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Invariant expression for tunneling rate under canonical
transformations∗
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The original formula to calculate the tunneling rate through event horizons is apparently dependent on the type of
coordinates used. In this paper, we propose an invariant expression under canonical transformations to study the tunneling
effect. Moreover, the problem of factor 2 is solved naturally. As an application of this expression, we obtain the same
tunneling rate both in the Schwarzschild and the Painlevé coordinates. It is shown that once the suitable formula to calculate
tunneling rate is correctly identified, the tunneling method is manifestly covariant.
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1. Introduction

The discovery of thermal radiation of the black holes was
a milestone in the development of black hole physics.[1] It,
however, gave rise to a famous paradox, the information loss
paradox of black hole physics at the same time.[2] The seri-
ousness of this paradox is that the information loss contradicts
one of the basic principles of quantum mechanics–unitary evo-
lution. An initially pure quantum state, by collapsing to a
black hole and then evaporating completely, has evolved into
a mixed state. However, according to unitary principle, a pure
state should always stay pure. Hawking once said: “It seemed
the only way the information could come out would be if the
radiation was not exactly thermal but had subtle correlations.”

A method to describe Hawking radiation as a tunneling
process where a particle moves into dynamic geometry was
developed by Kraus and Wilczek[3] and elaborated upon by
Parikh and Wilczek.[4–6] They took the self-gravitation and en-
ergy conservation into account and gave a leading correction
to traditional emission rate, satisfying information conserva-
tion. After initially dealing with massless particles tunneling
out of the Schwarzschild black holes, this method has been ap-
plied successfully to a wide variety of space-times.[7–21] Then
the massless particle tunneling was extended to massive par-
ticle tunneling[22,23] and charged particle tunneling.[24,25] Re-
cently, the fermion and gravitino tunnelings were calculated
by Hamilton–Jacobi equations.[26–29]

Although this semi-classical method of modeling Hawk-
ing radiation as a tunneling effect has gained a lot of in-
terest and has been greatly developed, the commonly used

expression[4–6] to compute the tunneling probability

Γ ∼ exp(−2ImS) = exp
(
−2Im

∫ rout

rin

pr dr
)

(1)

is apparently dependent on the type of coordinates used (e.g.,
Schwarzschild, Painlevé, isotropic),[30] where S is the action
for the trajectory, pr is canonical momentum conjugate to r,
rin = 2m, which is the initial radius of the black hole, and
rout = 2(m−E) is the final radius, where E is the energy of
the tunneling particle.

Chowdhury[31] once proposed a transmission coefficient
of tunneling that did not depend on the canonical frame chosen
and is expressed as

Γ ∼ exp
(
−Im

∮
pr dr

)
= exp

[
−Im

{∫ out

in
(pr)out dr+

∫ in

out
(pr)in dr

}]
, (2)

where (pr)out and (pr)in are the radial momenta of the outgo-
ing and incoming particles, respectively. Some authors studied
the tunneling effect by adopting Eq. (2).[30–33] However, the
invariant expression, Im

∮
pr dr, gives half the correct result,

which is called the problem of factor 2. The temporal contri-
bution to the imaginary action coming from the time part is
considered in order to solve this problem in Refs. [34]–[36],
but this method is unnatural. In our opinion, the cause of the
trouble is that the formula of the action in Eq. (1), S =

∫
pr dr,

is not invariant itself.
Our aim is to solve the above problems. We propose a

suitable formula which is invariant under canonical transfor-
mations to calculate tunneling rate. The results are in agree-
ment with the standard results. Throughout the paper, the units
G = c = h̄ = 1 are used.
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2. Invariant expression for tunneling rate

The line element of the Schwarzschild black hole is

ds2 =−
(

1− 2m
r

)
ds2 +

(
1− 2m

r

)−1
dr2 + r2 dΩ

2. (3)

In the Schwarzschild coordinate, the radial null geodesic sat-
isfies dt/dr =±r/(r−2m). The momentum pr in Eq. (1) can
be eliminated by using Hamilton’s equation

dH
d pr

= ṙ =
dr
dt

. (4)

The imaginary part of the action is therefore

ImS = Im
∫ rout

rin

∫ dH
dr/dt

dr. (5)

In Ref. [4], the Hamiltonian H is interpreted as Arnowitt–
Deser–Misner (ADM) mass. The total mass is fixed and the
hole mass is allowed to fluctuate, dH = d(m− E) = −dE.
In addition, we should replace m with m−E in the geodesic
equation and in the line element equation, when the particle
of energy E travels on the geodesics. Therefore, equation (5)
becomes

ImS =−Im
∫ rout

rin

∫ E

0

dt
dr

drdE ′

=−Im
∫ rout

rin

∫ E

0

rdrdE ′

r−2(m−E ′)
. (6)

There is a pole at the horizon in the above equation. Using
the Feynman prescription to displace the energy from E ′ to
E ′− iε , we obtain

ImS =−Im
∫ rout

rin

∫ E

0

rdrdE ′

r−2(m−E ′+ iε)
. (7)

We compute this integral and have

ImS = 2πmE
(

1− E
2m

)
. (8)

This result is half of the correct one calculated in the Painlevé
coordinates.

This difference, however, is not due to the bad behav-
ior at the event horizon in the standard Schwarzschild co-
ordinates. We can choose the isotropic coordinates where
the line element is not singular at the horizon. The result is
Im
∫

pr dr = 2πmE[1− (E/2m)], which is also half of the cor-
rect result.[30]

It is noted that the formula of the action in Eq. (1) itself,
S =

∫
pr dr, is not invariant. Stodolsky[37] proposed that the

invariant phase of a quantum mechanical particle in curved
space-time traveling from A to B is

S =
∫ B

A
pµ dxµ , (9)

where pµ is the four momenta of the particle. Equation (9) is
commonly used for calculating the interference phase of neu-
trino oscillation in curved space-time.[38–45] In fact, S in the

expression, Γ ∼ exp(−2ImS), is also the quantum mechani-
cal phase of a particle. Therefore, equation (9) can be used to
study the tunneling effect. In the Schwarzschild space-time,
when the radial motion of a particle with energy E is consid-
ered only, the imaginary part of the action can be written as

ImS = Im
∫ rout

rin

pµ dxµ = Im
(
−
∫ rout

rin

E dt +
∫ rout

rin

pr dr
)

= Im
(
−
∫ rout

rin

E
dt
dr

dr+
∫ rout

rin

∫
d p′r dr

)
. (10)

Using Hamilton’s equation (4), we have

ImS = Im
[
−
∫ rout

rin

∫ E

0

dt
dr

drdE ′−
∫ rout

rin

∫ E

0

dt
dr

drdE ′
]

= −2
∫ rout

rin

∫ E

0

dt
dr

drdE ′ = 4πmE
(

1− E
2m

)
. (11)

Therefore, we obtain the correct tunneling rate

Γ ∼ exp(−2ImS) = exp
[
−8πmE

(
1− E

2m

)]
= exp(∆SBH). (12)

According to the coordinate transformation

tp = t +2
√

2mr+2m ln
√

r−
√

2m
√

r+
√

2m
, (13)

the line element in the Painlevé coordinates can be obtained as

ds2 =−
(

1− 2m
r

)
dt2

p + dr2 +2

√
2m
r

dtp dr+ r2 dΩ
2. (14)

From ds2 = 0, dr/dtp along the radial geodesics is dr/dtp =
±1−

√
(2m/r). The imaginary part of the action in Painlevé

coordinates is

ImS = Im
[
−
∫ rout

rin

E
dtp
dr

dr+
∫ rout

rin

dH
ṙ

dr
]

out

= Im
(
−2
∫ rout

rin

∫ E

0

dtp
dr

drdE ′
)
= 8πE

(
m− E

2

)
. (15)

By substituting Eq. (15) into the formula of tunneling rate,
Γ ∼ exp(−2ImS), the wrong result is obtained.

According to the path integral, the probability amplitude
of a particle traveling a path from a to b is

φab ∼ e iSab , (16)

where Sab =
∫ b

a Ldt is the classical action and L is the La-
grangian of a particle. The probability is given by

Γ ∼ φabφ
∗
ab. (17)

From the quantum mechanics in flat space-time, φab = 〈b|a〉
and φba = 〈a|b〉, we have φ ∗ab = φba. For the process of tunnel-
ing the barrier, Sab can be divided into real part and imaginary
part, Sab = ReSab + iImSab, and equation (17) can be written
as

Γ ∼ φabφba ∼ e iSab e iSba = e iReSab−ImSab e iReSba−ImSba
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= e i(ReSab+ReSba) e−Im(Sab+Sba). (18)

Since the tunneling probability must be real, ReSab +ReSba =

0, and tunneling rate is

Γ ∼ e−Im(Sab+Sba). (19)

From φ ∗ab = φba, we can obtain ImSab = ImSba. Hence, the
familiar formula, Γ ∼ e−2ImSab , is obtained. Thus, Γ ∼
e−Im(Sab+Sba) is equivalent to Γ ∼ e−2ImSab , from elementary
quantum mechanics in flat space-time. However, the two for-
mulae are very different when tunneling effect is studied in
black hole physics.

Next, let a be rin and b be rout. The imaginary part of the
action from rin to rout in Schwarzschild space-time is Eq. (11),
ImSout = 4πmE[1−E/(2m)]. The imaginary part of the action
from rout to rin is

ImSin = Im
∫ in

out
(pµ)in dxµ =−Im

∫ out

in
(pµ)in dxµ

= Im
(

2
∫ rout

rin

∫ E

0

dt
dr

drdE ′
)

in
, (20)

where (pµ)in is the four momenta of the incoming particle.
Substituting dr/dt = −[1− 2(m−E)/r] for incoming parti-
cles into Eq. (20), we can obtain

ImSin = 4πmE
(

1− E
2m

)
. (21)

Therefore, ImSin is equal to ImSout in Schwarzschild coordi-
nates. From Eq. (19), we can obtain the tunneling rate Eq. (12)
which is in agreement with the standard result.

We substitute dr/dtp =−1−
√

2m/r into Eq. (20) to cal-
culate ImSin in the Painlevé coordinates

ImSin = 2Im
∫ rout

rin

∫ E

0

drdE ′

−1−
√

2(m−E ′)/r
. (22)

There is not a pole at the horizon. Henceforth, Sin is real and
its imaginary part vanishes. Substituting ImSout (Eq. (15)) and
ImSin (Eq. (22)) into Eq. (19), the correct tunneling rate in the
Painlevé coordinates is given.

From the calculation of the tunneling rate in the
Schwarzschild and the Painlevé coordinates, we can conclude
that the quantity, ImSout + ImSin, does not depend on the type
of coordinates used. Therefore

Γ ∼ exp[−(ImSout + ImSin)]

= exp
[
−
(

Im
∫ out

in
(pµ)out dxµ + Im

∫ in

out
(pµ)in dxµ

)]
(23)

can be regarded as an invariant expression for the tunneling
rate under canonical transformations. Equation (23) can be
rewritten as

Γ ∼ exp
(
−Im

∮
pµ dxµ

)
. (24)

3. Discussion and conclusion
Tunneling is the system penetrating a barrier quantum

mechanically, which is impossible classically. When ImSout

is equal to ImSin, the two expressions of tunneling rate, Γ ∼
exp(−2ImSout) and Γ ∼ exp[−(ImSout + ImSin)], are equiva-
lent. However, they are different for the particles tunneling out
of black holes. Only the latter can be extended to the study of
tunneling effect from the black holes. The reason is that the
ingoing particles face no barrier at all. In the Painlevé coordi-
nates the line element is regular at the horizon and there is not
a pole at the horizon. Therefore, ImSin is equal to zero. In the
Schwarzschild coordinates, the coordinate singularity exists at
the event horizon. The coordinate singularity just leads to a
pole in the calculation of ImSin in Eq. (20) and ImSout = ImSin.
By adopting Eq. (23), we obtain the same tunneling rate in
both the Schwarzschild coordinates and the Painlevé coordi-
nates. Therefore, the expression (23) is invariant for studying
tunneling effect of black holes.

If we disregard the quadratic term in Eq. (12), the tunnel-
ing rate reduces to Γ ∼ exp(−8πmE). The Hawking tempera-
ture is therefore T = 1/8πm. We show that the temperature of
the black holes originally calculated by Hawking is undoubt-
edly right and the incorrect results (the problem of factor of 2)
obtained previously were attributed to the fact that the suitable
formula had not been used to calculate tunneling rate. The
value of the black hole radiation temperature is very important
for quantum gravity calculations which try to reproduce the
black hole entropy by counting microscopic states.
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