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Enhanced Kerr nonlinearity in a left-handed three-level atomic
system driven by a bichromatic field∗
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Enhanced Kerr nonlinearity in a left-handed atomic system consisting of three levels driven by a bichromatic field is
presented in this paper. Based on bichromatic field coherence, the real parts of the permittivity and permeability can obtain
negative values simultaneously in the same detuning frequency region. By adjusting the frequency difference and the Rabi
frequencies of the bichromatic field, the multi-band left-handed behavior of the presented atomic metamaterial is exhibited.
Meanwhile, the enhanced Kerr nonlinearity can be realized in this multi-band left-handed three-level atomic system. It is
shown that the third-order susceptibility possesses focusing or defocusing properties in the same frequency band.
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1. Introduction
In recent years, the search for left-handed materials

(LHMs)[1] within their supervising and counterintuitive elec-
tromagnetic properties has attracted a considerable amount of
interest. Experimentally, left-handedness has been realized
with the methods of artificial composite metamaterials,[2–4]

photonic crystal structures,[5,6] transmission line simulation[7]

and chiral media.[8,9] These methods can be observed in the
microwave band based on classical electromagnetic theory.
Recently, the photonic resonant method based on quantum in-
terference and coherence was first used to theoretically realize
the left-handedness in a three-level atomic system by Oketl
and Müstecaplioǧlu in 2004.[10] As proposed in that paper, the
real parts of both the permeability and permittivity could si-
multaneously obtain negative values over a certain frequency
band under the condition of electromagnetically induced trans-
parency (EIT) and the local field effect. This quantum optics
method has many attractive advantages compared with classi-
cal electromagnetic method, such as realizing negative refrac-
tion in the optical regime, requiring no delicate fabrication of
spatially periodic structure, being suitable for isotropic media,
achieving low, even zero, absorption, etc.[11–20,30,31] It is found
that the scheme proposed in the quantum optic method is the
atomic system driven by a monochromatic resonant field and
the system that is usually comprised of multiple atomic levels
interacting with the external fields will increase the number
of uncontrollable parameters of the atomic system. For this
reason, the atomic system becomes very unstable.

Dual-band of negative refractive index in the atomic
system in an optic frequency range was first presented in

Ref. [20]. In that work, a four-level atomic system with
three external fields was considered. However, the numbers of
atomic levels involved in the interaction are too large, which
makes the system unstable. Dual-band left-handedness is re-
stricted by the number of atomic levels. Moreover that scheme
introduces more uncontrollable parameters. In this paper, we
propose a Λ-type three-level atomic system driven by a bichro-
matic field.[21–24] It can be found that the controllable param-
eters of the atomic system are increased and the stability of
the atomic system is enhanced due to the introduced bichro-
matic field. The bichromatic field interacts with the atomic
levels, which induces multi-level splitting in this atomic sys-
tem. It stimulates atomic transition between the splitting levels
and causes the atomic system to produce multi-channel quan-
tum interference. Multi-band left-handedness can be realized
in our atomic system due to multi-channel quantum interfer-
ence. We are also concerned about the nonlinearity of a left-
handed atomic system driven by bichromatic field. However,
nonlinear effect in LHM has not been extensively studied in
theory in the past. Kerr nonlinearity accompanied by vanish-
ing absorption was first analyzed in a left-handed four-level
atomic system by Zhang et al.[25] The third-order suscepti-
bility Re[χ(3)] in that proposed atomic system increases nine
orders compared with in the conventional system. Then, in
our proposed Λ-type three-level atomic scheme coupled with
a bichromatic field, Kerr nonlinearity can be enhanced by two
orders compared with that reported in Ref. [25]. Furthermore,
it can be found that the third-order susceptibility shows focus-
ing or defocusing properties in the same left-handed frequency
band.
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2. Physical model
Consider a lambda-type three-level atomic system as

shown in Fig. 1. It has the following properties: upper level |3〉
and low level |1〉 have opposite parities and 𝑑13 = 〈1|𝑑 |3〉 6= 0,
where 𝑑 is the electric dipole operator; levels |1〉 and |3〉
have the same parities and 𝜇12 = 〈1| 𝜇̂ |2〉 6= 0, with 𝜇̂ being
the magnetic dipole operator. The bichromatic coupling field
E(t) = 1

2 (Ec1+Ec2 e iδ t)e−iωc1t +c.c. shows level |2〉 coupled
to level |3〉, where Ec1 and Ec2 are amplitudes, ωc1 and ωc2 are
the frequencies of the bichromatic field. A weak probe field
Ωp with frequency ωp is used to probe the transition from |1〉
to |3〉.

|1>

|3>

|2>

δ

δ
∆p

Ωp

Ωc2

Ωc1

Fig. 1. Schematic of a three-level atomic system interacting with a
bichromatic coupled field and a weak probe field.

In the interaction representation, the Hamiltonian under
the electric-dipole approximation and rotating-wave approxi-
mation can be written as

H =−h̄[∆p |3〉〈3|+(∆p−∆c) |2〉〈2|]−
h̄
2
(Ωp |3〉〈1|

+(Ωc1 +Ωc2 e−iδ t) |3〉〈2|)+H.c., (1)

where δ=(ω1−ω2)/2 is the frequency difference between the
bichromatic fields, ∆c = ∆c1− δ , H.c. represents the interac-
tion of the dual operator Hermitian conjugate terms. The Rabi
frequencies of these three optical fields are Ωc1 =𝐸c1 ·𝑑23/h̄,
Ωc2 =𝐸c2 ·𝑑23/h̄, and Ωp =𝐸p ·𝑑13/h̄, respectively d23 and
d13 are the atomic transition electric dipole moments, ∆p =

ω31 −ωp and ∆c1 = ω32 −ωc1 denote the detunings of the
probe and bichromatic field, respectively, ωi j = ωi −ω j is
the atomic resonant transition frequency of levels |i〉 and | j〉
(i, j = 1,2,3).

Using the Liouville equation for the motion of density
operator and spontaneous emission, the Bloch equations for
density matrix elements are in the forms of

∂ρ11

∂ t
= γ1ρ33 +

i
2

Ωpρ31−
i
2

Ωpρ13,

∂ρ22

∂ t
= γ2ρ33 +

i
2
(Ωc1 +Ωc2 e iδ t)ρ32

− i
2
(Ωc1 +Ωc2 e−iδ t)ρ23,

∂ρ12

∂ t
= −γ12ρ12 +

i
2
(Ωc1 +Ωc2 e−iδ t)ρ32−

i
2

Ωpρ32,

∂ρ13

∂ t
= −γ13ρ13 +

i
2

Ωp(1−2ρ11−ρ22)

− i
2
(Ωc1 +Ωc2 e iδ t)ρ12,

∂ρ23

∂ t
= −γ23ρ23 +

i
2
(Ωc1 +Ωc2 e iδ t)

×(1−2ρ22−ρ11)+
i
2

Ωpρ21. (2)

Equations obey the conditions: ρi j = ρ∗ji and
4
∑

i=1
ρii = 1. Here,

γ1 and γ2 are the atomic decays. The parameters in Eq. (2) are
defined as

γ12 = γ
∗
21 = i(∆p−∆c1),

γ13 = γ
∗
31 =

γ1 + γ2

2
+ i∆p,

γ23 = γ
∗
32 =

γ1 + γ2

2
+ i∆c1. (3)

In order to solve Eq. (2), we will take the same tech-
niques as those in Refs. [23] and [26]. The harmonic expan-
sion method will be used and the density matrix elements are
expanded into

ρi j =
+∞

∑
n=−∞

ρ
(n)
i j e inδ t , (i, j = 1,2,3), (4)

where ρ
(n)
i j e inδ t is the slowly varying amplitude and n is an

integer that varies from −∞ to ∞. Then, we substitute Eq. (4)
into Eq. (2) and the complex conjugate of the non-diagonal el-
ement leads to an infinite set of equations. The steady-state
solutions can be solved by the method of matrix inversion. To
do this, an 8× (2N +1) column vector 𝑋 can be constructed
as

𝑋 = (X (−N)
1 , . . . ,X (−N)

8 ; . . . ;X (0)
1 , . . . ,X (0)

8 ; . . . ;

X (N)
1 , . . . ,X (N)

8 )T,

l =−N . . .0 . . .N, (5)

X (n)
1−8 = (ρ

(n)
31 ,ρ

(n)
13 ,ρ

(n)
21 ,ρ

(n)
12 ,ρ

(n)
32 ,ρ

(n)
23 ,ρ

(n)
11 ,ρ

(n)
22 )T, (6)

where the value of the integer N is chosen appropriately to de-
termine the dimension of the vector 𝑋 . Equation (2) can be
written in the form of

d𝑋
dt

+𝑄𝑋 =𝑅. (7)

Equation (17) is solved in the steady state form by setting the
time derivatives to be zero and using matrix frame inversion as

𝑋 =−𝑄−1𝑅, (8)

where 𝑄 is an [8× (2N +1)]× [8× (2N +1)] tridiagonal ma-
trix, i.e.,
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𝑄=



B−N C
A B−N+1 C

.
.

.
A B−1 C

A B0 C
.

.
.

A BN−1 C
A BN



, (9)

𝐴=



0 0 0 0 0 0 0 0
0 0 0 i

2 Ωc2 0 0 0 0
− i

2 Ωc2 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 i

2 Ωc2 iΩc2
0 0 0 0 0 0 0 0
0 0 0 0 − i

2 Ωc2 0 0 0


, (10)

𝐵 = inδ I +



γ31 0 − i
2 Ωc1 0 0 0 −iΩp − i

2 Ωp

0 γ13 0 i
2 Ωc1 0 0 iΩp

i
2 Ωp

− i
2 Ωc1 0 γ21 0 0 i

2 Ωp 0 0
i
2 Ωc1 0 0 γ12 − i

2 Ωp 0 0 0
0 0 0 − i

2 Ωp γ32 0 − i
2 Ωc1 −iΩc1

0 0 i
2 Ωp 0 0 γ23

i
2 Ωc1 iΩc1

− i
2 Ωp

i
2 Ωp 0 0 0 0 γ1 γ1

0 0 0 0 − i
2 Ωc1

i
2 Ωc1 γ2 γ2


, (11)

𝐶 =



0 0 − i
2 Ωc2 0 0 0 0 0

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 i

2 Ωc2 0 0 0 0 0 0
0 0 0 0 0 0 − i

2 Ωc2 −iΩc2
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 i

2 Ωc2 0 0 0


, (12)

𝑅 is an 8× (2N +1) column vector, i.e.,

𝑅= (R−N
1 , . . . ,R−N

8 ; . . . ;R0
1, . . . ,R

0
8; . . . ;RN

1 , . . . ,R
N
8 )

T, (13)

with non-zero matrix elements being

R(0)
1 =− i

2
Ωp, R(0)

2 =
i
2

Ωp, R(0)
5 =− i

2
Ωc1,

R(0)
6 =

i
2

Ωc1, R(0)
7 = γ1, R(0)

8 = γ2,

R(−1)
5 =− i

2
Ωc2, R(1)

6 =
i
2

Ωc2. (14)

The density matrix elements of arbitrary order of this atomic
system can be obtained by substituting expressions (9)–(14)
into Eq. (18). As shown, the resulting equation is our final for-
mula expressing the optical Bloch equation for a three-level
atom coupled by a bichromatic field.

The electric response and magnetic response of our
atomic system to the probe field depend on the steady-state
values of the one-order coherence terms ρ

(1)
31 and ρ

(1)
21 , respec-

tively. For simplicity, the atomic polarizability tensor becomes
a scalar as[20]

αe =
d13ρ

(1)
31

ε0Ep
, (15)

and magnetic susceptibilities can be written as[16–20]

αm =
cµ0 |µ12| |d13|ρ(1)

21
η h̄Ωp

, (16)

where ε0 and µ0 are the permittivity and permeability of a
vacuum, respectively; c is the speed of light in a vacuum;
η = 1 is a unitary complex number. In our atomic system, the
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atomic density of dense gas is assumed to be N′ = 1025 m−3.
In this dense medium, closely packed atoms give rise to the
internal field. The local fields will enhance and maintain a
large enough magnetization. With the help of the local fields,
the permeability of the atomic medium can have negative
value more easily than in nature. According to the Clausius–
Mossotti relation,[27,28] the one-order relative permittivity and
one-order relative permeability are as follows:

εr =
1+2N′αe/3
1−N′αe/3

, (17)

µr =
1+2N′αm/3
1−N′αm/3

. (18)

In order to analyze Kerr nonlinearity of our atomic sys-
tem, we will consider the third-order susceptibility. Accord-
ing to Ref. [25], the expression of third-order susceptibility is
written as

χ
(3) =

N′ |d13|4 ρ
(3)
31

ε0h̄3
∣∣Ωp
∣∣2 Ωp

, (19)

where ρ
(3)
31 is the third-order coherent term. Up to now, we

have obtained all the expressions for the permittivity, perme-
ability and third-order susceptibility of this atomic system. In
this paper, the general forms of the relevant off-diagonal el-
ements are very tedious; for this reason, we will present the
numerical analysis to the system of three-level atomic inter-
acting with bichromatic fields subsequently.

3. Numerical analysis
In the case of the bichromatic field, the response of the

atomic system is less related to the phase of the bichromatic

field and it mainly depends on oscillation amplitudes of and
frequency difference between bichromatic fields. In the fol-
lowing, we will numerically analyze the electromagnetic prop-
erties of our atomic system by varying the frequency differ-
ence δ and the Rabi frequencies of the bichromatic field Ωc1

and Ωc2. Oktel and Müstecaplioǧlu[10] suggested that the left-
handedness be realized in a dense gas of 23Na atoms. We
adopt the same Λ type atomic system, and the atomic den-
sity N′ = 1025 m−3. The Rabi frequency of the weak probe
field is Ωp = 0.01γ . For simplicity, we set one of the detuning
frequencies of the bichromatic field to be ∆c1 = δ .

Figures 2(a)–2(d) show the values? permittivity and the
permeability versus ∆p with Ωc1 = Ωc2 = 3.8γ , δ = 4γ . As is
well known, an important feature of the left-handed materials
is that the real parts of the permittivity and the permeability
can simultaneously obtain negative values over a certain fre-
quency band. From Figs. 2(a) and 2(c), it can be seen that the
real parts of the permittivity and the permeability can simul-
taneously obtain negative values over certain frequency bands
in three different parts (plotted in the gray areas). Therefore,
left-handedness can be realized in these three discontinuous
intervals. In the range of ∆p < 0, there is only one left-handed
interval, and in the range of ∆p > 0, it has two intervals to re-
alize the left-handed feature. Figures 2(b) and 2(d) show the
curves of imaginary parts of εr and µr versus probe detuning.
As exhibited in Fig. 2(b), the imaginary part of the permit-
tivity can obtain very small values in three gray intervals. It
will enhance the resonance phenomena and reduce the absorp-
tion of the probe field which can store energy of the atomic
system. This feature has great significance for realizing left-
handedness.
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Fig. 2. Curves of real (a) and imaginary (b) parts of εr and real (c) and imaginary (d) parts of µr versus probe detuning ∆p, for values
of the bichromatic field: Ωc1 = Ωc2 = 3.8γ , δ = 4γ . The left-handed properties are indicated in gray regions.
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In Figs. 2(a)–2(d), it is found that εr and µr have three val-
ues in different frequency regions. The reason is that the strong
bichromatic field interacts with the transition from levels |3〉
to |2〉 , and the two levels are equidistantly split into multi-
levels as the interpretation of the dressed states.[14] The field
coherence is greatly enhanced due to multi-quantum chan-
nel transition induced by the strong bichromatic field. The
weak probe field scans the splitting energy levels and level |1〉.
The electric-dipole transition (between |1〉 and |3〉) and the
magnetic–dipole transition (between |1〉 and |2〉) produce the
electric polarizability and the magnetic susceptibility, which
are greatly enhanced, respectively.

We have analyzed the linear effects of this left-handed

atomic system coupled by a bichromatic field in the forego-

ing section. Next, we will focus on the nonlinear effect of

this left-handed atomic system. As shown in Figs. 3(a), 3(c),

and 3(e), the real parts of the third-order susceptibility have

different features in left-handed frequency bands. As is well

known, the focusing and defocusing effects will be controlled

by changing the sign of Re[χ(3)
e ]. When Re[χ(3)

e ] > 0, the fo-

cusing effect occurs; the defocusing effect will occur when

Re[χ(3)
e ] < 0. From Figs. 3(a), 3(c), and 3(e), we find that

only one defocusing effect takes place in the first left-handed

frequency band; while the focusing effect and the defocusing

effect occur in the other two left-handed frequency bands.
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Fig. 3. Curves of real parts of the third-order nonlinearity χ
(3)
e (panels (a), (c), and (e)), and imaginary parts of the third-order

nonlinearity χ
(3)
e (panels (b), (d), and (f)) versus probe detuning ∆p. The three discontinuous left-handed ranges are indicated in the

gray regions. The parameters are the same as those in Fig. 2.

As plotted in Figs. 3(c) and 3(e), Re[χ(3)
e ] changes its

sign at ∆p ≈ 2.5γ and ∆p ≈ 5.4γ , respectively. In Fig. 3(c),
the third-order nonlinearity Re[χ(3)

e ] is negative in the fre-
quency range of ∆p∼(1.3,2.5), and the focusing effect takes
place in this region; while Re[χ(3)

e ] is positive in the range of
∆p∼(2.6,3.1), and the defocusing effect occurs in this region.
It is also seen that Re[χ(3)

e ] can reach the order of 10−5, one
order higher than that of Ref. [17]. From Fig. 3(e), we also

find that Re[χ(3)
e ] is positive in the range of ∆p∼(4.1,5.3), and

the defocusing occurs in this region; then Re[χ(3)
e ] is negative

in the range of ∆p∼(5.4,6), and the focusing effect occurs
in this region. It can be found that the third-order nonlin-
earity is greatly enhanced to 10−4 and Re[χ(3)

e ]/Re[χ(1)
e ] is

about 10−15 [29] in the traditional medium. Therefore, the en-
hanced Kerr nonlinearity is realized in the multi left-handed
frequency band, and maximum can be enhanced to 10−4 in
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our scheme. Figures 3(b), 3(d), and 3(f) present the third-order
nonlinear absorptions as a function of probe detuning in three
left-handed frequency regions. It shows that Im[χ

(3)
e ] has dif-

ferent values in those three regions, and the magnitude of the
imaginary part of χ

(3)
e increases as probe detuning increases.

Although nonlinearity absorptions reach 10−7, 10−5, and 10−4

respectively (Figs. 3(b), 3(d), and 3(f))), compared with linear
absorptions in those three frequency regions (Fig. 2(b)), the
third-order absorption is much small. This left-handed atomic
system can still maintain a low absorption.
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Fig. 4. Curves of real and imaginary parts of the permittivity εr (panels (a) and (b)), the permeability µr (panels (c) and (d)) versus ∆p
for the values of the bichromatic field: Ωc1 = Ωc2 = γ , δ=1.6γ . The left-handed properties are shown in gray regions.

Then we reduce both the Rabi frequencies of and fre-
quency difference between the bichromatic fields, and ana-
lyze the electromagnetic properties of this atomic system un-
der such a condition. The parameters of the bichromatic field
will be adjusted as Ωc1 = Ωc2 = γ and δ=1.6γ , other parame-
ters remain unchanged. The electric response of the probe field
is also very strong, the real part of the permittivity can realize
fully negative in the detuning frequency range of ∆p∼(0,3) as
shown in Fig. 4(a). However, the curve of the real part of the
permeability has one negative band that is plotted in Fig. 4(b).
As mentioned in Ref. [2] or other references, the permeabil-
ity can obtain a negative value, owing to local field effect in a
dense atomic system. Similarly, local field effect in our dense
atomic system also plays a significant role in realizing nega-
tive permeability. From Fig. 4(c), we find that weakening the
intensity of the bichromatic field and reducing the frequency
difference of the bichromatic field will affect the permeability
to achieve multi-peak negative values. Figures 4(c) and 4(d)
show the imaginary parts of the permittivity and permeability.
Figure 4(c) indicates a very low linear absorption in this left-
handed frequency band, and a low gain absorption near the
resonant frequency band. Figure 4(d) shows that the negative
value of the imaginary part of the permeability increases grad-
ually on the right side of the resonant frequency. As is well
known, the absorption of a left-handed medium can be given

by the expression A = 2πIm(−√εµ). Therefore, these phe-
nomena will affect the absorption of a left-handed medium.

Figure 5(a) shows that the third-order nonlinearity
Re[χ(3)

e ] changes its sign twice in the left-handed range. At
∆p∼(0.3,1.1) and ∆p∼(2.1,2.38), the values of Re[χ(3)

e ] are
negative and the focusing occurs in these ranges, while at
∆p∼(1.2,2), Re[χ(3)

e ] is positive and the defocusing takes
place in this band. The focusing and defocusing transfor-
mation are implemented in the different frequency intervals
of the same left-handed frequency range. Compared with
Re[χ(3)

e ]∼ 10−6 in Ref. [17], in our system Re[χ(3)
e ] can be en-

hanced by one order of magnitude as shown in Fig. 5(a). Fig-
ure 5(b) shows the curve of the third-order nonlinear absorp-
tion as a function of the probe detuning. The imaginary part
of χ

(3)
e shows negative value in the frequency detuning range

of ∆p ∼ (0.5,1.5), and shows positive value in the range of
∆p ∼ (1.5,2.3). Im[χ

(3)
e ] is about 4 orders smaller than Im [εr]

(Fig. 4(b)) in the same frequency detuning range. The atomic
system shows that the nonlinear absorption is quite small, the
total absorption of this left-handed system can maintain a low
value. Although the Kerr nonlinearity is not realized in the
multi-band of left-handedness under such conditions, it has
been achieved to transform effects twice in the same frequency
band of the left-handed atomic system. This feature is similar
to an optical switch. After varying the Rabi frequencies of and
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frequency difference between the bichromatic fields, we also
find that it can still be achieved to enhance Kerr nonlinearity
in the weak probe field even by adjusting the parameters of the
bichromatic field.
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Fig. 5. Curves of real (a) and imaginary (b) parts of the third-order
nonlinearity χ

(3)
e versus probe detuning ∆p. for the left-handed atomic

system in the gray region. The parameters are the same as those in
Fig. 4.

4. Conclusion
In this paper, we investigate that left-handedness can be

realized in the Λ-type three-level atomic system driven by a
bichromatic field. Three frequency bands of left-handedness
can be obtained in this atomic scheme via choosing appropri-
ate parameters. In each frequency range of left-handedness,
the third-order nonlinearity Re[χ(3)

e ] has the focusing effect
and the defocusing effect. Kerr nonlinearity is greatly en-
hanced in each left-handed frequency band. When we re-
duce the Rabi frequencies of and frequency difference between
the bichromatic fields, the third-order nonlinearity Re[χ(3)

e ]

changes its sign twice in the same left-handed frequency band.
We find that single-band or multi-band left-handed photonic
resonant material can be realized by adjusting the parameters

of the bichromatic field. Furthermore, the Kerr nonlinearity
can be enhanced by an order of magnitude in a single-band
atomic system and up to two orders of magnitude in a multi-
band atomic system.
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