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Analyses of the endoreversible Carnot cycle with
entropy theory and entransy theory∗
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The endoreversible Carnot cycle is analyzed based on the concepts of entropy generation, entropy generation number,
entransy loss, and entransy loss coefficient. The relationships of the cycle output power and heat-work conversion efficiency
with these parameters are discussed. For the numerical examples discussed, the preconditions of the application for these
concepts are derived. When the inlet temperatures and heat capacity flow rates of hot streams and environment temperature
are prescribed, the results show that the concepts of entropy generation and entransy loss are applicable. However, in the
presence of various inlet temperatures of streams, larger entransy loss rate still leads to larger output power, while smaller
entropy generation rate does not. When the heat capacity flow rates of hot streams are various, neither larger entransy loss
rate nor smaller entropy generation rate always leads to larger output power. Larger entransy loss coefficient always leads to
larger heat-work conversion efficiency for the cases discussed, while smaller entropy generation number does not always.
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1. Introduction
The energy conservation has attracted more and more at-

tention because of the energy crisis.[1–5] Heating or cooling
objects and doing work are the main purposes of heat trans-
port, which correspond to heat transfer and heat-work conver-
sion, respectively. The optimization of these processes can
benefit energy utilization and the reduction in energy con-
sumption.

Researchers have done much work on the heat trans-
fer optimization with the minimum entropy generation as a
figure of merit.[6,7] However, there are limitations when us-
ing the entropy generation minimization in heat transfer op-
timization. Shah and Skiepko[8] analyzed 18 kinds of heat
exchanger and showed that the heat exchanger effectiveness
can be maximum, intermediate, or minimum at the maxi-
mum entropy generation. The concept of entransy was pro-
posed in 2007 by the analogy between heat and electrical
conductions.[9] Guo et al.[9] derived the extremum entransy
dissipation principle and the minimum entransy-dissipation-
based thermal resistance principle, which have been widely
used to optimize heat conduction,[9–16] heat convection,[17,18]

thermal radiation,[19,20] heat exchangers,[21–23] and thermal
networks.[24,25] All the applications show that the entransy
theory is effective for heat transfer optimization and can avoid
the paradox similar to the entropy generation paradox.[8]

In the heat-work conversion optimization, the entropy
generation minimization is usually used as the optimization
criterion to thermodynamic cycles because the entropy gener-

ation represents the ability loss of doing work.[26] For instance,
Myat et al.[27] demonstrated that the minimization of entropy
generation in an absorption cycle leads to the maximization of
the COP in their analyses of an absorption chiller. However,
there are cases that are not in accordance with the entropy gen-
eration minimization in heat-work conversion optimization.
The investigation of the refrigeration systems with entropy
generation for heat-work conversion by Klein and Reindl[28]

showed that minimizing the entropy generation rate does not
always result in the same design as maximizing the system
performance unless the refrigeration capacity is fixed. Cheng
et al.[29] revealed that the entropy generation could not be re-
lated to the net work change in the air standard cycle when
the heat absorbed by the working fluid is from the combustion
reaction of the gas fuel.

On the other hand, the entransy theory has been extended
to the analyses of heat-work conversion processes.[27–37]

Cheng et al.[30] defined the concept of entransy loss. For
an endoreversible thermodynamic cycle, the entransy loss is
the difference between entransy flow into the system and that
out of the system, which is also the summation of the en-
transy dissipation due to heat transfer and the entransy vari-
ation (work entransy) resulting from the heat-work conver-
sion. Researches demonstrated that the concept of entransy
loss is suitable for heat-work conversion optimization with
some preconditions,[29–37] while the entropy generation mini-
mization is not always suitable.[29,33–35]

Furthermore, the concept of entransy loss coefficient is
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proposed based on the concept of entransy loss to optimize the
heat-work conversion efficiency.[31] Zhou et al.[35] used this
concept to optimize the heat-work conversion efficiency in ir-
reversible Carnot cycle. In this paper, the preconditions for the
application of these optimization methods are discussed with
the endoreversible Carnot cycle.

2. Entransy loss and entransy loss coefficient
Cheng et al.[30] proposed the concept of entransy loss,

which is the difference between the entransy flow into and out
of the system,

Gloss = QinTin −QoutTout, (1)

where Qin is the total heat flow rate into the system, Qout is that
out of the system, Tin is the equivalent temperature weighted
by the heat flow rate into the system, and Tout is that weighted
by the heat flow rate out of the system. They satisfy

Tin = Gin/Qin =

(∫
Ain

qinT dAin +
∫

V
QiT dV

)
/Qin, (2)

Tout = Gout/Qout =
∫

Aout
qoutT dAout/Qout, (3)

where Gin is the total entransy flow rate into the system, Gout is
that out of the system, Qi is the inner heat source of the system,
Ain is the boundary surface area through which the heat flux qin

comes in, and Aout is the boundary surface area through which
the heat flux qout goes out.

The entransy loss is the entransy decrease of the heat
sources during the heat-work conversion process, which is also
the utilized entransy for heat-work conversion. With the en-
ergy conservation, equation (1) can become[30]

Gloss = Qin(Tin −Tout)+WTout, (4)

where W is the output power. The maximum entransy loss
corresponds to the maximum output power when Qin, Tin, and
Tout are prescribed.

The entransy loss coefficient ηG is defined as the ratio of
entransy loss to the total entransy flow into the system,[31]

ηG = Gloss/Gin = (QinTin −QoutTout)/QinTin. (5)

The heat-work conversion efficiency can be optimized
with the entransy loss coefficient as a figure of merit.[31] Heat-
work conversion efficiency is the ratio of the output power to
the heat flow rate into the system,

ηt =W/Qin. (6)

Combining Eqs. (4) and (6), equation (5) is simplified into

ηG = 1− (1−ηt)Tout/Tin. (7)

It can be found that the maximum entransy loss coefficient
matches the maximum heat-work conversion efficiency when
the ratio of the equivalent temperature weighted by the heat
flow rate into the system to that weighted by the heat flow rate
out of the system is prescribed. For a thermodynamic cycle
working between two heat sources which have infinite heat
capacities and temperatures TH and TL, respectively, we have

Tin = Gin/Qin = TH, (8)

Tout = Gout/Qout = TL. (9)

Therefore, larger entransy loss coefficient is always related to
larger heat-work conversion efficiency for the thermodynamic
cycle system working between prescribed temperatures.

Another dimensionless criterion is the entropy generation
number for heat-work conversion processes,[38] which is de-
fined as

NS1 = Sg/Cmin, (10)

where Cmin is the minimum heat capacity flow rate of the fluids
in the system. The other definition of the entropy generation
number is[39]

NS2 = Sg/Sg,min, (11)

where Sg,min is the minimum entropy generation rate in the
system. As Sg,min is a definite value, this entropy generation
number has the same variation tendency as that of the entropy
generation rate.

3. Optimization of the endoreversible Carnot cy-
cle
The Carnot cycle is an ideal one composed of two re-

versible isothermal processes and two reversible adiabatic pro-
cesses. Considering that time is an important parameter, the
maximum output power should be the optimization objective.
Therefore, the finite time thermodynamics attracts more and
more researchers.[40–43] Chen applied the entransy theory to
the finite time thermodynamic optimization.[44] The endore-
versible Carnot cycle has been widely used in the finite time
thermodynamic investigations.[45–47] It was first proposed by
Curzon and Ahlborn,[48] in which the working medium under-
goes the Carnot cycle.

3.1. Cycle working between a hot stream with finite heat
capacity and the environment

Consider an endoreversible Carnot cycle working be-
tween a hot stream with finite heat capacity and the environ-
ment, as shown in Fig. 1. We assume that the inlet temperature
and outlet temperature of the hot stream are TH−in and TH−out,
the heat capacity flow rate is CH, and the environment temper-
ature is T0. The thermal conductance of the heat exchangers
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between the hot stream and cycle fluid and that between the cy-
cle fluid and the environment are UAh and UAl, respectively.
The temperatures of the working medium on the hot side and
cold side are Th and Tl, respectively.

T

S

TH-inTH-out

CH

Th

Tl

W

T0

Fig. 1. (color online) The schematic of the endoreversible Carnot cycle.

The heat flow rate from the hot stream is

QH =CHεH (TH−in −Th) , (12)

where εH is the effectiveness of the hot side heat exchanger,

εH = 1− exp(−UAh/CH). (13)

The released heat flow rate to the environment is

QL =UAl (Tl −T0) . (14)

The heat flow rates and temperatures of the Carnot cycle
satisfy

QH/Th = QL/Tl. (15)

The absorbed and released heat flow rates, QH and QL,
and the working medium temperature on the cold side Tl can
be determined by Eqs. (12)–(15) with prescribed Th. Accord-
ing to the first law of thermodynamics, the output power is

W = QH −QL. (16)

Treating the thermodynamic cycle and the environment
as a whole system, the total heat flow rate from the hot stream
into the whole system is

Qin =CH(TH−in −T0). (17)

Substituting Eqs. (16) and (17) into Eq. (6) makes the
heat-work conversion efficiency become

ηt = (QH −QL)/[CH(TH−in −T0)]. (18)

When the concept of entropy generation is used to opti-
mize thermodynamic cycles, the entropy generation rate due to

the release of the waste streams into the environment should
be considered. Based on the first law of thermodynamics for
the whole system and Eq. (17), the heat flow rate transferred
from the system into the environment Q0 is

Q0 =CH(TH−in −T0)−W. (19)

The differential entropy balance equation for the whole
endoreversible Carnot cycle is

dS = δSg + dSf, (20)

where dS is the entropy change rate, dSf is the entropy flow
rate, and δSg is the entropy generation rate. As the whole sys-
tem is steady, the entropy change rate dS = 0, and then the
entropy generation rate is

Sg =
∫

δSg =−
∫

dSf =CH ln(T0/TH−in)+Q0/T0, (21)

where the first term on the right side is the entropy flow rate
from the hot stream, and the second term is the entropy flow
rate into the environment.

Similarly, the entransy loss rate into the environment
should also be considered when the concept of entransy loss is
used to optimize the endoreversible Carnot cycle. The whole
system including the endoreversible Carnot cycle and the envi-
ronment is an open system. The entransy loss is the difference
between the entransy flow into the system from the hot stream
and those induced by dumping the used hot stream and the re-
leased heat from the cycle into the environment. According to
Eq. (1), the total entransy loss rate is

Gloss =CH(T 2
H−in −T 2

0 )/2−Q0T0, (22)

where the first term on the right hand side of the equation is
the net entransy flow rate brought into the system by the hot
stream, and the second term is that into the environment.

The total entransy flow rate taken into the system is

Gin =CH(T 2
H−in −T 2

0 )/2. (23)

Substituting Eqs. (22) and (23) into Eq. (5), the entransy
loss coefficient of the endoreversible Carnot cycle is expressed
as

ηG = [CH(T 2
H−in −T 2

0 )−2Q0T0]/[CH(T 2
H−in −T 2

0 )]. (24)

According to Eqs. (2), (3), and (23), we have

Qin =CH(TH−in −T0), (25)

Tin = (TH−in +T0)/2, (26)

Tout = T0. (27)

Considering Eqs. (19), and (23)–(27), we find that larger
entransy loss rate leads to larger output power, and larger en-
transy loss coefficient leads to larger heat-work conversion ef-
ficiency when the inlet temperature TH−in and the heat capacity

110506-3



Chin. Phys. B Vol. 22, No. 11 (2013) 110506

flow rate CH of the hot stream are prescribed. Furthermore, as
Tin in Eq. (26) and Tout in Eq. (27) are fixed for different CH,
larger entransy loss coefficient is still related to larger thermal
efficiency.

For a specific example, assume that CH = 3 W/K, TH−in =

400 K, T0 = 300 K, the thermal conductances of heat exchang-
ers UAh = 100 W/K, and UAl = 80 W/K. The variations of the
output power, entropy generation rate, entransy loss rate, heat-
work conversion efficiency, and entransy loss coefficient with
Th are shown in Fig. 2. The heat capacity flow rate of the
fluid remains constant, and then Cmin remains constant when
Th changes. Based on the two definitions of the entropy gener-
ation number, the variation tendencies of the entropy genera-
tion numbers and the entropy generation rate are consistent. It
is found that both the minimum entropy generation rate and the
maximum entransy loss rate correspond to the maximum out-
put power, while both the minimum entropy generation num-
bers and the maximum entransy loss coefficient correspond to
the maximum heat-work conversion efficiency with prescribed
inlet temperature and heat capacity flow rate of the stream. As
the inlet temperature TH−in and the heat capacity flow rate CH

of the hot stream are fixed, Qin, Tin, and Tout in Eqs. (25)–
(27) are fixed. According to Eq. (4), larger output power cor-
responds to larger entransy loss rate. According to Eq. (7),
larger heat-work conversion efficiency corresponds to larger
entransy loss coefficient.
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Fig. 2. (color online) The variations of the output power, entropy gen-
eration rate, entransy loss rate, heat-work conversion efficiency, and en-
transy loss coefficient with Th.

According to Eq. (10), the minimum heat capacity flow
rate Cmin is just CH. Hence, the entropy generation number
has the same variation tendency as the entropy generation rate
when CH is constant. Assuming Th = 350 K, the variations of
the output power, entropy generation rate, and entransy loss
rate with CH for the whole system are shown in Fig. 3. The
variations of the heat-work conversion efficiency, entropy gen-
eration number, and entransy loss coefficient with CH for the
whole system are shown in Fig. 4. It is shown that neither
smaller entropy generation rate nor larger entransy loss rate al-
ways leads to larger output power, while both smaller entropy

generation numbers and larger entransy loss coefficient lead to
larger heat-work conversion efficiency when the heat capacity
flow rate of the hot stream CH is unfixed. As the inlet tempera-
ture of the hot stream is fixed, Tin and Tout in Eqs. (26) and (27)
are fixed while Qin varies. According to Eq. (7), larger heat-
work conversion efficiency always leads to larger entransy loss
coefficient. For Eq. (4), larger entransy loss may not always
lead to larger output power.
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Fig. 3. (color online) The variations of the output power, entropy gen-
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Fig. 4. (color online) The variations of the heat-work conversion effi-
ciency, entropy generation number, and entransy loss coefficient with
CH.

When the inlet temperature of the hot stream TH−in is
changeable and Th = 350 K, the variations of the output power,
entropy generation rate, entransy loss rate, heat-work conver-
sion efficiency, and entransy loss coefficient with TH−in for the
whole system are shown in Fig. 5. According to Eq. (10),
the minimum heat capacity flow rate Cmin is just CH. There-
fore, the entropy generation numbers have the same variation
tendencies as that of the entropy generation rate for constant
CH. It is shown that larger entransy loss rate leads to larger
output power while smaller entropy generation rate does not,
and larger entransy loss coefficient leads to larger heat-work
conversion efficiency while smaller entropy generation num-
bers do not when the inlet temperature of the hot stream is un-
fixed. When the inlet temperature increases, the output power
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and the heat-work conversion efficiency both increase. Mean-
while, Qin and Tin increase, which results in the increase in
Gloss and ηG.
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Fig. 5. (color online) The variations of the output power, entropy gen-
eration rate, entransy loss rate, heat-work conversion efficiency, and en-
transy loss coefficient with TH−in.

3.2. Cycle working between heat sources with infinite heat
capacity

Figure 6 is an endoreversible Carnot cycle working be-
tween temperatures TH and TL. The heat capacities of the
heat sources are infinite. The thermal conductances of heat
exchangers on each side are UAh and UAl, respectively. When
the working medium temperature on the hot side Th changes,
there is

Qin =UAh(TH −Th). (28)

According to Eqs. (8) and (9), Tin and Tout are prescribed
for the endoreversible Carnot cycle working between the heat
sources with infinite heat capacity. Equation (28) indicates that
Qin changes with Th. Therefore, the maximum entransy loss
coefficient always corresponds to the maximum heat-work
conversion efficiency according to Eq. (7).

For the endoreversible Carnot cycle in Fig. 6, the entropy
generation rate is

Sg =
QL

TL
− QH

TH
. (29)

T

S

TH

TL

W

Th

Tl

Fig. 6. (color online) The schematic of the endoreversible Carnot cycle
working between heat sources with infinite heat capacity.

The entransy loss rate and the entransy loss coefficient are

Gloss = QHTH −QLTL, (30)

ηG =
QHTH −QLTL

QHTH
. (31)

Consider a specific example in which TH = 400 K, TL =

300 K, UAh = 100 W/K, and UAl = 80 W/K. The variations of
the output power, entropy generation rate, entransy loss rate,
heat-work conversion efficiency, and entransy loss coefficient
with Th are shown in Fig. 7. The definition of entropy genera-
tion number in Eq. (11) is not applicable for this case. Based
on the other definition, the minimum entropy generation num-
ber remains constant, and then the entropy generation number
has the same variation tendency as that of the entropy gener-
ation rate. The results show that larger entransy loss coeffi-
cient as well as smaller entropy generation number leads to
larger heat-work conversion efficiency, while neither smaller
entropy generation rate nor larger entransy loss rate leads to
larger output power. According to Eqs. (7)–(9), larger heat-
work conversion efficiency always leads to larger entransy loss
coefficient, but larger entransy loss rate may not lead to larger
output power as Qin is variational in Eq. (4).
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Fig. 7. (color online) The variations of the output power, entropy gen-
eration rate, entransy loss rate, heat-work conversion efficiency, and en-
transy loss coefficient with Th.

In another case, the heat-work conversion efficiency ηt

is set as 0.15, and TH = 400 K, TL = 300 K, UAl = 80 W/K.
The variations of the output power, entropy generation rate,
entransy loss rate, and entransy loss coefficient with UAh are
shown in Fig. 8. The results show that the entransy loss co-
efficient remains constant while the entropy generation rate
increases with increasing UAh when the heat-work conversion
efficiency η t remains constant. The entropy generation num-
ber has the same variation tendency as that of the entropy gen-
eration rate. Larger entransy loss rate is related to larger output
power, while smaller entropy generation rate is not. The en-
transy loss coefficient has the same variation tendency as that
of the heat-work conversion efficiency, while the entropy gen-
eration number does not. As TH and TL are fixed, Tin/Tout is
then fixed in Eq. (7). According to Eq. (7), the entransy loss
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coefficient ηG always corresponds to the heat-work conver-
sion efficiency η t. In this case, the entransy loss coefficient
is constant when the heat-work conversion efficiency remains
constant.

150 160 170 180 190
0.35

0.36

0.37

0.38

0.39

0.40

W
/
k
W

, 
S

g
/
2
.2

5
 W

SK
-

1
, 

G
lo

ss
/
1
0

6
 W

SK
, 
η
G

UAh/WSK-1 

W

Sg

Gloss

ηG

Fig. 8. (color online) The variations of the output power, entropy gen-
eration rate, entransy loss rate, and entransy loss coefficient with UAh.

4. Conclusions
For the endoreversible Carnot cycle discussed, the output

power, entropy generation rate, entransy loss rate, thermal ef-
ficiency, entropy generation number, and entransy loss coeffi-
cient are analyzed for some conditions. When the inlet temper-
atures and heat capacity flow rates of streams are prescribed,
both smaller entropy generation rate and larger entransy loss
rate lead to larger output power, while both smaller entropy
generation number and larger entransy loss coefficient lead
to larger thermal efficiency. When the inlet temperatures of
streams are not given, larger entransy loss rate leads to larger
output power while smaller entropy generation rate does not,
and larger entransy loss coefficient leads to larger heat-work
conversion efficiency while smaller entropy generation num-
ber does not. When the heat capacity flow rates of streams
are not fixed or the heat capacities of heat sources are infinite,
larger entransy loss coefficient is always related to larger heat-
work conversion efficiency, while smaller entropy generation
number is not. Neither smaller entropy generation rate nor
larger entransy loss rate always leads to larger output power.
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