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In this paper, we investigate the problem of H.. synchronization for chaotic neural networks with time-varying delays.
A new model of the networks with disturbances in both master and slave systems is presented. By constructing a suitable
Lyapunov—Krasovskii functional and using a reciprocally convex approach, a novel H.. synchronization criterion for the
networks concerned is established in terms of linear matrix inequalities (LMIs) which can be easily solved by various
effective optimization algorithms. Two numerical examples are given to illustrate the effectiveness of the proposed method.
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1. Introduction

In the early 1990s, the concept of synchronization was
first introduced by Pecora and Carroll.[':2! Since then, chaos
synchronization has received a great deal of attention from
many researchers due to its extensive applications such as biol-
ogy, chemistry, secure communication, image processing, har-
monic oscillation generation, and so on.3%) In Refs. [10] and
[11], it has been verified that neural network models can ex-
hibit a chaotic behavior that shows some specific features such
as being extremely sensitive to a small perturbation in initial
conditions, having bounded state trajectories, and so on.[] It
should be noted that time delays occur in many practical sys-
tems because of the finite information computing speed, and it
is well known that the time delay can cause oscillation, poor
performance, or even instability of dynamic systems. There-
fore, until now, there have been so many papers!'3~1°! aiming
to investigate the stability of neural networks with time de-
lays because it is a pre-requisite and an important job to check
whether the equilibrium points of the designed network is sta-
ble or not.

In this regard, the synchronization problem for chaotic
neural networks with time delays has become a common topic

s.[20-24] Ip Ref. [20], the synchronization

of some researcher
problem for chaotic neural networks with both discrete time-
varying and distributed time-varying delays was investigated
by introducing an improved Lyapunov—Krasovskii functional

and employing definition on a convex set. Furthermore, ex-
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tended results of Ref. [20] were reported in Ref. [21]. Cui
and Lou??! proposed a new method to synchronize two identi-
cal chaotic recurrent neural networks by designing a nonlinear
feedback control law. In Ref. [23], by employing the Lya-
punov stability method and Hermitian matrices theory, a suffi-
cient condition for the exponential synchronization of a class
of chaotic nonlinear neural networks with time-varying delays
was exploited. Recently, by utilizing the delay-decomposition
method which is well known in reducing the conservatism of
stability criteria for dynamic systems with time delays, some
new synchronization criteria for a class of chaotic nonlinear
neural networks with time-varying delays were proposed in
Ref. [24] with the framework of LMIs which are dependent on
the size of the time delay.

On the other hand, in practical control systems, it can be
confirmed that disturbance inputs exist widely. Thus, the real
control problem would be complicated. Since the H.. con-

(251 3 great num-

trol problem was first presented by Zames,
ber of studies on this topic have been carried out?-28! for
the H.. control theory that minimizes the effects of the ex-
ternal disturbances is an efficient approach to deal with such
problems. It is the aim of this theory to design the controller
such that the closed-loop system is internally stable and its
Ho-norm of the transfer function between the controlled out-
put and the disturbances will not exceed a given H. perfor-
mance level. It should be stressed that some noises or distur-
bances always occur, perhaps leading to instability and poor
performance. Therefore, the effects of the noises or distur-
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bances should also be reduced in synchronization for chaotic
systems. In this regard, Park er al.!*! first investigated an H..
synchronization problem for time-delayed chaotic systems by
using a dynamic feedback control scheme. In Ref. [30], the
Ho synchronization for chaotic systems with external distur-
bances was introduced. In Ref. [31], the He synchroniza-
tion method for a class of uncertain master and slave neural
networks (MSNNs) with mixed time delays were proposed.
Qi et al.'®? studied an H.. exponential synchronization prob-
lem for general discrete-time chaotic neural networks with
or without time delays. Recently, a sliding mode approach
was proposed in Ref. [33] to solve the problem of an expo-
nential H., synchronization for a class of master—slave time-
delay systems with both discrete and distributed time delays,
norm-bounded nonlinear uncertainties, and Markovian switch-
ing parameters. Wang et al.3*! considered the problem of the
multi-dimensional and the single-dimensional robust H.. syn-
chronization controllers for a hyper-chaotic system with dis-
turbance input. Very recently, a novel concept of H., cluster
synchronization was proposed to quantify against the exoge-
nous disturbance of the complex networks in Ref. [35]. From

,129-351 the issue of H.. synchronization has

the previous work
been widely applied in various systems. However, to the best
of our knowledge, an H.. synchronization problem for a class
of chaotic nonlinear neural networks with time-varying delays
has not been tackled in any other literature.

Stimulated by the motivation above, in this paper, the
problem of H.. synchronization for a class of chaotic nonlin-
ear neural networks with time-varying delays is investigated.
In Refs. [29]{34], disturbances were constructed in only slave
parts. However, in the practical point of view, it is worth inves-
tigating the H.. control problem for chaotic neural networks
with the disturbances in both master and slave parts since dis-
turbances can also exist in the master part. Thus, in this pa-
per, a new model of chaotic neural networks with the distur-
bances in both master and slave parts is constructed and its Heo
synchronization criterion is proposed. First, by constructing a
suitable Lyapunov—Krasovskii functional and utilizing a recip-
rocally convex optimization approach with some added deci-
sion variables, 3371 a new synchronization criterion for a class
of chaotic nonlinear neural networks without disturbances will
be derived in Theorem 1 by the framework of LMIs. Second,
based on the results of Theorem 1, an H.. synchronization cri-
terion for a class of chaotic nonlinear neural networks with the
disturbances in both master and slave parts will be introduced
in Theorem 2. Via two numerical examples, the superiority
and effectiveness of Theorems 1 and 2 are demonstrated.

2. Notation

R”" is the n-dimensional Euclidean space, and R™*" de-
notes the set of all m x n real matrices. For real symmetric ma-

trices X and Y, X > Y (resp., X > Y') means that the matrix
X —Y is positive (resp., nonnegative) definite. X+ denotes
a basis for the null-space of X. I,,, 0,, and 0,,., denote n x n
identity matrix, n X n and m X n zero matrices, respectively.
|| - || refers to the Euclidean vector norm or the induced ma-
trix norm. diag{---} denotes the block diagonal matrix. For
square matrix X, sym{ X } means the sum of X and its sym-
metric matrix XT;i.e., sym{ X} = X + XT. x represents the
elements below the main diagonal of a symmetric matrix.

3. Problem statement

Based on the master-slave concept, consider the follow-
ing unidirectional coupled neural networks with time-varying
delays and disturbances.

The master system is given by

Em(t) = —a(zn(t)) + Wof(zm())
+Wif(@m(t —h(1))) + b+ Dnwn(r),
zm(t) = Fay(1). (D

The slave system is given by

abs(t) = _a(ws(t>)+WOf($s(t)>
LW F (@5t — h(t))) + b+ Dyws () +ult),

z(t) = Fas(t), 2
where the subscripts m and s represent, respec-
tively, the master and slave system, n denotes the

number of neurons in the neural networks,

x(t) =
[x1(2),%2(t),-..,x,(t)]T € R" is the neuron state vector,
F(@() = [F@1 (), F(@2()s-.. f(@a(-)]T € R means the
neuron activation functions, wpy(f) € R” and ws(r) € R™
are the external disturbances, z(¢) € R! is the output vector,
Wy = [w?j]nxn € R™ and W, = [wl-lj]nx,, € R™" are the
interconnection matrices representing the weight coefficients
of the neurons, b = [by,by,...,b,]T € R" represents a con-
stant input vector, Dy, € R™" Dg € R"" and F € RIX" are
constant matrices, and u(¢) is a unidirectional coupled term,
which is considered as control input and will be appropriately
designed to obtain a certain control objective.

The delay A(¢) is a time-varying continuous function that
satisfies 0 < i(z) < hy where Ay is a known constant scalar.

The nonlinear functions a(x(¢)) and f(x(-)) satisfy the
following assumptions.

Assumption 1 Each function o;(-) : R - R (i =
1,2,...,n) is nondecreasing and locally Lipschitz, i.e., there
exists a positive real d; such that

for any w € R at which «;(+) is a differentiable function.
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Assumption 2 Each function fi(:) : R = R (i =
1,2,...,n) with f(0) = 0 is monotonic nondecreasing and
globally Lipschitz, i.e., there exists a positive real k; such that

=) _,

u—vy

0<

1

for any u,v € R with u # v. Let us define n(¢) = xm () — (7).
This means that the synchronization error is between master
and slave systems. Thus, the error dynamic system can be
written as follows:

n(t) = —a(n(t)) + Wog(n())
+Wig(n(t —h(t)) + Dw(1) — u(),

z(t) = Fn(t), )
where
a(n(t)) = owm(r)) — oufws(1)),
g(n() = Fn()+=s() — flzs()),
D= [Dm,—D ] € Rnx2m’

w(t) = [wy (1), wg ()] € R*™.

Here, from Assumption 1 and Lebourg theorem, 8] there exist
a; >d; (i=1,2,...,n) such that

a(n(t)) = An(t),

where A = diag{a;}. Also, from Assumption 2, g;(n;(-))
(i=1,2,...,n) is the nonlinear function vector satisfying

0 <ni(")gi(mi(")) < kimi ().

In order to synchronize the coupled neural networks, the
control input u(¢) is designed as follows:

u(r) = Kn(r), “)

where K = [kij]uxn € R"*" is the state feedback control gain
matrix to be determined for synchronizing both master and
slave systems.

Therefore, under the control law (4), an error dynamic
model of coupled neural networks with time-varying delay and
disturbances can be represented as

n(t) = —(A+K)n(t)+Wog(n())
+Wig(n(t —h(1))) + Dw(1),
z(t) = Fnlr). )

Before describing the objective of this paper, we first need the
following definition.

Definition 1 (.. control problem**) The coupled loop
systems (5) will achieve H.. synchronization with the distur-
bance attenuation 7y if the following conditions are satisfied:

(i) With zero disturbance, the system (5) with control in-
put u(t) is asymptotically stable.

(i1) With zero initial condition and a given constant y > 0,
the following condition holds:

J= /Om [27(0)2(1) — Pl (Hw(r) ) de <0,

(i.e., sup 7||Z(I)H2 < y) .
wA0weLs[0.0) | [W()][2

Then, the controller u(z) is said to be the H.. synchronization

controller with the disturbance attenuation y. The parameter y

is called the Ho.-norm bound of the system under the control

u(r).

The aim of this paper is to design an H. synchroniza-
tion controller u(¢) = Kx(t) with the disturbance attenuation
7y for system (5). In other words, to design a gain K which
achieves the synchronization between the master system (1)
and the slave system (2) with the disturbance attenuation 7.

4. Main results

In this section, two theorems will be introduced. In The-
orem 1, an improved synchronization criterion for system (5)
without disturbances (w(¢) = 0,,,.1) will be introduced. Then,
based on the result of Theorem 1, an H., synchronization cri-
terion for system (5) will be introduced in Theorem 2. Be-
fore introducing Theorem 1, some notations will be defined
for simplicity of matrix representation. e; € R!2"*" are de-
fined as block entry matrices, e.g., €3 = [0,.2,, I;,0,.0,]" and
€12 = [Op. ln,In]T. The notations of several matrices are de-
fined as

¢ = [n%),nT(rh<r>>,nT<rhU>,

t

"0 =), [ 0 (s)ds

t—h(r)

t—h(t) T T
L, '@ mo),
£ (e~ h(e)). £ e~ )

' 1—h(t) T
[ e [ fm)as)

—h(r) t—hy

II) = [e,e3,e+e7,e11 +e2],

II, = [e4,es5,e1 —e3,e3—ejo],

II; = [e),e4,e3], II4=[e3, es, e,

H5 = [61562363]3

IIs = [es, e —e,e11,e7,e2 —€3,€12],
0, P Oy

Ql = g"' IJI On On 5 (l: 172)7
On On On
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Iy
|

= sym{II,RII, },
ILNII] - ILNIT]

A—-A] 7
+sym< [es, eq] KA |G
p

Wy ILGIT] + hy ITs diag{ P, — P, + P>, — P>}
x ITY — [T 117,
(h%/2)264QeI — (hye; —es —e7)

x Q(hue; —es—e7)",

Iy
Il

In
I

3
I

3
T T
e = Z’sym{e,-K'pHie,-”—e,<+7H,<e,»+7}7
i=1

U =e tey, I'=X(—Ae] —e} + Wyeg
+W1€3)—Y6T,

4
® =) 5 +6+sym{¥I}. (6)
i=1

Now, the first result is given by Theorem 1.

Theorem 1 For a given positive scalar Ay, the mas-
ter system (1) with wp(t) = 0. and the slave system (2)
with wg(f) = 0y are synchronized for 0 < h(t) < hy if
there exist positive definite matrices R € Rnxdn [ R3nx3n,
G e R Q € R™", positive diagonal matrices A € R"™",
A e R H; e R3mx3n (i=1,2,3), any symmetric matrices
P, ¢ R"™" (i =1,2) and any matrices S € R¥*¥ X ¢ R,
Y € R™" satisfying the following LMIs:

& <0, )
2 >0, 3

where @ and (23 are defined by Eq. (6). Then, the controller
gain K can be calculated as K = XY

Proof
Krasovskii functional candidate:

Let us consider the following Lyapunov—

Vn(t) =Vi+Va+V;+Vy, )
where
n(t) ' n(7)
Ve | Bowwa | ®| B |
Jng F(n(s))ds Jig F(n(s))ds

N
[

Jons) 10 )
/ [ 7(s) ] N{ 7(s) ]ds

UL f(n(s)) F(n(s))

n ni(t) ni(t)
+2i=21 </1,- / Fi(s)ds+ & / (kis
%:hU/h;/:[ u ] [ M ]dud&
Vi = hU/2/ // (v)@Qn(v)dvduds.

Ds).

Vi and V5 are calculated by

n(t) !
) n(t —hy)
‘/1 - 2 f[l h([)n(s)ds+jtf::<f)n(s>ds
oo F(s)ds+ [0 £(n(s))ds
(ﬁ(tzl :
A —
R )~ i —ho)
f(n(t)) = f(n(t—hu))
= {T(NEL(),
. n@) 10 [ n0)
Vo < | n) N | @)
F(n()) f(n())
[ n(t —hy) ]T { 7(t — hy)
- n(t —hy) N | n(t—hy)
f(n(t—hy)) f(n(t—hy))
+2f(n(1))An(t) +2[Kpn(t) — f(n(t))] An(t)
= ") & (1). (10)

Inspired by Ref. [36], the following two zero equalities with
any symmetric matrices P; and P are considered:

0 = 0" (1) (huP))n(t) —n" (t = h(t)) (huP)n(t — h(r))
r
2y [ n(s)Pm(s)ds
t—h(t)
0 = n'(t —h(t))(huPy)n(t — h(t))
—n" (t = hu) (huPy)n(t — hy)
t—h(t)
_ZhU// n(s)Pon(s)ds. (11)
t—hy
By utilizing the well-known Jensen inequality*! and adding

the zero equalities (11) into V3, the following inequality can
be obtained:
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n(t)
+hy | n(t —h(1))
n(t —hy)

n(t)
X n(f—h(f))]
n(t —hy)

_[sm(t)Hab)”l

diag{Pl, —P+ P, —Pg}

O3n

wl(t)} 12
T Lm(f) U

0
where a(t) = h(t)hy"' and

Jonyn(s)ds
() —n(t—h() |,
| F(n(s))ds
SO (s)ds
n(t —h(1)) = nlt —hy)
JO f(n(s))ds

Here, when 0 < h(7) < hy, a(t) satisfies 0 < a(t) < 1. Then,
by reciprocally convex approach,®”! the following inequality

pi(t) =

Ppa(t) =

for any matrix S holds:

- 1?3()t)1'3n 03, |:.Q1 S]
1- S| 12
o [V [ L1
2;
_ /e
« [=10) I3, 03, >0,

0w [

which implies §2 > £25. Also, when h(t) = 0 or h(t) = hy,
we get o1(t) = 03,1 or @o(f) = 03,x1, respectively. Thus,
if the inequality (8) holds, then an upper bound of V3 can be
rebounded as

Vs < (10 EsC(0). (13)
Lastly, by Lemma 1, Vj is calculated by
Vi = (/220" 0@n0) - 0/ [ [ 0T 0)@n(s)as
t ot T
< /2" Qe - ([ [ ns)as)

ol [00)

= (h/2)*n" (1)Qn ()

- (mont)- [, mispas- [ @

t t—h(t)
< (mn)= [ nwas [ as)as)
= ¢"(1)E4 (). (14)

From Assumption 2, the following inequality holds for any
positive diagonal matrices H; = diag{/;i, ...,y } e R™" (i=
1,2,3):

0 < —2Y huslgi(m(e)) — emi(t)] gi (1))
i—1

=

_zihﬁ[gi(m(r — (1))

=

—kimi(t — h(t))]gi(mi(t — (1))

-2 Zn: hai [gi(mi(t — hu)) — kimi(t — hu)l gi(ni(t — hu))
i=1

= ¢"(Ne¢(). (15)
The following zero equality with any matrix X is considered:
0 =2¢"(r)[e1 X +es X][~(A+ K)ef

—Iel +Woeg +Wied)¢(t). (16)
Then, by defining Y = X K, the inequality (16) leads to
0=2"(t)[e; +es)[-(XA+Y)e]
—Xe; + XWoe§ + XWieg|¢(t)
= T (O)sym{@L}C(0). an

Therefore, from Eqs. (10)—(15), and by consideration of zero
equality (17) and application of the S-procedure,"! a suffi-
cient condition guaranteeing synchronization for system (5)
can be

4
V(x(r)) <¢T() (Z E+0+ sym{!I/F}) ¢(t) <0.(18)
I=1

In conclusion, the condition (18) is equivalent to the LMIs (7).
This completes the proof of Theorem 1.

Remark 1 In Ref. [24], delay-dependent synchroniza-
tion analysis for continuous time nonlinear complex neural
networks with time-varying delay was conducted by utiliz-
ing delay decomposition approach. As mentioned in Sec-
tion 1, the delay decomposition method is well utilized in
reducing the feasible region of stability criteria for dynamic
systems with time delays. This approach has the advan-
tage of getting larger maximum delay bounds for guarantee-
ing the asymptotic stability as the delay-partitioning num-
ber increases. However, when the delay-partitioning num-
ber increases, the matrix formulation becomes more com-
plex and the dimension of stability condition grows bigger
because the dimension of an augmented vector increases.
In this paper, to reduce the conservatism of synchronization

criterion, the reciprocally convex optimization approach!37!
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is utilized. Furthermore, inspired by the work of (36),
two zero equalities (11) are added in synchronization cri-
terion. As presented in (11), the terms 1" (¢)(hyP)n(t) —
0T (¢ — k(1)) (huP)n(t — h(e)) and 7 (¢ — h(e)) (hu Pt —
h(t)) =" (t — hy) (hy Py)n(t — hy) provide the enhanced fea-
sible region of synchronization criterion. As shown in (12),
the two integral terms such as —2hy ftih(t)nT(s)Pln(s)ds
and —2hy f;:;U(t) nT(s)Pn(s)ds presented in (11) are com-
bined with the integral terms —hy [/, n" (5)G7(s)ds and
—hy ft’:}ﬁgt) 1T (s)Gn(s)ds, which cause the conservatism of
the synchronization criterion. In the next section, it will be
shown that Theorem 1 can provide larger delay bounds than
the methods of Ref. [24] through one numerical example .

Theorem 1 provides the synchronization criterion for sys-
tem (5) in the framework of LMIs when the disturbance
w(t) = 0,.1. Based on the results of Theorem 1, an He
stabilization controller design method for system (5) will be
introduced as Theorem 2.

Before introducing Theorem 2, the following notations of
several matrices are defined for simplicity:

[
[
IT, = [é4,65,6) — &3,85 — €10,
II; = [é),64,&3), II4=[é3,65,6)),
IT5 = [&),é,,&;3],
IIs = [66,&1 — &;,611,67,6, — &3,€12),
E| = sym{II}RIT] },
E, = IGNTI - TLNIT]
+sym{[é8,é1] [/;P_AA] 54T}7
E; = B IGITY + hyITsdiag{ P;,— P, + Py, — P>} ITY
— 8211,
Ey = (h})2)%64QéE) — (hyé) — &g — &7)
x Q(hyé) — & —&7)",
6 = i sym{&K,H;él,7 — & 7Hi€l 7},
i=1
¥ = &, +é,
I = X(—A&] — &} + W&l + W&l +Dél;) - Yel,
4
é =) E+6+sym{¥I},
i=1
¥ = &, FTFel —ye3el;, (19)

where &; € R(1Z1+2m)xn are defined as block entry matrices;
e.g.,e3= [On.zn, I,, On.9n,0n.2m}T and éj3 = [02m-12n7 Izm]T, and
¢(¢) and £2; (i = 1,2,3) are defined by Eq. (6).

Now, we have the following theorem.

Theorem 2 For given positive scalars Ay and 7, the mas-
ter system (1) and the slave system (2) are synchronized for

0 < h(t) < hy with He, disturbance attenuation level 7, if
there exist positive definite matrices R € R¥>*4" N ¢ R3*3",
G e R¥31n Q € R™", positive diagonal matrices A € R"™*",
A € RV H; € R¥31(j = 1,2,3), any symmetric matrices
P, ¢ R™" (i =1,2) and any matrices S € R¥3" X € R™",
Y € R™" satisfying the following LMIs:

(20)
ey
where £ and @ are defined in (19), and £23 in (6). Then, the
H.. synchronization gain can be calculated as K = X 'Y and,
by use of this gain, H.. control is performed.

Proof Based on the Lyapunov—Krasovskii functional (9),
the deriving process of @ is very similar to the proof of Theo-
rem 1, so it is omitted. At this time, the augmented vector ¢ (t)
can be utilized instead of the {(¢) used in Theorem 1.

From Definition 1, with the zero initial condition, J can
be represented as follows:

J = /Ow {"(1)z(t) = Pw (O)w(t) + V (n(t)) } dt
+V () li=0 = V(1(1))]i=<o-

Considering V(n(t))|;=0 = 0 and V(n(¢))|j=e — 0, J is
bounded as

T < [ {7020 - PuT (o) + V() ar
= [T OF Pa) — Pt wo) +V 0)} a

— /OooéT(t) (X +®)L(t)de
— J.

(22)

(23)

Thus, 3 +& < 0 is equivalent to J* < 0, i.e., J < J* < 0.
Therefore, if ¥ +& < 0, then system (5) with the controller
gain K = X 'Y is asymptotically synchronous and H.., con-
trol is performed. |

(29-341 74, synchroniza-

Remark 2 In the previous works,
tion problems between master and slave systems with distur-
bances in only slave parts were investigated. As mentioned in
the Introduction, it is desirable to study the H., synchroniza-
tion problem for nonlinear neural networks with the distur-
bances in both master and slave parts since disturbances can
also exist in the master part. Thus, disturbances are consid-
ered in both master and slave parts and its H.. synchronization
criterion is first proposed in Theorem 2.

5. Numerical examples

In this section, we provide two numerical examples to il-
lustrate the effectiveness of the proposed synchronization cri-
teria proposed in Theorems 1 and 2.

Example 1 Consider the following neural networks:

110504-6
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(i) Master system:
Em(t) = —Azm (1) + Wo f (zm(t)) + Wi f(zm(t —h(2)));
(ii) slave system:

1i3s(t) = _Axs(t)+WOf(ws(t))
+ Wi f (st —h(1))) +u(t), 24)

with f(x) = tanh(z), which means K, = I,,, where

10 2 0.1
a=oi] w5757
~15 —0.1}

Wi = [0.2 ~15

It should be noted that the system (24) is borrowed from
the works of Ref. [24] which investigated the problem of syn-
chronization for chaotic nonlinear continuous neural networks
with time-varying delay. Since the error dynamics of sys-
tems presented in Example 1 also include the term of —Ae(7),
Theorem 1 can be applicable to the system (24) to investigate
maximum delay bounds for guaranteeing synchronization be-
tween master and slave system. For the master—slave networks
above, the results of upper bounds on time-delay and synchro-
nization gain K by application of Theorem 1 are listed in
Table 1. From Table 1, it can be confirmed that the obtained
results are much larger than those of Ref. [24] which utilized

Table 1. Upper bounds of time-delay /4y and gain K (Example 1).

Methods hy K

12.7158 —6.3187
—0.4436 12.2130

Ref. [24] (N =6) 1.9686 {

Theorem 1 290.3107

50.9460 0.2381 < 10°
0.4078 1.4856

—4 -2

0
:Esl(t)

Fig. 1. (color online) x;—x, plane of the networks (24) with S1: (a)
master part and (b) slave part (Example 1).

ok
P

— €1
— €9

0 100 200 300
Time/s

Fig. 2. (color online) Synchronization error trajectories of the networks
(24) with S1 (Example 1).

the delay decomposition approach. In order to confirm the ob-
tained results with the time-varying delay conditions, let us
assume A(t) = 100|sin(¢)| which means Ay = 100 and activa-
tion functions as f(-) = tanh(-). The simulation results for the
state responses of master and slave parts and the synchroniza-
tion error trajectories, 7)(¢), of the networks (24) are shown in
Figs. 1 and 2. At this time, the gain is

(25)

[1.2027 03636 .
K= [0.3602 1.7505] X107

These figures show that the networks with the errors con-
verge to zero for given initial values of the state by (o) =
[~1,-1.5]T(o € [~hy,0]) and zs(0) = [1,1]T(0 € [~hy,0]).
Example 2 Consider the following neural networks with
the disturbances.
(i) Master system:

Em(1) = —o(xm(r)) + Wof(2m(1))
+Wif(xm(t—h()))+b+ Dnwny(t),
Zm(t) = me(t);

(i) Slave system:
i’s(t) = _a(ws(t)) +W0f(335(l‘))

+ Wi f(zs(t —h(t)) + b+ Dyws(t) +ut),
zs(t) = Fxs(t), (26)

with b = 051 and f(x) = tanh(x), which means K, = I,,,
where

ol = [Zx] —sin(xlg] |

2xp + sin (xz

2.1 —0.12 ~1.6 —0.1
WO_{—5.1 32 } Wl_[—o.z —2.4}’
1 17"

p.-[1]. p-pu r-[1]"

Table 2. Gain K with fixed iy = 5 and y = 0.5 (Example 2).

Methods Y hy K

151.9586 113.6306
127.6281 416.6092

Theorem 2 0.5
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The results of synchronization gain K with the distur-
bances and upper bound on time-delay 4y = 5 and the H.. per-
formance y = 0.5 by Theorem 2 are listed in Table 2. To con-
firm the obtained results, simulation with the condition listed
in Table 3 is conducted in Figs. 3—-6. These figures show for
the state responses of master and slave parts and the synchro-
nization error trajectories, 1(t), of network (26) with the con-
ditions of time-delay given in Table 3 when initial values of
the state are chosen as the same values in Example 1. Also,
the utilized activation function in simulation is f(-) = tanh(-).
For comparison, in the same condition, the gain K is obtained
for the network (26) without disturbances. From Figs. 3-6, it
can be confirmed that the synchronization error converges to
ZerO0.

Table 3. Simulation conditions (Example 2).

No. hy  h(r) K w(r)
48.2758 15.3196}

021

C21 5 Sfsin(r)] {175774 274.4456

151.9586 113. 10si 20-50 ¢
22 5 5jsing) {5 9586 36306] {Osm(m)at 050s]

127.6281 416.6092 20sin(xz) at 30-70 s

[ I )

me(t)

T 0, 1
$m1(t)

Isg(t)

-2 -1 0 1
Ts1 (t)

Fig. 3. (color online) x;—x, plane of the networks (26) with C2-1: (a)
master part and (b) slave part (Example 2).

0.5
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761(t)

—-0.5 )

=

< —1.0
—1.5
—2.0

2% 20 40 60 80 100

Time/s

Fig. 4. (color online) Synchronization error trajectories of the networks
(26) with C2-1 (Example 2).

me(t)

Fig. 5. (color online) x;—x, plane of the networks (26) with C2-2: (a)
master part and (b) slave part (Example 2).

0.5

0 ARAAARARA
M VURTURvTY

—0.5

= _10
)

—1.5

761(1?)

762(t)

20 40 60 80 100

Time/s

—2.0
—2.5

Fig. 6. (color online) Synchronization error trajectories of the networks
(26) with C2-2 (Example 2).

6. Conclusion

In this paper, the new synchronization criteria for chaotic
neural networks with time varying delays and disturbances
were proposed. In Theorem 1, an improved synchronization
criterion without disturbances was proposed and it was shown
that the feasible region of synchronization criterion can be en-
hanced by comparing maximum delay bound with the results
of Ref. [24]. In Theorem 2, an H.. synchronization criterion
for chaotic neural networks with time varying delays and dis-
turbances in both master and slave parts was introduced and
its effectiveness was illustrated via one numerical example.

References

[1] Pecora L M and Carroll T L 1990 Phys. Lett. 64 821
[2] Pecora L M and Carroll T L 1991 IEEE Trans. Circ. Syst. 38 453
[3] Kwon O M, Park Ju H and Lee S M 2011 Nonlinear Dyn. 63 239
[4] Lee S M, Kwon O M and Park Ju H 2011 Chin. Phys. B 20 010506
[51 Sun FY 2006 Chin. Phys. Lett. 23 32
[6] Wang J G and Zhao Y 2005 Chin. Phys. Lett. 22 2508
[71 Wu Z Q and Kuang Y 2009 Acta Phys. Sin. 58 6823 (in Chinese)
[8] Guan X P and Hua C C 2002 Chin. Phys. Lett. 19 1031
[9] Feki M 2003 Chaos Soliton. Fract. 18 141

[10] Gilli M 1993 IEEE Trans. Circ. Syst. 40 849

[11] LuH T 2002 Phys. Lett. A 298 109

110504-8


http://dx.doi.org/10.1103/PhysRevLett.64.821
http://dx.doi.org/10.1109/31.75404
http://dx.doi.org/10.1007/s11071-010-9800-9
http://dx.doi.org/10.1088/1674-1056/20/1/010506
http://dx.doi.org/10.1088/0256-307X/23/1/010
http://dx.doi.org/10.1088/0256-307X/22/10/014
http://dx.doi.org/10.1088/0256-307X/19/8/301
http://dx.doi.org/10.1016/S0960-0779(02)00585-4
http://dx.doi.org/10.1109/81.251826
http://dx.doi.org/10.1016/S0375-9601(02)00538-8

Chin. Phys. B Vol. 22, No.

11 (2013) 110504

[12]

[13]
[14]

[15]
[16]

[17]

[18]
[19]
[20]
[21]

[22]
[23]
[24]

[25]
[26]

Lee T H, Park J H, Lee S M and Kwon O M 2013 Int. J. Control 86
107

Kwon O M and Park J H 2008 Appl. Math. Comput. 205 417
Balasubramaniam P and Lakshmanan S 2009 Nonlinear Anal.: Hybrid
Syst. 3749

Kwon O M, Kwon J W and Kim S H 2011 Chin. Phys. B 20 050505
Wu Z G, Shi P, Su H and Chu J 2012 IEEE Trans. Neural Netw. Learn.
Syst. 23 199

Mathiyalagan K, Sakthivel R and Anthoni S M 2012 Phys. Lett. A 376
901

Li T, Zheng W X and Lin C 2011 IEEE Trans. Neural Netw. 22 2138
Kwon O M and Park J H 2009 Phys. Lett. A 373 529

Li T, Fei S M, Zhu Q and Cong S 2008 Neurocomputing 71 3005

Li T, Song A G, Fei S M and Guo Y Q 2009 Nonlinear Anal.-Theory
Methods Appl. 71 2372

Cui B and Lou X 2009 Chaos Soliton. Fract. 39 288

Hu J 2009 Chaos Soliton. Fract. 41 2495

Balasubramaniam P, Chandran R and Jeeva Sathya Theesar S 2011
Cogn. Neurodyn. 5 361

Zames G 1981 IEEE Trans. Autom. Control 26 301

Gao H, Wu J and Shi P 2009 Automatica 45 1729

[27]
[28]
[29]

[30]
(31]

(32]
[33]
[34]

[35]
[36]
[37]
(38]

[39]
[40]

[41]

110504-9

Yan H, Zhang H and Meng M Q H 2010 Neurocomputing 73 1235
Tan K and Grigoriadis K M 2001 Syst. Contr. Lett. 44 57

Park Ju H, Ji D H, Won S C and Lee S M 2008 Appl. Math. Comput.
204 170

Lee S M, Ji D H, Park Ju H and Won S C 2008 Phys. Lett. A 372 4905
Karimi H R and Gao H 2010 /EEE Trans. Syst. Man Cybern. Part B-
Cybern. 40 173

Qi D, Qiu M and Zhang S 2010 /EEE Trans. Neural Netw. 21 1358
Karimi H R 2012 J. Franklin Inst. 349 1480

Wang B, Shi P, Karimi H R, Song Y and Wang J 2013 Nonl. Anal. Real
World Appl. 14 1487

Li H 2013 Appl. Math. Model. 37 7223

Kim S H, Park P and Jeong C 2010 /ET Contr. Theory Appl. 4 1828
Park P G, Ko J W and Jeong C 2011 Automatica 47 235

Clarke F H 1983 Optimization and Nonsmooth Analysis (New York:
Wiley)

Anton S 1992 The Ho. Control Problem (New York: Prentice Hall)
Boyd S, El Ghaoui L, Feron E and Balakrishnan V 1994 Linear Matrix
Inequalities in System and Control Theory (Philadelphia: SIAM)

Gu K 2000 Proc. IEEE Conf. Decision Control, December 12-15,
2000, Sydney, Australia, pp. 2805-2810.


http://dx.doi.org/10.1080/00207179.2012.720034
http://dx.doi.org/10.1080/00207179.2012.720034
http://dx.doi.org/10.1016/j.amc.2008.08.020
http://dx.doi.org/10.1016/j.nahs.2009.06.012
http://dx.doi.org/10.1016/j.nahs.2009.06.012
http://dx.doi.org/10.1088/1674-1056/20/5/050505
http://dx.doi.org/10.1109/TNNLS.2011.2178563
http://dx.doi.org/10.1109/TNNLS.2011.2178563
http://dx.doi.org/10.1016/j.physleta.2012.01.038
http://dx.doi.org/10.1016/j.physleta.2012.01.038
http://dx.doi.org/10.1109/TNN.2011.2169425
http://dx.doi.org/10.1016/j.physleta.2008.12.005
http://dx.doi.org/10.1016/j.neucom.2007.12.029
http://dx.doi.org/10.1016/j.na.2009.01.079
http://dx.doi.org/10.1016/j.na.2009.01.079
http://dx.doi.org/10.1016/j.chaos.2007.01.100
http://dx.doi.org/10.1016/j.chaos.2008.09.026
http://dx.doi.org/10.1007/s11571-011-9162-0
http://dx.doi.org/10.1007/s11571-011-9162-0
http://dx.doi.org/10.1109/TAC.1981.1102603
http://dx.doi.org/10.1016/j.automatica.2009.03.004
http://dx.doi.org/10.1016/j.neucom.2010.01.004
http://dx.doi.org/10.1016/S0167-6911(01)00125-6
http://dx.doi.org/10.1016/j.amc.2008.06.012
http://dx.doi.org/10.1016/j.amc.2008.06.012
http://dx.doi.org/10.1016/j.physleta.2008.05.047
http://dx.doi.org/10.1109/TSMCB.2009.2024408
http://dx.doi.org/10.1109/TSMCB.2009.2024408
http://dx.doi.org/10.1109/TNN.2010.2050904
http://dx.doi.org/10.1016/j.jfranklin.2011.09.015
http://dx.doi.org/10.1016/j.nonrwa.2012.10.011
http://dx.doi.org/10.1016/j.nonrwa.2012.10.011
http://dx.doi.org/10.1016/j.apm.2013.02.019
http://dx.doi.org/10.1049/iet-cta.2009.0346
http://dx.doi.org/10.1016/j.automatica.2010.10.014

	1. Introduction
	2. Notation
	3. Problem statement
	4. Main results
	5. Numerical examples
	6. Conclusion
	References

