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Bounded consensus tracking of second-order multi-agent systems
with sampling delay under directed networks∗
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The bounded consensus tracking problems of second-order multi-agent systems under directed networks with sam-
pling delay are addressed in this paper. When the sampling delay is more than a sampling period, new protocols based on
sampled-data control are proposed so that each agent can track the time-varying reference state of the virtual leader. By
using the delay decomposition approach, the augmented matrix method, and the frequency domain analysis, necessary and
sufficient conditions are obtained, which guarantee that the bounded consensus tracking is realized. Furthermore, some
numerical simulations are presented to demonstrate the effectiveness of the theoretical results.
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1. Introduction
As one of the fundamental problems in the distributed

control of multi-agent systems, the consensus of multi-agent
systems has been an active research area in the past several
years, the main idea of which is to design appropriate proto-
cols such that each agent updates its own states through local
interaction without a central controller or global communica-
tion, and the states of all the agents may reach an agreement
on certain quantities of value eventually.

Following the work of Olfati-Saber and Murray,[1] which
is looked upon as the typical framework of consensus pro-
tocols for continuous-time first-order multi-agent systems,
Moreau[2] considered the discrete-time consensus protocols
of first-order multi-agent systems employing set-valued Lya-
punov theory. Up to now, there have been several research
topics on consensus problems of first-order multi-agent sys-
tems, such as finite-time consensus,[3,4] asynchronous infor-
mation consensus,[5,6] consensus with time-delays,[7,8] and so
on. Besides, in recent years a lot of research has focused
on the consensus problems of second-order multi-agent sys-
tems, in which agents such as mobile robots can update their
motions directly by their accelerations rather than by their
velocities.[9–11]

Among most of the above literature, the final consen-
sus states are usually functions of all the agents’ states,
which are unknown in advance. However, agents are of-
ten required to converge to a desired common value in
real applications, which can be classified as the consensus
tracking,[12] where all the agents exchange their own state
information with their neighbors as the goal of tracking a
time-varying reference state available to only a portion of

agents. Ren[13] solved the consensus tracking problems by
proposing the proportional and derivative like consensus pro-
tocols of leader-following multi-agent systems. Other major
issues concerning the study of consensus tracking include the
controllability,[14] the distributed observer design,[15] and the
connection maintenance[16] to name but a few.

With the broad applications of digital communication and
control in distributed systems, some problems such as the re-
liability of information channels, the constraints of the net-
work’s bandwidth and the communication cost must be paid
attention to. Considering it is difficult to ensure the con-
tinuity of full-state information transmission in many cases,
the research about consensus of multi-agent systems based
on sampled-data control is of great significance, where each
agent can obtain the measurements just at sampling instants.
Sampled-data consensus of second-order multi-agent systems
had been widely developed by then.[17,18] Necessary and suffi-
cient conditions that guarantee second-order multi-agent sys-
tems via sampled control to achieve consensus with zero
relative positions and a common velocity were obtained in
Ref. [19]. In addition, the sampled-data consensus problems
of second-order multi-agent systems under undirected and di-
rected topologies were discussed in Refs. [20] and [21], re-
spectively.

In engineering applications, how to choose the sampling
period guaranteeing the multi-agent system runs well should
be taken into account. Li and Zhang[22] proved that when the
sampling size was sufficiently small, the static mean square
error between the individual state and the average initial states
of all agents was arbitrarily small. Moreover, sampling de-
lays might cause the system to oscillate or diverge, thus the
delay effects on the stability of multi-agent systems cannot be
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ignored. The cases of sampling delay less than a sampling pe-
riod have been considered in Refs. [23] and [24]. However,
to the best of our knowledge, the case that sampling delay is
more than a sampling period in second-order multi-agent sys-
tems under a directed network topology has not been studied.

Different from the aforementioned literature, our main
idea is to investigate the bounded consensus tracking problems
of second-order multi-agent systems under directed networks,
where the control input of the individual can only use the infor-
mation measured at the sampling instant from its neighbors or
the virtual leader with a time-varying reference state, and the
measurements are corrupted by sampling delay, which might
be more than a sampling period. Then, we will explore nec-
essary and sufficient conditions to guarantee the bounded con-
sensus tracking.

An outline of the rest of this paper is as follows. In Sec-
tion 2, we review some concepts in algebra graph theory and
provide some useful lemmas. Section 3 presents the bounded
consensus tracking protocols based on sampled-data control,
and Section 4 investigates the convergence of the second-order
multi-agent systems under directed networks with sampling
delay. Numerical simulation results are provided to illustrate
the utility of the theoretical results in Section 5. Finally, Sec-
tion 6 concludes the whole paper.

Throughout this paper, 0n, 1n, 0n×n and 𝐼n denote the n-
dimensional column vector with all zeros, the n-dimensional
column vector with all ones, the n× n matrix with all zeros,
and the n×n identity matrix, respectively. Let λ ∈C be a com-
plex number, Re(λ ), Im(λ ), and |λ | be the real part, the imag-
inary part, and the modulus of λ , respectively, then we have
λ = Re(λ )+ i Im(λ ), where i is the imaginary unit. For a n-
dimensional matrix 𝑀 , λi(𝑀) (i ∈ 𝐼) denote all of its eigen-
values. Meanwhile, λmax(𝑀) is the maximum eigenvalue of
𝑀 . The norm, the determinant, and the trace of matrix 𝑀 are
denoted by ‖𝑀‖, det(M), and Tr(𝑀), respectively.

2. Brief review of graph theory and useful lem-
mas
Graph theory is an effective tool in modeling the interac-

tion topology among agents. A set of nodes 𝑉 = {1,2, . . . ,n},
a set of edges 𝐸 ⊆ 𝑉 ×𝑉 , and a weighted adjacency matrix
𝐴 = [ai j] ∈𝑅n×n compose a weighted directed graph (or di-
graph for short) 𝐺 = (𝑉 ,𝐸,𝐴). An edge of 𝐺 is denoted
by ei j = (i, j), which starts from i and ends on j. The ad-
jacency elements associated with the edges are positive, i.e.,
ei j ∈𝐸⇔ ai j > 0, and we assume aii = 0 for all i ∈ 𝐼 . Thus,
the adjacency elements ai j are nonnegative.

The set of neighbors of node i is denoted by Ni = { j ∈
𝑉 : ei j ∈ 𝐸}. The Laplacian matrix of the digraph G is de-
fined as 𝐿 = [li j] ∈ 𝑅n×n, where lii = ∑

j 6=i
ai j and li j = −ai j

(i 6= j). An important fact of 𝐿 is that all the row sums are
zero, so 𝐿 has a right eigenvector 1n associated with the zero
eigenvalue. A directed path between two distinct nodes i and j
means a finite ordered sequence of ordered edges whose form
is like (i,k1),(k1,k2), . . . ,(kl , j) in a digraph. If there exists a
path from node i to node j, we say that j is reachable from i. A
digraph G is strongly connected if there is a path between any
two distinct nodes. Moreover, for node i, if there exists a path
from any other nodes to node i, the node i is said to be globally
reachable, which is much weaker than strong connectedness.

The following lemmas will play important roles in the
convergence analysis of bounded consensus tracking.

Lemma 1 (Schur’s formula) Let 𝑀1, 𝑀2, 𝑀3, 𝑀4 ∈
Rn×n, where n denotes the dimension of a matrix, then

det
([

M1 M2
M3 M4

])
= det(M1M4−M3M2), if 𝑀1, 𝑀2, 𝑀3,

and 𝑀4 commute pairwise.
Lemma 2 All eigenvalues of a matrix 𝑀 ∈ 𝑅n×n are

within the unit circle, if and only if there exists a matrix norm
‖·‖∗ such that ‖M‖∗ < 1.[25]

Lemma 3 (Hermite–Biehler theorem) The polynomial
f (σ) = f (iω) = p(ω)+ iq(ω) is Hurwitz stable if and only if
the related pair p(ω) and q(ω) are interlaced, and p(0)q′(0)−
p′(0)q(0)> 0, where ω ∈ R.[26]

Lemma 4 Given a digraph 𝐺 composed of n agents, the
matrix 𝐻 =𝐵+𝐿 must be positively stable if and only if the
virtual leader is globally reachable, i.e., all the eigenvalues of
𝐻 have positive real parts, where the matrices 𝐵 and 𝐿 are
the leader adjacency matrix and the Laplacian matrix associ-
ated with 𝐺, respectively.[27]

3. Consensus protocols based on sampled-data
control
Consider the second-order multi-agent systems modeled

by {
ẋi(t) = yi(t),
ẏi(t) = ui(t),

(1)

where i ∈ 𝐼 , xi ∈𝑅, and yi ∈𝑅 are the position state and the
velocity state of agent i, respectively, and ui ∈𝑅 is the asso-
ciated control input, which is called the protocol. Note that xi

and yi may also represent other physical quantities, for exam-
ple, xi may play the role of altitude or heading angle, while yi

may mean climb rate or angular velocity of agent i.
For the continuous-time multi-agent systems (1), a classi-

cal consensus protocol was proposed as[28]

ui(t) =− ∑
j∈Ni

ai j [(x j(t)− xi(t))+α(y j(t)− yi(t))], (2)

where i ∈ 𝐼 and α > 0 is a constant feedback gain. The
consensus protocol (2) is said to solve a consensus problem
asymptotically if xi(t)→ x j(t) and yi(t)→ y j(t), ∀i 6= j, as
t→ ∞ for any xi(0) and y j(0).
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Furthermore, for the leader-following multi-agent sys-
tems, Ren[29] supposed all the agents with access to the virtual
leader, and proposed the following continuous-time consensus
tracking protocol:

ui(t) = ẏ0(t)−β
[
(xi(t)− x0(t))+α(yi(t)− y0(t))

]
+ ∑

j∈Ni

ai j [(x j(t)− xi(t))+α(y j(t)− yi(t))], (3)

where i ∈ 𝐼 , α > 0, and β > 0 are constant feedback gains. If
all the agents track the virtual leader with the desired reference
state (x0(t),y0(t)), i.e., xi(t)→ x0(t), yi(t)→ y0(t), ∀i ∈ I, as
t → ∞ for all xi(0) and yi(0), then the consensus tracking is
reached under the protocol (3).

By using the direct discretization in Ref. [30], the
continuous-time system (1) becomes the following discrete-
time sampled-data model:{

xi(kT +T ) = xi(kT )+Tyi(kT )+0.5T 2ui(kT ),
yi(kT +T ) = yi(kT )+Tui(kT ),

(4)

where k = 0,1, . . . , i ∈ 𝐼 , T > 0 represents the sampling pe-
riod, and k represents the discrete-time index.

Denote

τs = mT + ε, (5)

where τs > 0 represents the sampling delay, m is a nonnegative
integer, and ε ∈ [0,T ).

Assume that only a portion of agents have access to the
virtual leader, then the following consensus tracking protocol
based on sampled-data with the sampling delay is proposed,
which is induced from the continuous-time consensus track-
ing protocol (3):

ui(t) =



bi

{
1
T
[y0(kT −mT −T )− y0(kT −mT −2T )]

−{[xi(kT −mT −T )− x0(kT −mT −T )]

+α[yi(kT −mT −T )− y0(kT −mT −T )]}
}

+ ∑
j∈Ni

ai j{[x j(kT −mT −T )− xi(kT −mT −T )]

+α[y j(kT −mT −T )− yi(kT −mT −T )]},
t ∈ [kT,kT + ε),

bi

{
1
T
[y0(kT −mT )− y0(kT −mT −T )]

−{[xi(kT −mT )− x0(kT −mT )]

+α[yi(kT −mT )− y0(kT −mT )]}
}

+ ∑
j∈Ni

ai j{[x j(kT −mT )− xi(kT −mT )]

+α[y j(kT −mT )− yi(kT −mT )]},
t ∈ [kT + ε,kT +T ),

k = 0,1,2, . . . ; i ∈ I. (6)

Here, the constant feedback gain bi > 0, if the virtual leader is
a neighbor of the agent i, otherwise bi is equal to zero. Thus,
the leader adjacency matrix 𝐵 = diag(b1,b2, . . . ,bn).

Definition 1 The protocol (6) is called a bounded consen-
sus tracking protocol, if the second-order multi-agent systems
(4) using the protocol (6) has the property of{

limk→∞

∥∥xi(kT )− x0(kT )
∥∥≤C < ∞,

limk→∞

∥∥yi(kT )− y0(kT )
∥∥≤C < ∞,

∀i ∈ 𝐼,

where C is a bounded positive constant independent of k.

4. Bounded consensus tracking analysis
The convergence analysis of consensus problems under

directed network topologies is more challenging than that un-
der undirected topologies due to the complexity of directed
topologies. In addition, the research on undirected topologies
may be looked upon as a special case of directed topologies,
for the strong connected directed topology is equivalent to the
undirected topology. In this section, we will find the necessary
and sufficient conditions guaranteeing the system (4) using the
protocol (6) to achieve the bounded consensus tracking.

Employing the augmented matrix method, some other
mathematical technologies and stability criterion, we obtain
the following main results.

Theorem 1 Consider a directed network topology 𝐺

composed of n agents, and the virtual leader is globally reach-
able. Then, the second-order multi-agent system (4), applying
the consensus tracking protocol (6), achieves bounded consen-
sus tracking if and only if all the roots of the following equa-
tion:

sm+3−2sm+2 + sm+1 +(0.5T +α)(T − ε)λi(H)s2

+(0.5T 2−αT +2αε)λi(H)s+(0.5T −α)ελi(H) = 0 (7)

are within the unit circle.
Proof Substituting the piecewise protocol (6) into the

system (4) leads to

𝑥(kT +T )

= x(kT )+Ty(kT )+0.5T ε

{
B
T
[y0(kT −mT −T )

−y0(kT −mT −2T )]1n

−B{[x(kT −mT −T )− x0(kT −mT −T )1n]

+α[y(kT −mT −T )− y0(kT −mT −T )1n]}

−L[x(kT −mT −T )+αy(kT −mT −T )]
}

+0.5T (T − ε)

{
B
T
[y0(kT −mT )

−y0(kT −mT −T )]1n−B{[x(kT −mT )

−x0(kT −mT )1n]+α[y(kT −mT )− y0(kT −mT )1n]}
−L[x(kT −mT )+αy(kT −mT )]},
𝑦(kT +T )

= y(kT )+ ε

{
B
T
[y0(kT −mT −T )

−y0(kT −mT −2T )]1n
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−B{[x(kT −mT −T )− x0(kT −mT −T )1n]

+α[y(kT −mT −T )− y0(kT −mT −T )1n]}

−L[x(kT −mT −T )+αy(kT −mT −T )]
}

+(T − ε)

{
B
T
[y0(kT −mT )− y0(kT −mT −T )1n]

−B{[x(kT −mT )− x0(kT −mT )1n]

+α[y(kT −mT )− y0(kT −mT )1n]}

−L[x(kT −mT )+αy(kT −mT )]
}
,

k = 0,1,2, . . . ; i ∈ 𝐼, (8)

where 𝑥(kT ) = [x1(kT ),x2(kT ), . . . ,xn(kT )]T and y(kT ) =

[y1(kT ),y2(kT ), . . . ,yn(kT )]T.
Set ∆x(kT ) = [x1(kT )− x0(kT ), x2(kT )− x0(kT ), . . .,

xn(kT ) − x0(kT )]T, ∆y(kT ) = [y1(kT ) − y0(kT ), y2(kT ) −
y0(kT ), . . ., yn(kT ) − y0(kT )]T and ∆z(kT ) = [∆x(kT ),
∆y(kT )]T. Define the tracking error vector as 𝛿(kT ) =

[∆𝑧(kT ), ∆𝑧(kT − T ), . . ., ∆𝑧(kT −mT − T )]T. Note that
𝐿1n = 0n. Combining (8) and the following m+ 1 auxiliary
equations: 

∆𝑧(kT ) = ∆𝑧(kT ),
∆𝑧(kT −T ) = ∆𝑧(kT −T ),

...
∆𝑧(kT −mT ) = ∆𝑧(kT −mT ),

we can obtain

𝛿(NT ) = 𝑃 N𝛿(0)

+
N−1

∑
k=0

𝑃 N−k−1 [𝑈 0(kT ),𝑉 0(kT ),02(m+1)n
]T

, (9)

where δ (0) means the initial state of the tracking error vector
𝛿(kT ),

𝑈 0(kT ) = [−x0(kT +T )+ x0(kT )+Ty0(kT )]1n

+0.5B{ε[y0(kT −mT −T )

−y0(kT −mT −2T )]+(T − ε)

× [y0(kT −mT )− y0(kT −mT −T )]}1n,

V 0(kT ) = [−x0(kT +T )+ x0(kT )+Ty0(kT )]1n

+
B
T
{ε[y0(kT −mT −T )

−y0(kT −mT −2T )]+(T − ε)

× [y0(kT −mT )− y0(kT −mT −T )]}1n,

and

𝑃 =



𝑄0 02n×2n . . . 02n×2n −𝑄1 −𝑄2
𝐼2n 02n×2n . . . 02n×2n 02n×2n 02n×2n

02n×2n 𝐼2n02n×2n . . . 02n×2n 02n×2n
...

. . . . . . . . .
...

...
02n×2n . . . 02n×2n 𝐼2n02n×2n 02n×2n
02n×2n 02n×2n . . . 02n×2n 𝐼2n 02n×2n


,

with

𝑄0 =

[
𝐼n 𝑇𝐼n

0n×n 𝐼n

]
,

𝑄1 =

[
0.5T (T − ε)H 0.5αT (T − ε)H
(T − ε)H α(T − ε)H

]
,

𝑄2 =

[
0.5T εH 0.5T εαH

εH εαH

]
.

According to Lemma 1, the characteristic polynomial of 𝑃 is

F(s) = det
(
s𝐼2(m+2)n−𝑃

)
= det

([
sm+1𝐼2n− sm𝑄0 s𝑄1 +𝑄2

−𝐼2n s𝐼2n

])
= det

(
sm+2𝐼2n− sm+1𝑄0 + s𝑄1 +𝑄2

)
= s(m+1)n

Π
n
i=1{sm+3−2sm+2 + sm+1

+[0.5T (T − ε)+α(T − ε)]λi(𝐻)s2

+(0.5T 2−αT +2αε)λi(𝐻)s

+(0.5T ε−αε)λi(𝐻)}.

Obviously, the characteristic equation F(s) = 0 has (m+

1)n roots equal to zero. Therefore, ρ(P) < 1 if and only if
all the roots of Eq. (7) are within the unit circle, where ρ(P)
denotes the spectral radius of P.

From Lemma 2, which is necessary and sufficient, we
can draw the conclusion that when all the roots of Eq. (7) are
within the unit circle, i.e., ρ(P)< 1, there exists a matrix norm
‖·‖∗ such that

‖P‖∗ < 1. (10)

Based on the equivalence of matrix norms, there exists a
constant C∗ > 0 such that ‖·‖∗ ≤C2 ‖·‖2. In addition, we as-
sume that the changing rate of the velocity state of the virtual
leader is bounded, i.e.,∣∣∣∣ 1
T
[𝑦0(kT +T )−𝑦0(kT )]

∣∣∣∣≤ ξ
0 <∞, ∀T > 0, k = 0,1,2, . . .

Then, from (9), we obtain

‖𝛿(NT )‖∗
≤
∥∥𝑃 N∥∥

∗ ‖𝛿(0)‖∗

+

∥∥∥∥∥N−1

∑
k=0

𝑃 N−k−1 [𝑈 0(kT ),𝑉 0(kT ),02(m+1)n
]T∥∥∥∥∥
∗

≤ C2 ‖𝛿(0)‖2 ‖𝑃 ‖
N
∗

+C2T ξ
0
√

T 2(
√

n+0.5
√

Tr(𝐵))2 +(
√

n+
√

Tr(𝐵))2

× 1−‖𝑃 ‖N−1
∗

1−‖𝑃 ‖∗
. (11)

Combining (10) and (11) leads to

lim sup
N→∞

‖𝛿(NT )‖∗
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≤ C2T ξ 0

1−‖𝑃 ‖∗

√
T 2(
√

n+0.5
√

Tr(𝐵))2 +(
√

n+
√

Tr(𝐵))2,

which further yields

lim sup
N→∞

∥∥∥∥( 𝑥(NT )−𝑥0(NT )1n
𝑦(NT )−𝑦0(NT )1n

)∥∥∥∥
∗

≤ C2T ξ 0

(m+2)(1−‖P‖∗)

×
√

T 2(
√

n+0.5
√

Tr(𝐵))2 +(
√

n+
√

Tr(𝐵))2 < ∞.

According to Definition 1, under the given conditions,
the second-order multi-agent system (4), applying the consen-
sus tracking protocol (6), can achieve the bounded consensus
tracking. Thus, Theorem 1 is proved.

Remark 1 In the above analysis, we assume (𝑥i(−lT ),
𝑦i(−lT )) = (𝑥i(0),𝑦i(0)), i ∈ 𝐼 , and (𝑥0(−lT ), 𝑦0(−lT )) =
(x0(0),y0(0)), l = 1,2, . . . ,m + 1, which does not affect the
results obtained in Theorem 1.

Remark 2 In the delay decomposition expression (5), for
given sampling delay τs, m increases with the decrease in T .
When m is large, it is not easy to derive the explicit allowable
scope of the sampling period T and the sampling delay τs from
the condition (7).

Employing the particular delay decomposition technol-
ogy (5), we have the following corollaries from Theorem 1.

Corollary 1 Consider a directed network topology 𝐺

composed of n agents, and the virtual leader is globally reach-
able. Then the multi-agent system (4), applying the consensus
tracking protocol (6) with m = 0 and Im(λ ) = 0, achieves the
bounded consensus tracking if and only if the following three
conditions

α
2 <

1
Re(λmax)

, (12)

T > max

2
√
[
√

Re(λ )α−1]2 +1+2√
Re(λ )

 , (13)

and

max
{

Re(λ )T 2−4
2Re(λ )(T −2α)

,
T
2
− 1

α Re(λ )
,

[Re(λ )(T 2−4α2)−4]−
√

∆ f1(τs)

2Re(λ )(T −2α)

}
< τs

< min

{
[Re(λ )(T 2−4α2)−4]+

√
∆ f1(τs)

2Re(λ )(T −2α)
,α,T

}
(14)

hold simultaneously.
Proof Obviously, Corollary 1 is one of the special cases

of Theorem 1. When m = 0, i.e., 0 ≤ τs = ε < T , Eq. (7)
becomes the following equation with complex coefficients:

s3 + [(0.5T +α)(T − τs)λi(H)−2]s2 +[(0.5T 2−αT

+ 2ατs)λi(H)+1]s+(0.5T −α)τsλi(H) = 0. (15)

Applying the bilinear transformation σ = φ(s) = s+1
s−1 , we

obtain a new polynomial associated with Eq. (15) as follows:

f (σ) = (σ −1)3
{
(σ +1)3

(σ −1)3 +[(0.5T +α)(T − τs)λi(H)−2]

× (σ +1)2

(σ −1)2 +[(0.5T 2−αT +2ατs)λi(H)+1]

× σ +1
σ −1

+(0.5T −α)τsλi(H)

}
= T 2

λi(H)σ3 +2T λi(H)(α− τs)σ
2

+[(2T τs−T 2−4ατs)λi(H)+4]σ

+2αλi(H)(2τs−T )+4.

Note λ = Re(λ )+ i Im(λ ), the above equation is rewritten as

f1(σ)

= σ
3 +

2(α− τs)

T
σ

2

+
(2T τs−T 2−4ατs) |λi(H)|2 +4Re(λ )−4Im(λ )i

T 2 |λi(H)|2
σ

+
2α |λi(H)|2 (2τs−T )+4Re(λ )−4Im(λ )i

T 2 |λi(H)|2
. (16)

Let σ = iω , and f1(σ) = f1(𝑖ω) = p1(ω)+ iq1(ω), then we
obtain

p1(ω) = −2(α− τs)

T
ω

2 +
4Im(λ )ω

T 2 |λi(H)|2

+
2α |λi(H)|2 (2τs−T )+4Re(λ )

T 2 |λi(H)|2
,

q1(ω) = −ω
3 +

[(2T τs−T 2−4ατs) |λi(H)|2 +4Re(λ )]ω

T 2 |λi(H)|2

− 4Im(λ )

T 2 |λi(H)|2
.

Denote the roots of p1(ω) and q1(ω) as p1, p2 and
q1,q2,q3, respectively. From Lemma 3, the polynomial (16)
is Hurwitz stable if and only if the following conditions hold
simultaneously:

q1 < p1 < q2 < p2 < q3, (17)

p1(0)q′1(0)− p′1(0)q1(0)> 0. (18)

Under the special condition that Im(λ ) = 0, we can obtain
λi(H) = Re(λ )> 0 (invoking Lemma 4). The quadratic poly-
nomial

p1(ω) =−2(α− τs)

T
ω

2 +
2α Re(λ )(2τs−T )+4

T 2 Re(λ )

has two different real roots if and only if

α Re(λ )(2τs−T )+2
T Re(λ )(α− τs)

> 0,
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and the roots of p1(ω) are respectively given by

p1 =−

√
α Re(λ )(2τs−T )+2

T Re(λ )(α− τs)
,

p2 =

√
α Re(λ )(2τs−T )+2

T Re(λ )(α− τs)
.

As a result, all the roots of Eq. (15) are within the unit
circle, we have

(0.5T −α)τs |λi(H)|< 1⇔ T −2α <
2

τs |λi(H)|
,

then we have the condition

α Re(λ )(2τs−T )+2
T Re(λ )(α− τs)

> 0⇔ T
2
− 1

α Re(λ )
< τs < α. (19)

If the inequality

(2T τs−4ατs−T 2)Re(λ )+4 > 0

⇔ τs >
Re(λ )T 2−4

2Re(λ )(T −2α)
(20)

holds, the quadratic polynomial

q1(ω) =−ω
3 +

[(2T τs−T 2−4ατs)Re(λ )+4]ω
T 2 Re(λ )

has three different real roots as follows:

q1 =−

√
(2T τs−4ατs−T 2)Re(λ )+4

T 2 Re(λ )
, q2 = 0,

q3 =

√
(2T τs−4ατs−T 2)Re(λ )+4

T 2 Re(λ )
.

According to the condition (17), we can obtain

(2T τs−4ατs−T 2)Re(λ )+4
T 2 Re(λ )

>
α Re(λ )(2τs−T )+2

T Re(λ )(α− τs)

⇔ f1(τs) = 2Re(λ )(2α−T )τ2
s

−[4+Re(λ )(4α
2−T 2)]τs +2(2α−T )> 0. (21)

By simple calculation, we obtain

p1(0) =
2α |λi(H)|2 (2τs−T )+4Re(λ )

T 2 |λi(H)|2
,

p′1(0) =
4Im(λ )

T 2 |λi(H)|2
,

q1(0) =−
4Im(λ )

T 2 |λi(H)|2
,

q′1(0) =
[(2T τs−T 2−4ατs) |λi(H)|2 +4Re(λ )]

T 2 |λi(H)|2
.

Then, the inequality (18) is simplified into the following
inequality:

2α Re(λ )(2τs−T )+4
T 2 Re(λ )

× (2T τs−T 2−4ατs)Re(λ )+4
T 2 Re(λ )

> 0

⇔ f2(τs) = 4α Re2(λ )(T −2α)τ2
s

+4Re(λ )T [1+α Re(λ )(α−T )]τs

+[α Re(λ )T −2][Re(λ )T 2−4]> 0, (22)

with ∆ f2(τs) = 16Re2(λ )
{
[1+α2 Re(λ )]T −4α

}2 ≥ 0, and
the two roots of f2(τs) = 0 are as follows:

τs1 =
4−Re(λ )T 2

2Re(λ )(2α−T )
, τs2 =

α Re(λ )T −2
2α Re(λ )

.

When T < 2α , combining the conditions (19) and (20),
the condition (22) is equivalent to the empty set. When
T > 2α , from the conditions (19) and (20), we can have

Re(λ )T 2−4
Re(λ )(2T −4α)

< α ⇒ 4α
2 < (T −α)2 +3α

2

<
4

Re(λ )
⇒ α

2 <
1

Re(λ )
. (23)

The condition (21) is equivalent to the following inequal-
ities:

4+Re(λ )(4α2−T 2)

4Re(λ )(2α−T )
> 0⇒ T > 2

√
α2 +

1
Re(λ )

, (24)

∆ f1(τs) = [4+Re(λ )(4α
2−T 2)]2

−16Re(λ )(2α−T )2 > 0

⇒
√

Re(λ )T > 2
√

[
√

Re(λ )α−1]2 +1+2, (25)

[Re(λ )(T 2−4α2)−4]−
√

∆ f1(τs)

2Re(λ )(T −2α)
< τs

<
[Re(λ )(T 2−4α2)−4]+

√
∆ f1(τs)

2Re(λ )(T −2α)
. (26)

By simple calculation, the condition (25) implies the in-
equality (24).

Combining the conditions (19) and (20), thus the condi-
tion (22) is equivalent to the inequality

max
{

Re(λ )T 2−4
2Re(λ )(T −2α)

,
T
2
− 1

α Re(λ )

}
< τs < α. (27)

Synthesizing the condition (23), (25), (26), and (27), the
necessary and sufficient conditions (12), (13) and (14) to guar-
antee the bounded consensus tracking are obtained.

Corollary 2 Consider a directed network topology G
composed of n agents, and the virtual leader is globally reach-
able. Then the multi-agent system (4), applying the consensus
tracking protocol (6) with m = 0 and Im(λ ) 6= 0, achieves the
bounded consensus tracking if and only if the following con-
ditions

α
2 |λi(H)|4 T 3−4α |λi(H)|2 [α2 |λi(H)|2 +Re(λ )]T 2

+4[α2 |λi(H)|2 +Re(λ )]2T +32α Im2(λ )> 0, (28)
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(2T −4α)τs > T 2− 4Re(λ )

|λi(H)|2
, (29)

6
√

3T |Im(λ )| |λi(H)|

<

√
[(2T τs−T 2−4ατs) |λi(H)|2 +4Re(λ )]3, (30)

min{q1,q2,q3}> min{p1, p2}, (31)

max{max{q1,q2,q3}− argmax{q1,q2,q3}}
< max{p1, p2}< max{q1,q2,q3}, (32)

4α |λi(H)|2 (T −2α)τ2
s

+4T [α |λi(H)|2 (α−T )+Re(λ )]τs

+α |λi(H)|2 T 3−2Re(λ )T 2

−4α Re(λ )T +8 > 0 (33)

hold simultaneously, where the expressions of p1, p2 and q1,
q2, q3 are shown as Eqs. (34), (35), and (36), respectively.

Proof Corollary 1 may be regarded as a simplified form
of Corollary 2. The quadratic polynomial p1(ω) has two dif-
ferent real roots if and only if

∆p1(ω) = 4Im2(λ )+T (α− τs) |λi(H)|2

× [α |λi(H)|2 (2τs−T )+2Re(λ )]

= −2α |λi(H)|4 T τ
2
s +[2α

2 |λi(H)|2

+α |λi(H)|2 T −2Re(λ )] |λi(H)|2 T τs

−α
2 |λi(H)|4 T 2 +2α Re(λ ) |λi(H)|2 T

+4Im2(λ )> 0,

noticing that−2αT |λi(H)|4 < 0, then ∆p1(ω) > 0 is equivalent
to the condition (28). The two roots of p1(ω) = 0 are given as
follows:

p1,2 =
2Im(λ )±

√
∆p1(ω)

2(α− τs)T |λi(H)|2
. (34)

The quadratic polynomial q1(ω) = 0 has three different
real roots if and only if the following two conditions hold si-
multaneously:

(2T τs−T 2−4ατs) |λi(H)|2 +4Re(λ )> 0,

∆q1(ω) = 108T 2 |λi(H)|2 Im2(λ )− [(2T τs−T 2

− 4ατs) |λi(H)|2 +4Re(λ )]3 < 0,

which is equivalent to the condition (29) and (30), respectively.
Then the three different real roots of q1(ω) = 0 are given as
follows:

q1 =
2
√

3[(2T τs−T 2−4ατs) |λi(H)|2 +4Re(λ )]cos θ

3

3T |λi(H)|
, (35)

q2,3 =
−2
√

3[(2T τs−T 2−4ατs) |λi(H)|2 +4Re(λ )]cos
(

θ

3 ±
π

3

)
3T |λi(H)|

, (36)

where

θ = arccos

 T |λi(H)|(27T 2 |λi(H)|2−4Im(λ ))

6
√

3[(2T τs−T 2−4ατs) |λi(H)|2 +4Re(λ )]3

 .

According to the condition (17), the condition (31) and (32)
can be obtained.

The inequality (18) is simplified into the following in-
equality:

[2α |λi(H)|2 (2τs−T )+4Re(λ )][(2T τs−T 2−4ατs)

|λi(H)|2 +4Re(λ )]+16Im2(λ )> 0,

which is equivalent to the condition (33). Hence, the Corollary
2 is proved.

Remark 3 Without loss of generality, let the control gain
α = 1, which may simplify the necessary and sufficient con-
ditions in Corollaries 1 and 2.

Remark 4 If we employ the Lyapunov functions to study
the convergence of the bounded consensus tracking problems,

the conditions will be simple but just sufficient. Compared
with the method of Lyapunov functions, the conditions ob-
tained by frequency domain analysis are more complex but
necessary and sufficient.

5. Simulation results

In this section, we present numerical simulations to illus-
trate the theoretical results obtained in the above sections. The
nodes and weighted edges are shown in Fig. 1, where the nodes
1–5 compose the multi-agent system and the node 0 represents
the virtual leader agent.

By calculation, the eigenvalues of 𝐻 = 𝐵 + 𝐿 are
λ1 = 1.9760,λ2,3 = 0.9374± 0.4516i, λ4 = 1.0137 and λ5 =

0.1356, then |λmax(H)| = 1.9760. Assume the initial states
of five agents are (x1(0),y1(0)) = (−5,2), (x2(0), y2(0)) =
(−3,−3), (x3(0), y3(0)) = (2,1), (x4(0), y4(0)) = (4,−2),
(x5(0), y5(0)) = (6,4), and the time-varying reference state
of the virtual leader is x0(kT ) = (kT )3, y0(kT ) = 3(kT )2.
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Fig. 1. The directed network topology of the system.

When the second-order multi-agent systems (4) apply the
consensus tracking protocol (6), each agent can track time-
varying reference state with τs = 0.1,T = 0.3,α = 1 in Fig. 2.
Figure 3 shows the divergence curves under the conditions of
τs = 0.5, T = 1, α = 1, which means that the system cannot
achieve the consensus tracking.
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Fig. 2. (color online) The states of agents with τs = 0.1, T = 0.3, and
α = 1.
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Fig. 3. (color online) The states of agents with τs = 0.5, T = 1, and
α = 1.

Consider a special case, if the given reference state of
virtual leader is (x0(kT ) ,y0(kT )) = (3,0), then the consen-
sus tracking problem is simplified to the aggregating problem.
From Fig. 4, it is easy to see that when τs = 0.1,T = 0.2,
α = 1, which satisfy the given conditions in Corollary 2, the
consensus position states of agents 1–5 are three, and the speed
states are zero. However, in the case of the multi-agent system
(4), applying the consensus tracking protocol (6) with m = 0
and τs = 0.5, T = 1.2, and α = 1, cannot achieve the aggre-
gating is shown in Fig. 5. Then based on the above numerical
results, the results of Theorem 1 are numerically verified.
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Fig. 4. (color online) The states of agents with τs = 0.1, T = 0.2, and
α = 1.
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Fig. 5. (color online) The states of agents with τs = 0.5, T = 1.2, and
α = 1.

6. Conclusions
The bounded consensus tracking problems of second-

order multi-agent systems based on sampled-data with sam-
pling delay under directed networks have been studied. Suffi-
cient and necessary conditions, which depend on the topology
of communication network, the control parameters, the sam-
pling delay, and the sampling period, are derived to guarantee
the bounded consensus tracking. Using the particular delay
decomposition technology, we also have obtained the explicit
allowable scope of the sampling period and the sampling delay
in the special cases. The future work includes the leaderless
consensus case, the switching network topology case and the
time-varying delay case.
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