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TOPICAL REVIEW — Quantum information

Quantum metrology∗
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The statistical error is ineluctable in any measurement. Quantum techniques, especially with the development of
quantum information, can help us squeeze the statistical error and enhance the precision of measurement. In a quantum
system, there are some quantum parameters, such as the quantum state, quantum operator, and quantum dimension, which
have no classical counterparts. So quantum metrology deals with not only the traditional parameters, but also the quantum
parameters. Quantum metrology includes two important parts: measuring the physical parameters with a precision beating
the classical physics limit and measuring the quantum parameters precisely. In this review, we will introduce how quantum
characters (e.g., squeezed state and quantum entanglement) yield a higher precision, what the research areas are scientists
most interesting in, and what the development status of quantum metrology and its perspectives are.
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1. Introduction

The progress of human civilization, in some sense, is a
progress of improving the precision of measurement. From
the unit defined by the lengthes of foot, hand, step, etc. to
that with vernier calipers, microscope, laser ranging device,
etc., the measurement precision is improved greatly, and the
quality of people’s life has greatly improved at the same time.
Precision measurement is not only important to demonstrate
physical theories, but also helpful to propose new theories and
new techniques. The measurement of relative displacement
has been improved to the sub-wavelength level, which has
been used in cosmology, nano-science, medical science, and
so on.

Because of the limitation of classical physics (eg., shot
noise), the precision of classical metrology can only reach the
limit of classical physics, the standard quantum limit (SQL).
A new method is needed to improve the precision and beat the
SQL. With the development of quantum mechanics, especially
quantum information, more and more works are focusing on
the preparation, control, and measurement of quantum entan-
gled states, and great improvements have been achieved. Re-
cently, quantum states, especially quantum entangled states,
together with the techniques of classical metrology and the
character of quantum mechanics, are used to improve the pre-
cision of measurement, which can beat the standard quantum
limit 1/

√
N (N is the resource, eg., number of particles). If

we estimate (or measure) a phase with some quantum states,
squeezed states, and quantum entangled states, the precision

could reach the limit of quantum mechanics, the Heisenberg
limit 1/N.

Firstly, we will introduce how squeezed states and quan-
tum entangled states can enhance the precision of measure-
ment.

1.1. Squeezed states of light

In quantum mechanics, a coherent optical field is a coher-
ent state whose uncertainty is equally distributed to X and P,
see Fig. 1(a). The Heisenberg uncertainty relation between X
and P is

∆X ·∆P≥ h̄/2,

and for coherent states, ∆X ·∆P = h̄/2. If we add a phase shift
δφ to a coherent state, the vector is rotated by δφ in the phase
space as shown in Fig. 1(a). If we measure the phase shift be-
tween two coherent states, the fluctuation limits the precision
of phase measurement. Here, the fluctuation is the vacuum
noise, and we can not reduce the vacuum noise to improve the
precision with the methods of classical physics. This limit is
the shot noise limit. Quantum mechanics can help us squeeze
P as shown in Fig. 1(b), and the new state is a squeezed state,
which is a quantum light field. The minimum phase shift that
can be measured in Fig. 1(a) is the phase difference when two
coherent states can just be distinguished, which is limited by
the vacuum noise. And it is easier to find that the squeezed
state can help to minimize this phase shift (Fig. 1(b)). So the
precision of measuring a phase shift can be improved and the
shot noise limit is beaten by using the squeezed state.
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Fig. 1. Precision of phase estimation can be improved by the squeezed
state.

1.2. Quantum entangled state

In 1935, Albert Einstein, Boris Podolsky, and Nathan
Rosen proposed a gedanken experiment with which they at-
tempted to show that quantum mechanical theory was incom-
plete, which is the EPR paradox (Einstein–Podolsky–Rosen
paradox).[1] In their work, the counterintuitive predictions of
quantum mechanics about strongly correlated systems were
first discussed. They proposed the entangled state, although
they have not coin the word entanglement, nor did they gener-
alize the special properties of the state they considered.

The quantum entangled state was proposed to demon-
strate “the quantum-mechanical description of physical reality
given by wave functions is not complete”, however the quan-
tum entangled states have been used to demonstrate that quan-
tum mechanics can violate the Bell inequality based on the
principle of locality, which is not consistent with the hidden
variables interpretation of quantum theory that EPR purported
to establish. With the development of quantum information,
the entangled states have been broadly used in every field of
quantum information, such as, quantum dense coding, quan-
tum teleportation, quantum computation, and quantum net-
work. Recently, it is found that the entangled states can be
used to improve the precision of measurement. The standard
quantum limit can be beaten by using some entangled states,
and it will lead to the Heisenberg limit.

For example, if we use the following entangled state:

1√
2
(|0〉 · · · |0〉︸ ︷︷ ︸

N times

+ |1〉 · · · |1〉︸ ︷︷ ︸
N times

), (1)

where N is the number of particles. The state is an N-particle
Schrödinger cat state. When we add a phase φ to mode |1〉,
there will be a Nφ phase difference between the two modes of
the state

1√
2
(|0〉 · · · |0〉︸ ︷︷ ︸

N times

+e iNφ |1〉 · · · |1〉︸ ︷︷ ︸
N times

). (2)

After a proper quantum measurement, we can obtain a curve
with the oscillating period of 2π/N. As shown in Fig. 2 for

N = 4, the red one is the result for the quantum entangled state
and the black one is the result for the classical state. It is easy
to show that the quantum entangled state can improve the pre-
cision to 1/N, which is

√
N enhancement over the precision

by the classical state.[2]
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Fig. 2. Quantum phase estimation with Schrödinger cat state and clas-
sical state. The red curve is the result with four-particle cat state, and
the black one is the result with classical state.

As we know, there are some special parameters for quan-
tum mechanics, such as fidelity, purity, and dimensions of
quantum states and quantum systems. So comparing to the
classical metrology, quantum metrology not only aims to use
quantum resources to develop new methods to measure clas-
sical parameters with higher precision than that in classical
methods, but also aims to measure quantum parameters with
high accuracy.

Quantum metrology is the interdiscipline of quantum me-
chanics and classical metrology. With improving ability to
control quantum systems, new techniques will be developed
from quantum metrology, and it will be broadly used.

2. Development status of quantum metrology
Now quantum metrology is mostly focusing on quantum

phase estimation, quantum imaging, the measurement of quan-
tum state and process, and so on.

2.1. Quantum phase estimation

The quantum phase estimation aims to measure or esti-
mate any phase or phase shift with a precision beating the stan-
dard quantum limit (or shot-noise limit) by using nonclassical
optical fields. Suppose that there are N photons and we want
to measure a phase by using these photons. If the N photons
are in a classical state, the precision will be limited by the shot-
noise limit because of the shot noise fluctuation of the photons;
if the N photons have a quantum correlation among them, the
precision could be enhanced and the shot noise limit would
be beaten. In 1980s, scientists have used squeezed states to
estimate an optical phase with a measurement precision be-
yond the shot-noise limit.[3] After that, theorists were trying
to develop new methods to realize optimal measurements by
using general quantum states, but the measurements could not
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be realized because of the experimental problem for a long
time. Recently, with the preparation of three-photon and four-
photon NOON states, scientists renewed the interest in quan-
tum phase estimation.

In 2007, Nagata et al.[4] demonstrated the super resolu-
tion of phase estimation by using a four-photon NOON state
and the post-selection measurement. They prepared a four-
photon Holland–Burnett[5] state after the first 50 : 50 beam
splitter with input |2〉a|2〉b, a phase shift (PS) was applied to
mode d, and |3〉e|1〉f or |1〉e|3〉f was detected after the second
beam splitter, see Fig. 3. The probability of detecting three
photons in output e and one photon in f was P3e1f =

3
8 (1−

cos4φ)/2, which shows the phase super resolution. They ob-
served the four-photon fringe with 91±6% (see Fig. 4), which
is greater than threshold Vth =

√
2/3 ≈ 81.6%.[4] In the fol-

lowing year, Sun[6] obtained a higher precision by detecting
the |2〉e|2〉f output in Ref. [4]. Most recently, Xiang[7] in-
vestigated the achievable phase sensitivity of the simple and
efficient single interference fringe detection technique. They
showed that the maximally-entangled NOON state does not
achieve the optimal phase sensitivity when N > 4. Rather,
they showed that the Holland–Burnett state is optimal. And
they experimentally demonstrated this enhanced sensitivity us-
ing a single photon-counted fringe of the six-photon Holland–
Burnett state. Specifically, their single-fringe six-photon mea-
surement achieved a phase variance three times below the
SNL.

mirror

mirror

lens

Fig. 3. An optical interferometer for beating the SQL.[4]

The work above is to estimate a phase shift or fluctua-
tion, however in some case, we want to know what the phase
is, i.e., measuring a totally unknown phase. In 2007, Higgins
et al.[8] measured an unknown phase with a precision beat-
ing the standard quantum limit by using single-photon Fock
states, adaptive measurement, and feedback control. They re-
placed the entangled input states with multiple applications of

the phase shift on unentangled single-photon states and gener-
alized Kitaev’s phase estimation algorithm using the adaptive
measurement theory to achieve a standard deviation scaling
at the Heisenberg limit. Figure 5 shows the quantum circuit
diagrams of Kitaev’s phase estimation algorithm and its gen-
eralization, and figure 6 is the conceptual diagram of the al-
gorithm’s implementation as a Mach–Zehnder interferometer.
For the largest number of resources used (N = 378), they esti-
mated an unknown phase with a variance more than 10 dB be-
low the standard quantum limit; achieving this variance would
require more than 4000 resources using the standard interfer-
ometry, as shown in Fig. 7. Their results represent a drastic
reduction in the complexity of achieving quantum-enhanced
measurement precision.

Theoretically, the precision of their method could ap-
proach the Heisenberg limit. However in the experiment, be-
cause of the multi-pass of the photons, it needs harsh terms of
bandwidth when N is large. To overcome this problem, Xiang
et al.[9] changed the multi-pass into a single pass by opti-
mally utilizing the available entangled photon states, obtained
by post-selection.[4,10] They provided a powerful and general
bottom-up approach to the ab initio estimation of an optical
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Fig. 4. Beating the standard quantum limit with four entangled photons.
(a) Single-photon count rate in mode e as a function of phase plate (PP)
angle with single photon input |10〉ab. (b) Two-photon count rate in
modes e and f for input state |11〉ab. (c) Four-photon count rate with
three photons in mode e and one photon in mode f for input state |22〉ab.
Accumulation times for one data point were (a) 1 s, (b) 300 s, and (c)
300 s.[4]
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Fig. 5. Quantum circuit diagrams of Kitaev’s phase estimation algorithm and our generalization. (a) Kitaev’s algorithm with the
inverse quantum Fourier transform implemented with measurement and classical feedback and a random initial phase estimate θ . In
grneral , K +1 qubits yield K +1 binary digits of precision; here K = 2. (b) As in Kitaev’s algorithm, but here we implement θ (now
called θinit) and the feedback operations by coupling the qubits to a commom element, the feedback phase θ (the lowest rail). (c)
Generalization of the circuit to include M ≥ 1 qubits for each binary digit; here K = 1 and M = 2.[8]
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Fig. 6. Conceptual diagram of the algorithm’s implementation as a
Mach–Zehnder interferometer. This is equivalent to the scheme in
Fig. 5(c). Photon-number quantum states are shown at key points. The
first beam splitter implements the Hadamard operation on incident pho-
tons. The large phase-shift element is configured to implement a pφ

phase shift on logical |1〉 states, with p adjustable (p = 8 shown). The
small phase-shift element implements the adjustable pθ phase shift on
logical |0〉 states. The final beam splitter and single photon detectors
implement the σx measurement, which determines, via the processor,
how to adjust θ before the next photon input.[8]

phase φ ∈ [0,2π) by using the Bayesian analysis and opti-
mal adaptive feedback to make the best use of available multi-
photon states. That is the first demonstration of sub-SNL mea-
surement of a totally random phase using entangled states,
which can potentially achieve a high bandwidth in quantum-
enhanced phase measurements with a wide range of metrolog-

ical applications.[9]

Quantum phase estimation has been used to detect
the concentrations of some liquids[11] and the gravitational
wave.[12] Now, scientists start to consider the following prob-
lems. How can we enhance the precision of phase estima-
tion and measurement in the case of photon lossess and unper-
fect detect efficiency in real situation?[13–15] Can we beat the
Heisenberg limit?[16] How can we track a randomly varying
optical phase?[17]
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Fig. 7. Standard deviations of distributions of phase estimates for vary-
ing numbers of resources N. We compare theoretical predictions (lines)
and measured values (points, each representing 1000 estimates) for the
standard phase estimation and our implementation of Kitaev’s (M = 1)
and generalized Kitaev’s (M = 6) algorithms. Error bars denote 95%
confidence intervals. Our algorithm clearly has a lower standard de-
viation in phase estimation than both the SQL and Kitaev’s algorithm
(which has the SQL scaling). For large N, the curve for the adaptive al-
gorithm is parallel to the Heisenberg limit with a small over head factor
about 1.56.[8]
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2.2. Quantum imaging

The techniques of preparation, control, and measurement
of quantum entangled states have been developed rapidly in
the last two decades, and quantum imaging has been proposed
as a new field of research based on those techniques.

Ghost imaging was proposed by using the quantum corre-
lation of twin photons from the spontaneous parametric down
conversion in 1990s, which was called quantum imaging at
that time. But as we known now, ghost imaging can be re-
alized by using the classical correlation.[18,19] For example,
the quantum radar based on ghost imaging is using the classi-
cal correlation of microwave. Stimulated emission depletion
(STED) microscopy is a process that provides a super reso-
lution by selectively deactivating fluorophores to enhance the
imaging at a particular area, and it does not use quantum corre-
lation or entanglement. In this review, quantum imaging is the
super-resolution imaging obtained by using quantum optical
fields — quantum correlation or quantum entanglement.

In 2001, Brambilla[20] analyzed the spatial aspects of
quantum entanglement created in the far field of the light
emitted in the spontaneous parametric down-conversion. It
was found that the correlation between twin beams is much
stronger than that between coherent states. And the twin en-
tangled beams offer an opportunity to detect a weak absorption
with an improved sensitivity with respect to the standard tech-
niques which make use of the classical light sources.[21] Then
they proposed a differential measurement scheme which ex-
ploits the spatial quantum correlation of type-II PDC to image
a weak amplitude object with a sensitivity beyond the stan-
dard quantum limit imposed by the shot noise,[21] as shown in
Fig. 8.

The measured quantity is the difference of the photon
fluxes collection by the two detectors after the test beam
has passed through the object, associated with the operator
N′− = a2

†a2− a1
†′a1

′, where a1 and a2 are the field opera-
tors of the two beams at the plane before the object. If we
assume that the two beams are perfectly balanced and have
symmetric statistical properties, so 〈N1〉 = 〈N2〉, then we can
easily obtain that the mean value of N is proportional to the
object absorption coefficient α = 1−

∣∣tobj
∣∣2

〈N′−〉= 〈a2
†a2〉−

∣∣tobj
∣∣2 〈a1

†a1〉= 〈N1〉α. (3)

The noise of the measurement is determined by the variance
of N′−. The SNR of the measurement is[21]

SNRσ =
N′−√
〈δN′−2〉

=
α
√

N1√
α2En +2σ(1−α)+α

. (4)

Fig. 8. Scheme for the detection of a weak object through a differential
measurement. In panel (a), the test and the reference beams are obtained
by splitting a laser beam with a symmetric beam splitter; in panel (b),
the signal and the idler beams of a PDC source are used.[20]

In the classical scheme of Fig. 8(a), it can be verified that
〈δN−2〉 = 2〈N1〉 whatever the amount of excess noise is.[21]

Thus, we find

SNRclass =
α
√

N1√
α2En +2−α

. (5)

If we consider the case of a coherent beam, for which En = 0,
the standard quantum limit is obtained from the following ex-
pression:

SNRSQL =
α
√

N1√
2−α

. (6)

The SQL can be beaten by using photon number correlated
beams, see the scheme is Fig. 8(b). The ratio

R≡ SNRσ

SNRSQL
=

√
2−α

α2En +2σ(1−α)+α
(7)

is introduced to measures the improvement of the SNR
achieved by using the PDC source with respect to the SQL.
Figure 9 is the proposed scheme of high sensitivity imaging.

pump

beam χ(2)

f f

reference

test

aobj↼x↽

N1↼xd↽↩N2↼↩xd↽

Fig. 9. High sensitivity imaging scheme that exploits subshot-noise cor-
relations between symmetrical angular directions of a PDC field. The
far field is observed in the focal plane of a lens with an f – f imaging
system. The object absorption coefficient α (𝑥) is retrieved by sub-
tracting the intensities measured from the symmetrical pixels of the two
arrays of detectors.[20]

In 2010, Brida et al.[22] presented the first experimen-
tal realization of the above scheme, showing its potential to
achieve a larger signal-to-noise ratio than the classical imag-
ing methods. They demonstrated the advantage of the sub-
shot noise quantum imaging (SSNQI) technique over all clas-
sical imaging, including correlated imaging, when operating
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at the same low illumination level. Their work represents the
starting point of this quantum technology, which would have
applications when there is a requirement for low-photon-flux
illumination.

The works above are focused on enhancing the image
contrast, and the resolution is unchanged. In the classical
optical lithography, we have to use light with a short wave-
length if we want to decrease the fringe separation. However
with the wavelength decreased, the energy of each photon is
increased. When the energy of photon is too high, the ob-
jects will be damaged. Quantum entangled states can help
solve this problem. In 2000, Boto[23] proposed the quan-
tum interferometric optical lithography. By using nonclas-
sical photon-number states, N-photon entangled states, it is
possible to write features of minimum size λ/2N on an N-
photon absorbing substrate. This result is a factor N below
the classical Rayleigh diffraction limit. Subsequent works by
various researchers on quantum imaging have sought to im-
prove upon the original quantum lithography technique,[24–32]

yet all of those proposals still require a multi-photon absorber
as the detector[24–28,30–32] or the coincidence detection.[31] Till
now, only the two-photon quantum optical lithography has
been realized because of the limit of current experimental
techniques.[24]

Tsang proposed a quantum imaging method, named the
optical centroid measurements (OCM),[33] which can beat the
Rayleigh–Abbe diffraction limit and achieve the de Broglie
resolution without requiring a multi-photon absorber or the co-
incidence detection. By using the same nonclassical states of
light as those in quantum lithography, the proposed method re-
quires only optical intensity measurements, followed by image
postprocessing, to produce the same complex quantum inter-
ference patterns as those in quantum lithography. In quantum
lithography, the probability for N photons to arrive at the same
place is[33]

∣∣: ÎN(x) :
∣∣ = ∣∣∣[Â†(x)]

N
[Â(x)]

N
∣∣∣ ∝ Tr[ϒ̂(x,0, . . . ,0)ρ̂N ]

= | f (x,0, . . . ,0)|2, (8)

which is proportional to the conditional centroid probability
distribution

pc(x) = Tr[ϒ̂(x,0, . . . ,0)ρ̂N ]/
∫

dxTr[ϒ̂(x,0, . . . ,0)ρ̂N ],

given that all relative positions are zero. Here Â(x) is the spa-
tial annihilation operator. The variable conjugate to the cen-
troid position X is the total momentum K ≡ ∑

N
n=1 kn. The

bandwidth limit on K becomes |K ≤|2πN sinθ/λ , so the min-
imum feature size of the centroid distribution is on the or-
der of λ/(2N sinθ). See Fig. 10 for an illustration of the
configuration-space theory.

k2 x2

x1

k0

↩k0

↩k0
↩Nk0

Nk0

k0 k1

K
X

↩λ/N

Fig. 10. Configuration-space picture of quantum imaging for N = 2.
The Rayleigh–Abbe diffraction limit restricts the momentum wave
function inside an N-dimensional box |kn| ≤ k0 ≡ 2π sinθ/λ . The mag-
nitude of the total momentum K =∑

N
n=1 kn is then limited by |K| ≤Nk0.

The minimum feature size of the wave function with respect to the cen-
troid coordinate X is then ∼ 1/(Nk0)∼ λ/N.[33]

Despite the N-photon absorption, the intensity centroid
operator can also access this centroid degree of freedom. The
intensity centroid operator is

X̂ ≡ 1
N

∫
dxxÂ†(x)Â(x), (9)

which can be measured by spatially resolving intensity mea-
surements, using, for example, a photon-counting detector ar-
ray, followed by a calculation of the centroid of the intensity
pattern, as shown schematically in Fig. 11. We can write the
intensity operator as[33]

X̂ = X̂ Î = X̂
∫

dx1 . . . dxN |x1, . . . ,xN〉〈x1, . . . ,xN |

=
∫

dx1 . . .xN

(
1
N

N

∑
n=1

xn

)
ˆ

∏(x1 . . .xN)

=
∫

dX dξ1 . . . dξN−1X ϒ̂(X ,ξ1, . . . ,ξN−1). (10)

Thus, the measurements of the intensity centroid realize the
marginal positive-operator valued measure (POVM)

ϒ̂(X) ==
∫

dξ1 . . . dξN ϒ̂(X ,ξ1, . . . ,ξN−1), (11)

and the probability distribution of the intensity centroid mea-
surements is

Tr[ϒ̂(X)ρ̂N ] =
∫

dξ1 . . . dξN | f (X ,ξ1, . . . ,ξN)|2 . (12)

This centroid marginal probability distribution also corre-
sponds to the total momentum and has a length scale about
λ/N. Besides, this marginal probability is the sum of all rel-
ative positions, much larger than that of the N-photon absorp-
tion quantum lithography. The intensity centroid measurement
is illustrated in Fig. 11.

In the following year, Shin et al. described a variation
of the OCM method with an even higher detection efficiency
based on the use of photon-number-resolving detection.[34]

They also reported laboratory results for the two-photon inter-
ference. Their results showed that the OCM method provides
the same degree of resolution enhancement as the QL method
but with higher efficiency. When large arrays of single-photon
detectors become available, the OCM method would be a pow-
erful means in providing a greater enhancement in resolution.
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a

A†↼x↽A↼x↽^ ^

X̂

X

pm↼X↽

bλ/N

x

X

Fig. 11. (a) To measure the intensity centroid distribution, first make an
ideal spatially resolving intensity measurement [Â†(x)Â(x)] , this can be
done by, for example, an array of photon-counting detectors each with
size a� λ/(2sinθ). (b) The centroid X is calculated from the mea-
sured intensity pattern. (c) The intensity centroid distribution pm(x)
can then be obtained after repeated measurements of X .[33]

2.3. Precise measurement of quantum state and process

A quantum state is the carrier of quantum information
and quantum computation, and a quantum process includes
the preparation, control, and measurement of quantum states.
To implement quantum computation and quantum information
with high precision, the precise preparation, control, and mea-
surement of quantum states are the basic requirements. The
precise measurement of quantum state and process is the new
research area when this new era of quantum control is coming,
and new quantum techniques are needed to be developed.

2.3.1. Quantum state tomography

Measuring quantum states is always an important field
in quantum mechanics. With the development of quantum
information, how to measure a quantum state or a quantum
process precisely becomes more and more important because
we need to transport quantum information and realize quan-
tum computation accurately. Now, quantum state tomography

(QST) of maximum likelihood estimation is the most popu-
lar method for measuring a quantum state, which was pro-
posed by James.[35] Two techniques were discussed in their
work, namely, a tomographic reconstruction (in which the
density matrix is linearly related to a set of measured quanti-
ties, see Fig. 11) and a maximum likelihood technique (which
requires a numerical optimization but has the advantage of
producing density matrices that are always non-negative def-
inite). As Stokes showed,[35] the state of a single qubit can
be determined by taking a set of four projection measurements
which are represented by four operators µ̂0 = |H〉〈H|+|V 〉〈V |,
µ̂1 = |H〉〈H|, µ̂2 = |D〉〈D|, and µ̂3 = |R〉〈R|. Similarly, the
state of two qubits can be determined by a set of 16 measure-
ments represented by operators µ̂i⊗ µ̂ j (i, j = 0,1,2,3). More
generally, the state of an n-qubit system can be determined
with 4n measurements given by operators µ̂i1 ⊗ µ̂i2 ⊗·· ·⊗ µ̂in

(ik = 0,1,2,3 and k = 1,2, . . . ,n). This tree structure for mul-
tiqubit measurement is illustrated in Fig. 12. The proof of this
conjecture is reasonably straight forward. The outcome of a
measurement is given by the formula

n = N Tr ρ̂ µ̂, (13)

where ρ̂ is the density matrix, µ̂ is the measurement operator,
and N is a constant of proportionality, which can be deter-
mined from the experimental data. Thus, in the n-qubit case,
the outcomes of various measurements are

ni1,i2,...,in = N Tr ρ̂(µ̂i1 ⊗ µ̂i2 ⊗·· ·⊗ µ̂in). (14)

A likelihood function is employed to find the state with the
maximum probability of obtaining the experimental data.[35]

For example, for two-qubit states, the optimization problem
reduces to finding the minimum of the following function:

L(t1, t2, . . . , t16)

=
16

∑
ν=1

[N〈ψν |ρ̂p(t1, t2, . . . , t16)|ψν〉−nν ]
2

2N〈ψν |ρ̂p(t1, t2, . . . , t16)|ψν〉
. (15)

Then we can reconstruct the density matrix by inverting the
parameterization of it.[35]

Fig. 12. Tree diagram representing numbers and types of measurements necessary for tomography. For a single qubit, the measure-
ments {µ̂0, µ̂1, µ̂2, µ̂3} are sufficient to reconstruct the state, e.g., measurements of the horizontal, vertical, diagonal, and right-circular
polarization components. For two qubits, 16 double-coincidence measurements {µ̂0 µ̂0, µ̂0 µ̂1, . . . , µ̂3 µ̂3} are necessary, and 64 three-
coincidence measurements {µ̂0 µ̂0 µ̂0, µ̂0 µ̂0 µ̂1, . . . , µ̂3 µ̂3 µ̂3} are necessary for three qubits, and so on.[35]
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The maximum likelihood estimation (MLE)[35] is the cur-
rent procedure of choice, especially for experiments. Unfortu-
nately, it has serious flaws. It typically yields a rank-deficient
estimate with one or more zero eigenvalues. Such an esti-
mate is implausible, implying that some measurement out-
comes are literally impossible.[36] No finite amount of data
can justify such certainty. More importantly, it is impossi-
ble to bracket a zero probability with consistent error bars.[37]

The MLE estimate is at best sub-optimal, and at worst dan-
gerously unreliable.[36] Blume–Kohout proposed an alterna-
tive procedure,[36] the Bayesian mean estimation (BME). The
BME never yields zero eigenvalues, its eigenvalues provide a
bound on their own uncertainties, and under certain circum-
stances, it is provably the most accurate procedure possible.

The MLE and the BME are point estimates, which can
never identify the state ρ or process ε exactly and are necessar-
ily “wrong” (for instance, the matrix may have negative eigen-
values); at best, they give results close to the true state. So
it is important to know how to obtain the confidence regions,
that is, the regions in the state space which contain the true
state with high probability.[38–40] Making rigorous and reli-
able statements about the system requires region estimates.[41]

The confidence regions are subsets of the state space in which
the true state lies in with high probability (see Fig. 13), inde-
pendently of any prior assumption on the distribution of the
possible states.[40–42]

.



↩.
↩    

z

.



↩.

z

x y

↩    
x y

Fig. 13. Point estimators, like the maximum likelihood estimate ρ̂MLE
shown on the left, cannot provide meaningful and rigorous statements
about the true (but unknown) state ρ . However if we replace the point
estimators with region estimators, like the likelihood-ratio confidence
region shown on the right, then region R̂ defines an assertion — ρ

lies within R̂ with 90% certainty — that is rigorously valid. The es-
timates shown here come from simulated measurements on 60 copies
of a single-qubit state, with 20 measurements each of σx, σy, and σz
yielding +/− counts of 7/13, 9/11, and 3/17, respectively.[41]

At the same time, the MLE and the BME are opti-
mal when the quantum resources are infinite, however most
of time, the quantum resources are finite. Recently, scien-
tists are working on how to improve the precision with finite
resources.[43–49] Adaptive quantum state tomography can help
enhance the precision. If N denotes the number of measure-
ment trials and N is sufficiently large, it is known in the 1-
qubit state estimation that the expectation value of infidelity

averaged over states, a measure of the estimation error, can de-
crease at best O(N−3/4) in a nonadaptive experiment,[50] com-
pared to O(N−1) in the adaptive experiments,[46] as shown in
Fig. 14.

2.3.2. Quantum process tomography

Quantum process tomography (QPT) deals with identi-
fying an unknown quantum dynamical process. There are
two ways for quantum process tomography. One is using
the known quantum states to probe a quantum process and
find out how the process can be described by quantum state
tomography.[37,51–55] The first approach, introduced in 1996
and sometimes known as the standard quantum process to-
mography (SQPT), involves preparing an ensemble of quan-
tum states, sending them through the process, and then using
quantum state tomography to identify the resultant states.[51]

Other techniques include ancilla-assisted process tomogra-
phy (AAPT) and entanglement-assisted process tomography
(EAPT), which require an extra copy of the system.[37]

All the techniques listed above are known as indirect
methods for the characterization of quantum process, since
they require the use of quantum state tomography to recon-
struct the quantum process. In contrast, there are direct meth-
ods, such as the direct characterization of quantum dynam-
ics (DCQD), which provide a full characterization of quantum
systems without any state tomography.[56–60]

With the development of quantum techniques, quantum
states with more and more qubits can be prepared. A fun-
damental difficulty in demonstrating quantum state (process)
tomography is that the required resources grow exponen-
tially with the system size. Now, it is research hotspots
to reduce the measurement bases and time for data analysis
processes.[49,61–65] Cramer et al. presented two tomography
schemes that scale much more favorably with system size than
the direct tomography.[61] one of them requires unitary opera-
tions on a constant number of subsystems, whereas the other
requires only local measurements together with more elabo-
rate post-processing. Both rely only on a linear number of
experimental operations and post-processing that is polyno-
mial in the system size. Recently, scientists adopt techniques
from compressive sensing to develop experimentally efficient
methods for QST and QPT[63,64] and proposed a technique
for performing quantum state tomography on multiple-qubit
states despite the incomplete knowledge about the unitary op-
erations used to change the measurement basis, named the
self-calibrating quantum state tomography.[65]

Beside the above research areas, quantum metrology
has many other branches, such as quantum optical co-
herent tomography,[66–68] quantum positioning and clock
synchronization,[69–72] and quantum radar.[73–75]
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Fig. 14. Point wise expected loss ∆̄N(uN ,𝑠est|𝑠) against the number of trials N ( the horizontal and vertical axes are both in
logarithmic scale): (a) HS-P1, (b) HS-P2, and (c) HS-P3 are the expected squared Hilbert–Schmidt distances for 𝑠 given by
(r,θ ,φ) = (0,0,0),(0.99,0,0),(0.99,4,4), and (d) IF-P1, (e) IF-P2, and (f) IF-P3 are the expected infidelities for the same three
true states, respectively. The number of measurement trials, Nmax, is 10000, and the number of sequences used for the calculation of
statistical expectation values, Nmean, is 1000.[46]

3. Conclusion and perspectives

Quantum metrology is the study of making high-
resolution and highly-sensitive measurements of physical pa-
rameters, classical and quantum parameters, using quantum
theory to describe the physical systems, particularly exploit-
ing the quantum entanglement and quantum squeezed states.

With great improvements in controlling quantum sys-
tems, quantum metrology has attracted a lively interest in re-
cent years and great achievements have been gained, as shown
in this paper. It is demonstrated that quantum metrology can
give better precision than the same measurement performed
in a classical framework when consuming commensurable re-

sources. This means that quantum metrology can use less re-
sources and obtain more precise measurements. However be-
cause of the limit of quantum techniques, quantum metrology
is at the early research stage, plenty of theoretical and exper-
imental techniques need to be developed, such as the tech-
nique of quantum state preparation, especially for multi-qubit
states, high efficiency quantum measurement methods, and
high precision quantum measurement techniques. These are
the impassable science problems in the development of quan-
tum metrology.

In conclusion, we anticipate that quantum metrology will
be broadly used in near future and it will promote the devel-
opment of quantum information sciences, both theoretically
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and experimentally, because it has higher precision than the
classical metrology and the quantum parameters can only be
measured by quantum metrology.
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