of suction, and in presence of
blowing can be found from Figs. 6(a) and 6(b) respectively. It
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is noted that the temperatures decrease with Pr increasing for
the cases of suction and blowing (Figs. 6(a) and 6(b)). The
effect is more pronounced in case of suction than in case of
blowing. Moreover, the thermal boundary layer thickness de-
creases as Prandtl number increases. The wall temperature
gradients are negative for all values of Prandtl number, which
means that the heat is always transferred from the surface to
the ambient fluid. An increase in Prandtl number reduces the
thermal boundary layer thickness. Prandtl number signifies the
ratio of momentum diffusivity to thermal diffusivity. Fluids
with lower Prandtl number will possess higher thermal con-
ductivities (and thicker thermal boundary layer structures) so
that heat can diffuse faster from the sheet than for the case
of higher Pr fluids (thinner boundary layers). Hence, Prandtl
number can be used to increase the rate of cooling in flows.
The boundary layer is reached much faster in the case of suc-
tion than in the case of blowing.

Furthermore, the effects of unsteadiness parameter A and
Casson parameter 8 on velocity gradient at the wall and heat
transfer coefficient for impermeable sheet are presented in
Figs. 7(a) and 7(b). The magnitude of velocity gradient at the

wall, i.e., | f”(0)| decreases as both the unsteadiness parame-
—~
=
- o
: =
= >
~ ~
S e
;\ S

0.4 0.8 1.2 1.6 2.0

—1.2 I I

B

-0.2

=—-04

—-0.6

—-0.8

ter A and the Casson parameter 3 increase, but the magnitude
of heat transfer rate at the surface i.e., |6'(0)| decreases as 8
increases, and increases with the value of A increasing. A drop
in the value of |f”(0)| as investigated in this paper, has an
important implication that in free coating operations, elastic
properties of the coating formulations may be beneficial to the
whole process. This means that less force may be necessary to
pull a moving sheet at a given withdrawal velocity, or equiv-
alently, higher withdrawal speeds can be achieved for a given
driving force affecting an increase in the rate of production.
Figure 7(c) exhibits the nature of velocity gradient at
the wall with Casson parameter 3 for three values of suc-
tion/blowing parameter S. It is found that [—f”(0)] increases
as f increases and it is higher for suction than that for blow-
ing. From this figure it is very clear that f”(0) is negative here.
Physically, a negative sign of f”(0) implies that surface exerts
a dragging force on the fluid and a positive sign implies the op-
posite scenario. Figure 7(d) displays the nature of heat transfer
coefficient [|6(0)|] against the radiation parameter N. The in-
crease of radiation parameter N leads to the increase of the
heat transfer coefficient. Wall temperature gradient [|6(0)]]
increases with blowing but decreases with suction (Fig. 7(d)).

oF ]
S=0, N=1, Pr=0.7
| —A=0 |
—A=0.2
¢ —=A=0.5-
L-—"" (b) |
0.4 0.8 1.2 1.6 2.0 (b)

0.5 1.0 1.5 2.0 2.5 3.0

Fig. 7. (color online) Variations of f”'(0) (a) and heat transfer coefficient (b) with Casson parameter 3 for three values of unsteadiness
parameter A; variation of f”(0) with Casson parameter 8 (c) and heat transfer coefficient with radiation parameter N (d) for three

values of suction/blowing parameter S.

5. Conclusions

The present study provides the numerical solutions for
the unsteady boundary layer flow of a Casson fluid and heat
transfer over a permeable stretching surface in the presence

of thermal radiation. Fluid velocity decreases initially due to

the increase in unsteadiness parameter. Temperature also de-
creases significantly in this case. The effect of increasing val-
ues of the Casson parameter is to suppress the velocity field
whereas the temperature is enhanced as the Casson parameter

increases. The Prandtl number can be used to increase the rate
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of cooling in a flow. The temperature increases as the value

of the radiation parameter increases. This phenomenon is as-

cribed to a higher effective thermal diffusivity. Momentum

boundary layer thickness decreases as the Casson parameter

increases but the thermal boundary layer thickness increases

in this case.
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