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Exact solutions for the flow of Casson fluid over a stretching surface
with transpiration and heat transfer effects∗
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The effects of transpiration on forced convection boundary layer non-Newtonian fluid flow and heat transfer toward
a linearly stretching surface are reported. The flow is caused solely by the stretching of the sheet in its own plane with a
velocity varying linearly with the distance from a fixed point. The constitutive relationship for the Casson fluid is used. The
governing partial differential equations corresponding to the momentum and energy equations are converted into non-linear
ordinary differential equations by using similarity transformations. Exact solutions of the resulting ordinary differential
equations are obtained. The effect of increasing Casson parameter, i.e., with decreasing yield stress (the fluid behaves as
a Newtonian fluid as the Casson parameter becomes large), is to suppress the velocity field. However, the temperature is
enhanced as the Casson parameter increases. It is observed that the effect of transpiration is to decrease the fluid velocity
as well as the temperature. The skin-friction coefficient is found to increase as the transpiration parameter increases.
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1. Introduction
The boundary layer flow over a stretching surface is often

encountered in many engineering disciplines. During a man-
ufacturing process, a stretched sheet interacts with the ambi-
ent fluid both thermally and mechanically.[1] Therefore, at the
stretching surface, the flow behavior, which determines the
rate of cooling, is an important aspect nowadays.[2] Further,
flow and heat transfer phenomena over a stretching surface has
promising applications in a number of technological processes
including the production of polymer films or thin sheets.[3]

Crane[4] investigated the steady flow of an incompressible vis-
cous fluid over an elastic sheet, the flow being caused solely
by the stretching of the sheet in its own plane with a veloc-
ity varying linearly with the distance from a fixed point. Heat
transfer in a flow over a stretching surface maintained at con-
stant and variable temperatures was investigated by Carragher
and Crane[5] and Gupta and Gupta.[6] The work of Crane was
subsequently extended by many authors to Newtonian/non-
Newtonian boundary layer flow with various velocities and
thermal boundary conditions.[7–10]

The Newtonian fluid model predicts a linear relation-
ship between the shear stress and the velocity gradient. Due
to the inadequacy of the Newtonian concept of fluids, many
non-Newtonian fluid models have been proposed to explain
complex behaviors. The constitutive relations of such mod-
els inherit complexities and lead to highly nonlinear equa-
tions of motion containing many terms. A simple alternative

to these extremely complex equations is the boundary layer
theory, which effectively reduces the complexity of Navier–
Stokes equations and also drastically reduces the computa-
tional time. Analysis of the heat transfer due to a continu-
ously stretching surface through an ambient fluid is one of
the main thrusts of current research.[11] Further, heat trans-
fer analysis plays a vital role during the handling and pro-
cessing of non-Newtonian fluids. An assessment of techno-
logical applications requires the knowledge of the rheological
characteristics of non-Newtonian fluids.[12] The flows of non-
Newtonian fluids are very important due to their industrial and
technological applications. For example, if one uses a non-
Newtonian fluid as the coolant, the required pumping power
might be greatly reduced. Therefore, a fundamental analysis
of the flow field of non-Newtonian fluids in a boundary layer
adjacent to a stretching sheet or an extended surface is very
important, and is an essential part in the study of the fluid
dynamics and heat transfer.[13] The differences between the
features of non-Newtonian fluids and viscous fluids cannot be
predicted by a single constitutive equation. Constitutive equa-
tions of viscoelastic fluids are generally classified into three
types: differential, integral, and rate types. In the differential
type, the deviatoric stress tensor is given explicitly in terms
of the kinematic variables. In the integral type, the deviatoric
stress tensor is written as an integral (or functional) of the kine-
matic variables. In the rate type, the deviatoric stress tensor,
its rate of change, and its products with the kinematic vari-
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ables are all expressed as functions of the kinematic variables.
Thus, several models of non-Newtonian fluids have been sug-
gested in the literature, employing the differential, integral, or
rate type equations.

In the literature, the vast majority of non-Newtonian fluid
models are concerned with the simple models like the power
law and grade two or three.[14–20] The simplest model for the
rheological effects of rate type fluids is the Maxwell model
where the dimensionless relaxation time is small and the stress
relaxation can be predicted. Some recent investigations of
Maxwell fluids are given in Refs. [21]–[23]. There is an-
other non-Newtonian fluid model, known as the Casson fluid
model. The Casson fluid can be defined as a shear thinning
liquid which is assumed to have an infinite viscosity at zero
rate of shear, a yield stress below which no flow occurs, and a
zero viscosity at infinite rate of shear. Examples of the Casson
fluid include jelly, tomato sauce, honey, soup, concentrated
fruit juices, etc. In the literature, the Casson model is some-
times claimed to fit rheological data better than the general
viscoplastic models for many materials. It has become the pre-
ferred rheological model for blood and chocolate. The Casson
fluid exhibits a yield stress. If a shear stress less than the yield
stress is applied to the fluid, it behaves like a solid, whereas if
a shear stress greater than the yield stress is applied, it starts to
move. Representative studies dealing with this model can be
found in Refs. [24]–[27].

Fluid flow separation is an undesirable phenomenon,
as the separation of the boundary layer is associated with
large energy losses. In most applications, it adversely af-
fects the aerodynamic loads in the form of lift loss and drag
increase.[28–30] Therefore, in most systems involving fluid
flows, in particular, underwater vehicles and turbo machinery,
controlling the flow separation is very important. To control
the flow separation, both passive and active devices have been
used.[31,32] The process of suction/injection (blowing) is also
important in many engineering applications, such as in the de-
sign of thrust bearings and radial diffusers and in thermal oil
recovery. In chemical processes, suction is used to remove
reactants whereas blowing is used to add reactants, cool the
surfaces, prevent corrosion or scaling, and reduce drag.[33] In-
jection or withdrawal of fluid through a porous bounding wall
that is either heated or cooled can lead to enhanced heating or
cooling of the system and can help to delay a transition from
the laminar flow.[34]

Motivated by the possible industrial applications and pre-
vious studies regarding the flow and heat transfer of non-
Newtonian fluids over a stretching sheet, an analytical solution
for the flow and heat transfer of a laminar boundary layer flow
of Casson fluid subjected to suction/blowing is presented. By
using similarity transformations, a third-order ordinary differ-
ential equation corresponding to the momentum equation and

a second-order differential equation corresponding to the en-
ergy equation are derived. Exact solutions of the transformed
momentum and energy equations are obtained. Numerical cal-
culations are carried out for different values of dimensionless
parameters of the problem to illustrate the results graphically.
An analysis of the results shows that the flow field is influ-
enced appreciably by the heat transfer parameter in the pres-
ence of suction or injection at the wall. It is expected that the
results will both provide useful information for applications
and complement the previous studies.

2. Governing equations
Consider the flow of an incompressible viscous fluid past

a sheet coinciding with the plane y = 0. The fluid flow is con-
fined to y> 0. Two equal and opposite forces are applied along
the x axis so that the wall is stretched with the origin fixed
(Fig. 1). The rheological equation of state for an isotropic and
incompressible flow of a Casson fluid is

τi j =

{
2(µB + py/

√
2π)ei j, π > πc,

2(µB + py/
√

2πc)ei j, π < πc,
(1)

where ei j is the (i, j)-th component of the deformation rate, π

is the product of the component of deformation rate with it-
self, π = ei jei j, πc is a critical value of this product based on
the non-Newtonian model, µB is the plastic dynamic viscosity
of the non-Newtonian fluid, and py is the yield stress of the
fluid.

y v

u

xo

U

boundary layer

Tw

T∞

Fig. 1. Sketch of the physical problem.

The continuity, momentum, and energy equations are
given by

∂u
∂x

+
∂υ

∂y
= 0, (2)

u
∂u
∂x

+υ
∂u
∂y

= ν

(
1+

1
β

)
∂ 2u
∂y2 , (3)

u
∂T
∂x

+υ
∂T
∂y

= κ
∂ 2T
∂y2 . (4)

In the above equations, u and v are the components of velocity
in the x and y directions, respectively, ν is the kinematic vis-
cosity, β = µB

√
2πc/py is the parameter of the Casson fluid, T
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is the temperature of the fluid, and κ is the thermal diffusivity
of the fluid.

2.1. Boundary conditions

At the very beginning, i.e., at the initial state when the
transpiration starts, the surface temperature is assumed con-
stant. The appropriate boundary conditions are

u =U = cx, υ =−V0, T = Tw, at y = 0, (5)

u→ 0, T → T∞, as y→ ∞. (6)

Here c > 0 is the rate of stretching, Tw is the uniform temper-
ature of the sheet, T∞ is the free stream temperature, and V0 is
a constant representing the velocity of suction (V0 > 0) or the
velocity of blowing (V0 < 0).

2.2. Solution

By using

η = y
√

c
ν
, u = cx f ′(η),

υ =−
√

cν f (η),
T −T∞

Tw−T∞

= θ(η), (7)

Equation (2) is automatically satisfied, while Eqs. (3)–(6) yield(
1+

1
β

)
f ′′′+ f f ′′− f ′2 = 0, (8)

θ
′′+Pr f θ

′ = 0, (9)

f ′ = 1, f = S, θ = 1, at η = 0, (10)

f ′→ 0, θ → 0, as η → ∞, (11)

where the prime denotes the differentiation with respect to η ;
η is the similarity variable; θ is the non-dimensional temper-
ature; S = V0/

√
cν is the transpiration parameter, which cor-

responds to suction or blowing according to S > 0 or < 0; and
Pr = ν/κ is the Prandtl number.

Let

f (η) = a+be−αη (12)

be the solution of Eq. (8) subject to the conditions

f (0) = S, f ′(0) = 1, f ′(∞) = 0. (13)

Substituting Eq. (12) into Eqs. (8) and (13) yields

a = S+
1
α
, b =− 1

α
,

where α satisfies the equation(
1+

1
β

)
α

2−Sα−1 = 0. (14)

Thus the exact solution of Eq. (8) subject to the corresponding
boundary conditions is given by

f (η) = S+
2(1+1/β )

S±
√

S2 +4(1+1/β )
− 2(1+1/β )

S±
√

S2 +4(1+1/β )

× exp

(
−S±

√
S2±4(1+1/β )

2(1+1/β )
η

)
. (15)

Substituting the solution for the momentum equation in
Eq. (9), we obtain

θ
′′ + Pr

{
S+

2(1+1/β )

S±
√

S2 +4(1+1/β )

− 2(1+1/β )

S±
√

S2 +4(1+1/β )

× exp
(
− S±

√
S2±4(1+1/β )

2(1+1/β )
η

)}
θ
′ = 0. (16)

To obtain the solution of the thermal field, we adopt the new

variable ξ =−Pr
α2 e−αη . Substituting this variable in Eq. (9),

we obtain

ξ
∂ 2θ

∂ξ 2 +(1−Pr−ξ )
∂θ

∂ξ
= 0.

The corresponding boundary conditions become

θ

(
ξ =−Pr

α2

)
= 1, θ(ξ = 0) = 0.

The temperature distribution can be obtained by using
Kummer’s function M1 in terms of η

θ(η) = e−δη

M1

(
χ0 +Z0−4

2
, 1+Z0, −

Pr
α2 e−αη

)
M1

(
χ0 +Z0−4

2
, 1+Z0, −

Pr
α2

) ,

where δ = (χ0 +Z0)/2, χ0 = Pr/α2, Z0 = χ0. Thus,

θ(η) = e−
Pr
α2 η

M1

(
Pr
α2 −2, 1+

Pr
α2 ,−

Pr
α2 e−η

)
M1

(
Pr
α2 −2, 1+

Pr
α2 ,−

Pr
α2

) (17)

is the solution of Eq. (4), where α is given by Eq. (14).

3. Results and discussion
In order to analyze the results, numerical computations

have been carried out for various values of the Casson param-
eter β , the transpiration parameter S, and the Prandtl number
Pr. For illustrations of the results, the numerical data are plot-
ted in Figs. 2–6.

Let us first concentrate on the effects of the Casson pa-
rameter β on the velocity and temperature profiles in the ab-
sence of transpiration at the wall. Figures 2(a) and 2(b) de-
pict the effects of the Casson parameter β on the velocity and
temperature profiles for a non permeable sheet (i.e., in the ab-
sence of suction/blowing). The velocity is found to decrease
as the Casson parameter β increases, whereas the temperature
increases in this case. Decreasing thickness of the momentum
boundary layer with increasing β is noted, while the thermal
boundary layer thickens with increasing β .
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Fig. 2. Variations of (a) velocity f ′(η) and (b) temperature θ(η) with η

for several values of Casson parameter β in the absence of transpiration.

Figures 3(a) and 3(b) display the velocity and tempera-
ture profiles for variable values of the Casson parameter β in
the presence of transpiration at the wall, i.e., for a permeable
stretching sheet. The fluid velocity is found to decrease as
the Casson parameter β increases for both cases (Fig. 3(a)),
whereas the temperature at a point increases with increasing
β (Fig. 3(b)). The fluid velocity is much more suppressed in
the case of suction (S = 0.5) than that in the case of blow-
ing (S = −0.5) (Fig. 3(a)). On the other hand, the increase in
the temperature field is much more pronounced in the case of
blowing (S=−0.5) than that with suction (S= 0.5) (Fig. 3(b)).

Figures 4(a) and 4(b) show the effects of the transpiration
parameter S on the velocity and temperature profiles, respec-
tively. It is observed that the velocity decreases significantly
with increasing suction, whereas the fluid velocity is found to
increase as blowing increases (Fig. 4(a)). It is observed that
when the wall suction (S > 0) is considered, a decrease is seen
in the boundary layer thickness and the velocity field is re-
duced. The increased suction causes progressive thinning of
the boundary layer. However, injection (S < 0) has the oppo-
site effect. The physical explanation for such a behavior is as
follows. When stronger blowing is provided, the heated fluid
is pushed further away from the wall where, due to a reduced
influence of viscosity, the flow accelerates. This increases the
maximum velocity within the boundary layer. The same prin-
ciple operates, but in the reverse way, in the case of suction.
Here S= 0 represents the case of a non porous stretching sheet.
Figure 4(b) represents the temperature profiles for variable val-
ues of the transpiration parameter S. It is seen that the temper-
ature decreases with increasing suction, whereas it increases

with blowing (Fig. 4(b)). Actually, the effect of suction is to
make the velocity and temperature distributions more uniform
within the boundary layer. The imposition of fluid suction at
the surface has a tendency to reduce both the momentum and
thermal thicknesses of the boundary layer where the viscous
effects dominate. This reduces both the fluid velocity and tem-
perature. On the other hand, the thermal boundary layer thick-
ness increases with injection, which causes a decrease in the
rate of heat transfer.
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Fig. 3. Variations of (a) velocity f ′(η) and (b) temperature θ(η) with
η for several values of Casson parameter β in the presence of transpi-
ration.

Figure 5(a) depicts the effects of the Prandtl number Pr on
the temperature profile in the absence of transpiration (S = 0)
at the boundary. The temperature decreases with increasing
Pr. An increase in the Prandtl number reduces the thermal
boundary layer thickness. The Prandtl number is the ratio of
momentum diffusivity to thermal diffusivity. In heat transfer
problems, Pr controls the relative thickening of the momentum
and thermal boundary layers. When Pr is small, heat diffuses
quickly compared to the velocity (momentum), which means
that for liquid metals, the thickness of the thermal boundary
layer is much larger than that of the momentum boundary
layer. Fluids with lower Prandtl numbers have higher ther-
mal conductivities (and thicker thermal boundary layer struc-
tures) so that heat can diffuse from the sheet faster than that for
higher-Pr fluids (thinner boundary layers). Hence the Prandtl
number can be used to determine the rate of cooling in con-
ducting flows. It is well known that if the Prandtl number is
greater than 1, the thermal boundary layer is thinner than the
velocity boundary layer. If the Prandtl number is less than 1,
which is the case for air under standard conditions, the thermal
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boundary layer is thicker than the velocity boundary layer. For
the Casson fluid, the momentum diffusion is low, so in this
case, the thermal boundary layer formation may also have a
small Prandtl number. Figure 5(b) shows the nature of tem-
perature profiles for variable values of the Prandtl number in
the presence of transpiration (S = 0.5,−0.5). Here the temper-
ature also decreases with increasing Pr (Fig. 5(b)). Moreover,
the thermal boundary layer thickness decreases as the Prandtl
number increases (Fig. 5(b)).
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Fig. 4. Variations of (a) velocity f ′(η) and (b) temperature θ(η) with
η for several values of transpiration parameter S.
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Fig. 5. Variations of temperature θ(η) with η for several values of
Prandtl number Pr in the (a) absence or (b) presence of transpiration.

Figure 6(a) exhibits the nature of the skin-friction coef-
ficient with the Casson parameter β for three values of the
suction/blowing parameter S. It is found that the skin-friction
coefficient increases with increasing β , and its magnitude is
higher for suction than for blowing. From this figure, it is very
clear that f ′′(0) is negative here, which is consistent with the
present case, as a stretching sheet that induces the flow is con-
sidered here. Physically, a negative sign of f ′′(0) implies that
the surface exerts a dragging force on the fluid, and a positive
sign implies the opposite (i.e., lift force). Figure 6(b) displays
the nature of the heat transfer coefficient θ ′(0) against the Cas-
son parameter β . An increase in β leads to an increase in the
heat transfer coefficient. The wall temperature gradient θ ′(0)
increases with blowing but decreases with suction (Fig. 6(b)).
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Fig. 6. (a) Skin-friction coefficient and (b) wall temperature gradient θ ′(0)
versus Casson parameter β for different transpiration parameter S.

4. Conclusions
The present study provides the exact solutions for the

steady boundary layer flow and heat transfer of a Casson fluid
over a linearly stretching surface. The main findings of this
investigation can be summarized as follows.

(i) The effect of the suction parameter is to suppress the
velocity field, which in turn enhances the skin-friction coeffi-
cient.

(ii) The thermal boundary layer in case of suction (S > 0)
is thinner than that in case of impermeability (S = 0). How-
ever, it is thicker in the case of blowing (S < 0).

(iii) The momentum boundary layer thickness decreases
as the Casson parameter increases, however the thermal
boundary layer thickens in this case.
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(iv) The surface shear stress increases as the Casson pa-
rameter increases.

(v) With increasing Pr, the temperature decreases and the
thickness of the thermal boundary layer is reduced.
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