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Effects of effective attractive multi-body interaction on quantum
phase and transport dynamics of a strongly correlated bosonic gas
across the superfluid to Mott insulator transition®
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We theoretically investigate quantum phases and transport dynamics of ultracold atoms trapped in an optical lattice in
the presence of effective multi-body interaction. When a harmonic external potential is added, several interesting phenom-
ena are revealed, such as the broadening and the emergence of a central insulator plateau and the phase transition between
superfluid and Mott insulator phase. We also study the transport of the system which runs across the superfluid—insulator
transition after ramping up the lattice, and predict a slower relaxation which is attributed to the influence of the multi-body

interaction on the mass transport.
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1. Introduction

Ultracold atoms in an optical lattice (OL) offer a unique
setting for quantum simulation of interacting many-body sys-
tems due to its outstanding controllability of lattice parame-
ters and atomic interaction strength.l!! As an important mile-
stone, the observation of superfluid (SF) to Mott insulator
(M) transition!®3! has stimulated the exploration of a vari-
ety of novel quantum phases.[*8] Conventionally, only the
ground band has to be considered in a standard Bose—Hubbard
model (BHM), however, the multi-band effect has been mea-
sured in quantum phase revival spectroscopy!®!°! and has also
been demonstrated to play an essential role in photon-assisted
tunneling.!'!l In fact, in a deep lattice, the single-band as-
sumption should be checked carefully and the virtual transi-
tions to higher excited bands should be renormalized to effec-
tive multi-body interactions of atoms in the lowest band.!!?]
It has been found that the visibility of interference fringes de-
pend on both two-, three-, and multi-body energy scales in
the collapse and revival dynamics. Such an unusual multi-
body effect has also been theoretically studied for the repul-
sive multi-body interaction.!!3-1%! Novel quantum phases have
been revealed, such as the extension of the insulating lobes
in the optical lattice and the superlattice, the existence of a
fixed point in the three-dimensional phase space, and the phase

diagram of a dipolar Bose—FEinstein condensation in an op-
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tical lattice with both two- and three-body repulsive interac-
tions. In addition, extensive studies have focused on the non-
equilibrium dynamics of a strongly correlated system with
trapped atoms in OLs,[!72!] especially the whole process of
the SF-MI transition.[?>~21 Experimentally, the lattice depth
can be adjusted by tuning the laser intensity of the lattice,
and the mutual atom interaction can be controlled by using
the Feshbach resonance technique.?’! In particular, different
timescales have been found by several groups, which further
shows the local and global transport within different lattice
ramp time.[?324]

In this work, instead of the repulsive three-body inter-
action, an attractive three-body interaction is chosen accord-
ing to the experimental measurement.!”~'!l We study the ef-
fects of the attractive three-body interaction on the phases
of the bosonic system at equilibrium and explore the non-
equilibrium dynamics across the SF-MI transition. This paper
is arranged as follows. In Section 2, we briefly introduce the
Gutzwiller mean-field theory to deal with our modified Hamil-
tonian, and present the phase diagram of the ground state. Our
results differ from those in Refs. [13] and [14] where the three-
body interaction is repulsive. In Section 3, we show several
intriguing phenomena for a trapped lattice gas, such as the
broadening and the emergence of a central MI plateau and
the phase transition between SF and MI. In addition, we also

demonstrate a slower relaxation of the system when it experi-
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ences the crossover from the SF phase to the insulating phase
during the evolution of 400 ms.

2. Theoretical model and phase diagram

We consider a single-component bosonic gas loaded into
a 2D optical lattice, which is described by the renormalized
single-band BHM including an on-site binary interaction and
an effective three-body interaction
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where b; (lAzj) is the bosonic annihilation (creation) operator
on site i, U,, and U3 are the binary and three-body interaction
strengths, respectively, J is the tunneling matrix element, and
U is the chemical potential introduced to conserve the number
of atoms in the grand-canonical ensemble. For simplicity, we
only include the attractive three-body interaction term because
1.1 By applying
Gutzwiller ansatz b; = w+ 8b; (y = (b;) is an order parame-

the higher-order effect is usually very smal

ter), the above BHM Hamiltonian can be further simplified to
a site-decoupled Hamiltonian
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where z = 4 for the 2D case. Then we apply the perturbation
theory to obtain the ground state and the phase diagram. The
effective Hamiltonian (2) can be written as

B /1 = B — (B] + By ®)

which includes the unperturbed Hamiltonian 1':11»(0> =y’ +
L0A(fi — 1) + £ U3 (A; — 1) (A; — 2) — fif; and the hopping
term. All parameters (U,, U3, i) are scaled by zJ. In the ab-
sence of tunneling, the unperturbed ground state is a local Fock
state |n) with an integer filling. The corresponding energy is
E©® = 10n(n—1)+ tUsn(n—1)(n—2) — fin. The second-
order perturbation in energy gives

~Uon—1Usn(n—1)+p
n

+02(n— )+ 303(n—1)(n—2)— 1’

“

From the phase boundary relation E(2) + 1 = 0, we can obtain
the upper and lower branches of the MI lobe with filling n

Ba(n) = 5 (0220 1) +902(n— 17~ 1] & 2\ /0F (1 +y(n— )P 20204 D1+ 7~ D] 041, )

here we define a parameter ¥ = U3 /U,, which characterizes
the strength of the multi-body interaction.

Fig. 1. (color online) Phase diagram of the modified BHM (1) for y =0,
—0.05, —0.1.

Now the phase boundaries of the non-standard BHM dis-
cussed here can be derived from Eq. (5), the corresponding
phase diagram is depicted in Fig. 1. It is quite clear that the
presence of the effective multi-body interaction has a remark-

able influence on the phases of the ultracold atoms in OLs. It
is no surprise that, at unity filling, the phase boundary agrees
perfectly with the standard BHM no matter whether the three-
body interaction exists or not. In fact, in this situation, the sites
are singly occupied and the interaction almost does not work.
When we look at the lobes filled with more atoms, however,
the phase boundary shows an amazing change compared to the
results of Y = 0. In the case of repulsive three-body interaction,
the insulating lobes with filling n > 1 become larger and wider,
while, in this work, the situation changes as follows.[!314]
First, we find that the critical value (zJ/U;)., where the system
experiences the SF-MI crossover, has a strong dependence on
Y. In our work, for a fixed total number of atoms in the op-
tical lattice, (z//U>). decreases with increasing |y|. We real-
ize that the multi-body correction to the on-site energy lowers
the total interaction energy because of the attractive effective
three-body interaction (y < 0). It means that less power of the
lattice laser is required to ramp the lattice depth down and to
release the frozen atoms at each site in the MI zone. More-

over, the critical point of the SF-MI transition is also related
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to the filling n. To understand this quantitatively, we solve the
equation [i;(n) = fi_(n) and give the expression of the critical
value for the SF-MI transition

(2J/Up), = [1+7y(n—1)]/ [(2n+ 1)+4/(2n+1)2 - 1} . (6)

It is obvious that the parameter y appears in the numerator of
Eq. (6) associated with the filling n. This term distinguishes
the standard BHM from the present model. Given a negative
Y and for a filling more than unity, one can easily find that
(zJ /U ). becomes smaller for a larger n, so the critical point
moves leftwards in Fig. 1.
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Fig. 2. (color online) Width of SF phase between neighbor MI plateaus:
(@) WF, (b) WiF.

In addition to the shift of the transition point, we also find
that the width of the MI lobes at a fixed (zJ/U) is closely re-
lated to the effective three-body interaction. In fact, this width
is related to the shell structure of the inhomogeneous lattice
bosonic gas. Then we have the following relation for the MI
plateau with n atoms at each site

(n—D[14+y/2n-2)|J0a < <n[l+7/2(n—1)]0z. (7)

Similar to Eq. (6), the effective three-body interaction con-
tributes additional terms that involve ¥ and n, resulting in the
shrinkage of the lobes.

For an inhomogeneous lattice gas in the MI regime, one
can clearly observe cake-like shells, which are separated by
the SF rings.[*] We can define the width of an SF zone be-
tween neighbor MI plateaus as WSF = u_(n+ 1) — uy (n),

which corresponds to the distance between the lower bound-
ary of the MI lobe with n+ 1 atoms and the upper boundary
of the MI lobe with the filling factor » in the phase diagram.
From Eq. (5), we can obtain WSF varying with the tunneling
J, which is plotted in Fig. 2. Once the lattice is ramped down,
more frozen atoms are released from the MI regions and the
SF rings become wider and wider. It is apparent that the width
is hardly dependent on y when the lattice is very deep (very
small J). However, it will curve up away from the black solid
line (y = 0) for a swallow lattice, which means that a larger at-
tractive multi-body interaction results in a larger value of WnSF .
Given the chemical potential u = 2.2U,, each site is occupied
by three atoms in the innermost zone. From the phase dia-
gram, one can observe an expansion of the central MI plateau
and a narrowing MI shell of n = 2, while the shell with unity
filling is unchanged. Hence, WlSF grows gradually. Here we
point out that the shrinkage of the insulator plateau (n = 2)
predominates over the expansion of the n = 3 MI plateau, so
the value of Wy ! becomes larger.

3. Numerical results and discussion

In the above discussion, we analyzed the phase diagram
and shell structure of an inhomogeneous lattice gas in detail.
In this section, we further calculate the ground state and time
evolution of the system using a time-dependent Gutzwiller
ansatz |®g) = IL|¢;), where |¢) = ¥,_oct (¢)|n); and |n);
is the n-atom Fock state on site i. Furthermore, the effect of
the harmonic trap potential is included in a local density ap-
proximation with a quadratically changing chemical potential
W = U — Vex(i). Then we arrive at the inhomogeneous version
of Eq. (2)

AT = —z1(b] B+ B; bi) +2J| B + %Uzﬁi(ﬁi —1)
+éU3ﬁi(ﬁi* 1)(7/\11'72) 7,uiﬁ,‘, (8)
where f8; = 1/zY.;)(d;) is the sum over j including all the
nearest neighbor sites. Using the above site-decoupled Hamil-
tonian, we update the wavefunction by iteratively performing

the real-time Crank—Nicolson (CN) algorithm!*%2°! between
time steps
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here n and Ar denote the iteration number and the time step
size, respectively. Similarly, the imaginary-time CN algorithm
is used to solve the ground state wavefunction. 1301 In addition,
in order to conserve the total atom number and energy, we use
sequential site updates in the time evolution,[!3-24]

Now we begin to investigate the effects of the multi-body

interaction on the quantum phases of the strongly-correlated
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system with ultracold atoms in optical lattices. For clarity, we
consider several special cases in the phase diagram and find
remarkable changes of the density profiles due to the effective
multi-body interaction. The three-body interaction strength
Us; = —0.1U,, i.e., y= —0.1, is chosen.”"!!l Because of the
circular symmetry, we only provide the profiles of 8’Rb atoms
in the y = 0 plane. In the first case (Fig. 3(a)), the central re-
gion transforms from an MI phase with two atoms at each site
to an SF phase when ¥ becomes nonzero; this means that the
effective three-body interaction drastically alters the phase of
the strongly correlated system. The corresponding phase (zJ,
) highlighted by the red star in Fig. 3(e) is located in the MI
region when Y = 0, however, it becomes a superfluid phase
when Yy = —0.1, because the n = 2 lobe shrinks and the phase
boundary moves leftwards in this case.
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Fig. 3. (color online) Atomic density distributions in the y = 0 plane in
the absence (y = 0, blue dashed line) and the presence (y = —0.1, red
solid line) of the effective three-body interaction. The values of (z/, U,
Vo) are (a) (0.1, 1.5, 15), (b) (0.008, 2.2, 26), (c) (0.02, 2, 22), and (d)
(0.008, 1.95, 26). Here, Vj is the trap depth scaled by the recoil energy
of the lattice photons. Other parameters are in units of U,. The cases
are also highlighted in the phase diagram (e). The insets in panels (c)
and (d) are the density distributions in the x—y plane.

One can also observe another interesting result in
Fig. 3(b), which corresponds to the phase marked by the blue
diamond in Fig. 3(e). The central insulating terrace expands
outward and occupies a larger region when 7 is nonzero. In
this situation, the phase boundary between the MI plateaus

with n = 2,3 atoms and the sandwiched SF region move down-
ward simultaneously in the presence of the effective multi-
body interaction, which leads to the expansion of the inner-
most insulating plateau. Because the three-body interaction
shrinks the MI regions except for the n = 1 MI shell, the width
of the MI shell with double occupancy reduces and the shell
occupies fewer lattice sites; meanwhile, the n = 1 MI shell
does not change and the range of the n = 3 MI plateau be-
comes large.

Contrary to the transformation from MI to SF phase
shown in Fig. 3(a), we demonstrate an intriguing opposite ef-
fect of the effective three-body interaction in Fig. 3(c). Now
the mobile atoms in the central zone are frozen and a new insu-
lating plateau appears and replaces the original SF core. When
only the binary interaction is present, the state at equilibrium
in the center is located in the SF phase marked by the pink up-
triangle in Fig. 3(e). Once the three-body interaction is added,
the phase boundary goes down and the state should enter the
insulating lobe, which can be easily discriminated in an in-situ

[2231-331 (see the inset in Fig. 3(c)). Fur-

imaging detection
thermore, one of the most surprising changes of the quantum
phase is shown in Fig. 3(d). The multi-body interaction leads
to the unexpected emergence of a new insulating plateau with
filling n = 3 in the background of the original MI plateau. It
is very clear when we compare the density profiles (the inset
in Fig. 3(d)) in the presence and in the absence of Us. The
notable difference can be explained by the phase diagram, in
which both the n = 2 and n = 3 lobes move downwards to-
gether. Thus the corresponding point in the phase diagram
exits the n = 2 lobe and enters into the n = 3 lobe.

From the above discussion, we can conclude that the ef-
fective multi-body interaction has a remarkable influence on
the phase of the strongly correlated atomic system at equi-
librium. Next we explore several different scenarios to fully
reveal the response of the system in the presence of the ef-
fective multi-body interaction. Specifically, we study the non-
equilibrium dynamics of the inhomogeneous system while lin-
early increasing the lattice depth from V; = 11 Er to Vy = 17
Er within variable time 7;. The chemical potential t is chosen
such that the atom number on each site at the final equilib-
rium state in the central zone is close to two when only the
binary interaction is present. It is obvious that the situation
discussed here is quite different from that in Ref. [24] because
of the high central occupation at the initial state. For simplic-
ity, we assume 7Y to be constant during the evolution, which
is approximatively valid.[”) By varying the three-body inter-
action coefficient y, we obtain the final density profiles after
ramp time 7, = 120 x 27 /UM ~ 400 ms (see Figs. 4(a)—4(c)),
here Uzini is the binary interaction strength at the beginning.
For comparison, we also show the initial SF state and the final
insulating state at equilibrium in Figs. 4(a)—4(c).
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Fig. 4. (color online) Density profiles of the trapped gas (left panels) and time evolution of the coherence (right panels) at different
three-body interaction strengths: (a) and (d) y =0, (b) and (e) Y = —0.1, (c) and (f) y = —0.2. The dashed (red) and dotted (blue) lines
denote the initial and the final states at equilibrium associated with the lattice depths V; = 11 Er and V; = 17 Er, respectively. The solid
(blue) line is the final density profile after ramp time 7. = 120 x 27/U, ~ 400 ms. The color from blue to red represents the crossover
from the Mott-insulator regions to the SF regions with large coherence.

For y = 0 (Fig. 4(a)), although the system does not ar-
rive at the equilibrium, the atomic distribution in the central
zone is close to that of the final state at equilibrium. In this
sense, when we only pay special attention to the evolution
process of the system in the central region of the trap, a lo-
cal equilibration has been reached in this situation. As shown
in Fig. 4(b), when a small three-body interaction (y = —0.1)
is introduced, the final profile deviates markedly from that of
the final state at equilibrium in the innermost zone where an
SF phase emerges. With the increasing three-body interaction
strength (y = —0.2), the range of the central SF phase obvi-
ously extends outward, which leads to a highly remarkable
deviation between the final equilibrium and non-equilibrium
states. It has been demonstrated definitively in these results
that the attractive three-body interaction slows down the re-

laxation of the system towards the equilibrium. To better un-
derstand the time evolution of the many-body ensemble, we
numerically calculate the coherence C; = (a;) ¥ ;(a}) (4] when
the lattice is ramped up gradually in 400 ms and the system
evolves from a given SF phase with high coherence as depicted
in Figs. 4(d)—4(f). Similarly, we also provide the result when
the multi-body interaction is lacking in the whole process (see
Fig. 4(d)). In this situation, a large insulating region appears
after about 200 ms. At last, an MI plateau with two atoms at
each site forms in the center, which is also surrounded with
a remaining SF ring. However, the situation is quite different
when the multi-body interaction works, just like the cases in
Figs. 4(e) and 4(f). The crucial discovery is that an SF core re-
mains and is accompanied by a growing insulating shell. Fur-
thermore, one can observe that the SF core covers quite a few

110307-5



Chin. Phys. B Vol. 22, No. 11 (2013) 110307

sites especially when Us is enhanced. From these results, one
can intuitively realize that the key to the observation of slow
relaxation in our system is the presence of the renormalized
multi-body interaction. In fact, it has been found that the mass
transport between SF regions plays an increasingly important
role in non-equilibrium dynamics of the ensemble in the situa-
tion when only the binary atomic interaction is involved.?* Tt
is in favor of global equilibration that insulating regions appear
as early in the procedure of the transport as possible, because
they can block the particle flow from one SF ring to another.
It is quite clear from the comparison between the moments of
the MI shell that happened near the center in Figs. 4(d)—4(f)
that the effective multi-body interaction really postpones the
appearance of the insulating region. For example, the MI shell
begins to grow until about 250 ms when y = —0.2 (Fig. 4(f))
rather than 200 ms in Fig. 4(d). Moreover, the wider the MI re-
gions are, the more remarkable the blockade is. In our system,
a large attractive three-body interaction decreases greatly the
total interaction energy and makes it harder to turn the central
zone into a complete insulating phase compared to the case
with only the binary interaction. Besides, more atoms are lo-
cated in the center of the trap and will strikingly strengthen
the falling tendency of the interaction energy. That is the true
answer why such an SF core can occupy much space in the
situation of ¥y = —0.2. Considering the aforementioned dis-
coveries of the delayed MI shell and the wide SF core, one can
easily conclude that the mass transport between different SF
regions cannot be readily blocked especially when y becomes

significant.
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Fig. 5. (color online) Time evolution of condensate ratio.

We further calculate the macroscopic quantities, total
atom number Nii(f) = Y zn; j(f) and condensate fraction
Neon(t) = Xz |(b: (1)) |?,1**! within the innermost zone Z of
20 x 20 sites. Here we ignore the outmost MI regions only
singly occupied because the n = 1 MI shell has a negligible
change due to the presence of the multi-body interaction. The

condensate ratio Neon/MNot as a function of time is shown in
Fig. 5, from which one can see that the condensate ratio de-
creases with time. Here the rapid depletion of the condensate
fraction indicates the growth of the MI regions. We have ob-
served a slower reduction of Ngon /Nt in the cases of y # 0
and found that the final value of the depleted condensate is
strongly dependent on y. Remarkably, in an ensemble with
large 7, the SF remains in the central region.

4. Conclusion

In summary, we have explored novel quantum phases and
mass transport of ultracold bosons in an optical lattice and the
influence of the renormalized multi-body interaction. Several
intriguing phenomena, including an expanding MI zone and
the emergence of a new MI terrace, have been demonstrated in
the mean-field calculations. We also induced quantum quench
by lifting the lattice depth and investigated the dynamical re-
sponse of the system. Compared to the situation in the absence
of the multi-body interaction, the relaxation towards equilib-
rium becomes slower when the three-body interaction cannot
be ignored. Since the ingredients mentioned above, such as
the effective multi-body interaction and the related detection
techniques, have been realized experimentally, our results are
expected to be relevant to experimental situations realizable in
the near future. Other issues closely related to non-equilibrium
dynamics beyond single-band BHM as we have done in this
work are also expected to be raised and resolved.
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