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Implementation of quantum partial search with superconducting
quantum interference device qudits in cavity QED∗
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We present a method to implement the quantum partial search of the database separated into any number of blocks
with qudits, D-level quantum systems. Compared with the partial search using qubits, our method needs fewer iteration
steps and uses the carriers of the information more economically. To illustrate how to realize the idea with concrete physical
systems, we propose a scheme to carry out a twelve-dimensional partial search of the database partitioned into three blocks
with superconducting quantum interference devices (SQUIDs) in cavity QED. Through the appropriate modulation of the
amplitudes of the microwave pulses, the scheme can overcome the non-identity of the cavity–SQUID coupling strengths
due to the parameter variations resulting from the fabrication processes. Numerical simulation under the influence of the
cavity and SQUID decays shows that the scheme could be achieved efficiently within current state-of-the-art technology.
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1. Introduction
Grover’s algorithm[1] searching target elements in an un-

sorted database is one of the most celebrated applications of
quantum information processing. It can provide a quadratic
speedup over the best classical algorithm and has been shown
to be optimal.[2] However, if we do not need the accurate loca-
tion of the target item in practice, partial search algorithm[3,4]

which finds a part of the database (a block) containing the tar-
get item, instead of the item itself, is applicable in this case
and can work faster than a full search. For this reason, the par-
tial search recently attracted much interest. It was suggested
by Grover and Radhakrishnan[5] and optimized by Korepin.[4]

Then, for a large number of blocks, a simple partial search al-
gorithm was proposed.[6] The partial search algorithm was for-
mulated in terms of group theory in Ref. [7], which provides a
powerful mathematical tool to prove the optimality in a wide
class of partial search algorithms. For being subroutines of
larger algorithms, a sure success partial search algorithm was
presented in Ref. [8].

In practice, the size of the database to be checked with
the partial search and the number of blocks that the database
is partitioned into can be arbitrary. However, if we use the
two-dimensional (2D) information carriers, qubits, as usual to
encode the database, the size of the database and the number
of blocks must be the power of two, which could not match
practical problems well. For example, a merit list consists of a
ranking of students in a class sorted by the grade (say 39 stu-
dents in the class). We may roughly want to know where a par-
ticular student stands, whether he/she ranks in the top 1/3, the

middle 1/3, or the bottom 1/3. For this issue, with qubits we
cannot directly construct a partial search algorithm fitting in
with the problem. Furthermore, if N items need to be searched
with N being a positive integer, then we need to construct a
database of size M = 2k with k = dlog2 Ne qubits to index the
searched items. Thus, in this case, π

√
M/4− c

√
b queries[4]

are required to find the target block with b being the block size
and c a positive coefficient. However, if we can establish a
database of size M in the physical systems and efficiently per-
form the partial search in this database, only π

√
N/4− c

√
b

queries need to be performed resulting in fewer operations (as-
suming the block size b is not changed). In this work, we
present a method to carry out the partial search for the arbi-
trary size database separated into any number of blocks using
multi-level systems, based on a previous idea for a fast quan-
tum search algorithm with qudits.[9] Employing the higher-
dimensional quantum states, with the same amount of phys-
ical resources, the available Hilbert space could increase ex-
ponentially and the carriers of the information are used more
economically.

Recently, superconducting devices, such as Cooper pair
boxes,[10,11] superconducting quantum interference devices
(SQUIDs),[12,13] and Josephson junctions,[14–16] have at-
tracted great interest due to their potential for scalability
and compatibility to conventional electronics.[17] Among the
superconducting devices, SQUIDs are a promising candi-
date to serve as the carriers of the information for quantum
computing.[18,19] They have the favorable features of rela-
tively long decoherence time,[20,21] design flexibility, and so
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on. When they are embedded in a cavity, the strong-coupling
limit of the cavity QED, which is difficult to achieve with
atoms in a cavity, can be easily realized.[22]

Aiming to illustrate how to realize our idea in a concrete
quantum system, we design a scheme with SQUIDs in cavity
QED for the implementation of quantum partial search with
qudits. For simplicity, but without loss of generality, a twelve-
dimensional partial search of the database separated into three
blocks is demonstrated using a qutrit, a three-level quantum
system, and two qubits. When fabricating the superconducting
devices, parameter nonuniformity unavoidably occurs. How-
ever, through the appropriate modulation of the amplitudes of
the microwave pulses, our scheme could overcome the cou-
pling strength difference of the SQUIDs to the cavity resulting
from the parameter variations. Furthermore, since the cavity
field is only required to be virtually excited, the system is in-
sensitive to the cavity decay which releases the experimental
requirement. To check the validity of our scheme more strictly,
we numerically simulate the time evolution of the system un-
der the influence of the cavity and SQUID decays and show
that the scheme could be achieved efficiently with enough fi-
delity under the present experimental technology.

2. Implementation of quantum partial search
algorithm in arbitrary dimensional Hilbert
spaces

2.1. Implementation of Grover algorithm in arbitrary di-
mensional Hilbert spaces

First, let us briefly review the standard Grover algorithm.
The aim of the Grover algorithm is to identify a target state |τ〉
among an unordered set of N states, which could be denoted

by |Ψ〉 = (1/
√

N)
N−1
∑

i=0
|i〉, where the computational states |i〉

(i = 0,1, . . . ,N−1) represent the items to be checked. To find
the target state, the Grover iteration, which consists of two
operations,[23] is repeatedly performed on the entire database:
(i) invert the amplitude of the target item |τ〉 using a quan-
tum phase gate 𝐼τ = 𝐼 − 2|τ〉〈τ|, where I is the N×N iden-
tity matrix; (ii) invert about the average of the amplitudes of
all states using the diffusion transform Di j = 2/N for i 6= j
and Dii = −1 + 2/N. After the Grover iteration 𝐺 = 𝐷𝐼τ

is carried out O(
√

N) times, the probability of finding the
marked state will be maximized, and then a measurement on
the whole system is made to obtain the marked item with high
probability.

2.1.1. Implementation of Grover algorithm with qubits

For a database of size N = 2n, encoded by n two-level
physical systems, qubits as usual, the Grover search could be
completed via n-qubit controlled phase gate 𝑈 n

cp and n-qubit
Hadamard gate 𝐻⊗n. 𝑈 n

cp = diag{1, . . . ,1,−1} is a 2n× 2n

diagonal matrix and

𝐻⊗n =
n⊗

i=1

Hi =
n⊗

i=1

(
1√
2

[
−1 1
1 1

])
, (1)

where Hi is the Hadamard gate acting on the i-th qubit,
transforming states |0〉 and |1〉 to (1/

√
2)(−|0〉+ |1〉) and

(1/
√

2)(|0〉+ |1〉), respectively. The average state |Ψ〉 defined
in the N-dimensional Hilbert space spanned by {|0i〉, |1i〉|i =
1,2, . . . ,n} can be obtained via the n-qubit Hadamard gate:
|Ψ〉 = 𝐻⊗n|1112 · · ·1n〉. The operations of inverting the am-
plitude of the marked item are carried out by 𝑈 n

cp combined
with single-qubit gates {σx,i|i = 1,2, . . . ,n}, where σx,i is the
NOT gate acting on the i-th qubit. The diffusion transform
could be reached by combining the Hadamard gate with the
controlled phase gate: 𝐷 =−𝐻⊗n𝑈 n

cp𝐻
⊗n.

2.1.2. Implementation of Grover algorithm with qudits

As a component of the partial search, the Grover search
in databases of arbitrary size is required to realize the partial
search for databases of arbitrary size. A method to implement
the Grover algorithm in arbitrary-dimensional Hilbert spaces
was given in Ref. [9]. For a database of arbitrary size N, if N
can be decomposed into N = N1N2 . . .Nm, then the database
could be encoded by N1-, N2-, . . ., Nm-dimensional qudits.
The Grover search in this database of size N can be carried
out through m-qudit controlled phase gate UN

cp and generalized
Hadamard gates {UN j | j = 1,2, . . . ,m}. 𝑈N

cp is the same as 𝑈 n
cp

except that it is an N×N diagonal matrix, and 𝑈N j can be de-
composed into a product of two-level unitary matrices in the
individual qudit: 𝑈N j = 𝑈N j1𝑈N j2 . . .𝑈N j(N j−1), whose for-
malism, a little complicated, was given in Ref. [9]. 𝑈N j i for
the j-th qudit, denoted by {|0〉 j, |1〉 j, . . . , |N j − 1〉 j}, acts on
the subspace spanned by {|i−1〉 j, |i〉 j}, transforming states as

|i−1〉 j → −
√

1
i+1
|i−1〉 j +

√
i

i+1
|i〉 j,

|i〉 j →
√

i
i+1
|i−1〉 j +

√
1

i+1
|i〉 j. (2)

By the above transforms, the preparation of the average state
|𝛹〉 can be achieved by

|Ψ〉=
m⊗

i=1

(
Ni−1

∏
j=1

𝑈Ni, j|Ni−1〉

)
. (3)

The inversion of the amplitude of any target state Iτ can be
accomplished by the conditional phase gate 𝑈N

cp combined
with swapping operations between different levels in the in-
dividual qudits. The diffusion transform could be obtained by
𝐷 =−𝑈N𝑈

N
cp𝑈

†
N , similar to the qubit situation, where 𝑈N is

given by 𝑈N =𝑈N1 ⊗𝑈N2 ⊗·· ·⊗𝑈Nm .
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2.2. Implementation of quantum partial search algorithm
with qudits

The partial search algorithm considers the following
problem: a database containing N items is partitioned into K
blocks each with the same size b = N/K, and the aim is to find
the block with the target item, called target block, instead of
the target item itself. The partial search, which is essentially
based on the Grover algorithm, consists of the global Grover
iteration 𝐺g performed on the entire database and the local
Grover iteration Gl performed on each block of the database
in parallel.

The operation steps of the partial search algorithm are
given below.

Step 1 Prepare a superposition state |Ψ〉 as an unsorted
database and apply lg global iterations on it. Then, the state of
the database is |Ψ1〉= (𝐺g)

lg |Ψ〉.
Step 2 Applying ll local iterations on |Ψ1〉, we can obtain

|Ψ2〉= (𝐺l)
ll(𝐺g)

lg |Ψ〉.
Step 3 A final global iteration on |Ψ2〉. The resulting state

is |Ψ3〉=𝐺g(𝐺l)
ll(𝐺g)

lg |Ψ〉.
After the partial search, the states in non-target blocks

have amplitude of zero and the state measured is the item in the
target block. The algorithm uses lg +1 global iterations and ll
local iterations. Korepin optimized this procedure[4] and gave
the numbers of the global and local iterations that minimize
the total number of iterations lg + ll +1. The numbers of iter-
ations lg and ll for large b (b→ ∞) are given as follows:

lg =
π

4

√
N−η

√
b, ll = α

√
b. (4)

Here η and α are parameters of order of 1 and can be ex-
pressed as functions of number of blocks K

tan
2η√

K
=

√
3K−4
K−2

, cos2α =
K−2

2(K−1)
. (5)

The minimized total number of iterations is π
√

N/4− c
√

b
with c = η −α . Compared with the standard Grover search,
the partial search reduces the queries to the oracle by c

√
b. For

instance, for K = 3, α ≈ 0.66, η ≈ 1, and c≈ 0.34.
The implementation of standard Grover algorithm in arbi-

trary size databases is shown above. The local Grover search
could be expressed by 𝐺l = 𝐷l𝐼τ , where 𝐼τ is the same as
the inversion of the amplitude of the target state in standard
Grover search, while the local diffusion transform is defined
by

𝐷l =
K⊕

i=1

𝐷i, (6)

with 𝐷i representing the diffusion transform in the i-th block.
It is a direct sum of diffusion transforms defined in each
block. In the following, we realize the local diffusion trans-
form with qudits by a Kronecker product. For the database
of size N = Kb, assuming that K,b can be decomposed into

K = K1K2 · · ·Km and b = b1b2 · · ·bn, then the database could
be encoded by K1, K2, . . ., Km, b1, b2, . . ., bn-dimensional qu-
dits and the local average states in the blocks can be described
by

|k1〉1|k2〉2 · · · |km〉m
n⊗

i=1

(
1√
bi

bi−1

∑
j=0
| j〉m+i

)
,

kl = 0,1, . . . ,Kl−1; l = 1,2, . . . ,m. (7)

We define a block diffusion transform 𝐷b = −𝑈b𝑈
b
cp𝑈

†
b

in the block subspace spanned by {|0〉m+i, |1〉m+i, . . . , |bi −
1〉m+i |i = 1,2, . . . ,n}, where 𝑈b =𝑈b1⊗𝑈b2⊗ . . .⊗𝑈bn and
𝑈 b

cp, the n-qudit controlled phase gate, is a b×b diagonal ma-
trix defined in the block space. The local operations in the sub-
space can be realized via selectively manipulating the qudits.
For the SQUIDs embedded in a cavity, we could adjust the
level spacings of SQUIDs such that there are no interactions
between the cavity mode and the SQUIDs not in the block
space. Now, the local Grover iteration can be expressed as

𝐺l = (𝐼K⊗𝐷b)𝐼τ , (8)

where 𝐼K is the K×K identity matrix defined in the subspace
spanned by {|0〉i, |1〉i, . . . , |Ki − 1〉i |i = 1,2, . . . ,m}. So far,
we obtain all the operations to accomplish the partial search
for the arbitrary size database separated into any number of
blocks. In what follows, we show how to realize our idea
in a concrete physical system by designing a scheme with
SQUIDs in cavity QED to implement a twelve-dimensional
partial search of the database partitioned into three blocks us-
ing a qutrit and two qubits.

3. The scheme with SQUIDs in cavity QED
The SQUIDs to be discussed below are rf SQUIDs, each

consisting of an enclosed superconducting loop interrupted by
a Josephson junction. Consider three SQUIDs simultaneously
interacting with a single-mode cavity field and driven by clas-
sical microwave pulses. The SQUIDs are biased properly to
have identical four-level configurations of three lowest states
|0〉, |1〉, and |2〉, and an excited state |e〉 (see Fig. 1).[24–26] The
qutrit is denoted by |0〉, |1〉, and |2〉 of SQUID I, and the two
qubits are denoted by |0〉 and |1〉 of SQUID II and SQUID III.
As shown in Fig. 1, the SQUID transition |1〉 ↔ |e〉 is non-
resonantly coupled by the cavity mode with coupling strength
gi and detuning δ , and driven by the classical field with the
Rabi frequency Ωi and detuning ∆ , respectively. The states
|0〉 and |2〉 are not affected by the cavity and classical fields.
The Hamiltonian for the SQUID with junction capacitance C,
loop inductance L, and externally applied biased flux Φx can
be written in the usual form[27–29]

Hs =
Q2

2C
+

(Φ−Φx)
2

2L
−EJ cos

(
2π

Φ

Φ0

)
, (9)

where Φ is the magnetic flux threading the loop, Q is the total
charge on the capacitor, and EJ = IcΦ0/2π is the Josephson
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coupling energy with Ic being the critical current of the junc-
tion and Φ0 = h/2e the flux quantum. The Hamiltonian of the
three SQUIDs interacting simultaneously with a single cavity
mode and microwave pulses in the interaction picture is de-
scribed by (h̄ = 1)

Htotal = Hc +Hµw, (10)

with

Hc =
3

∑
j=1

g j

(
a†

σ
−
j e iδ t +aσ

+
j e−iδ t

)
, (11)

Hµw =
3

∑
j=1

Ω j

(
σ
−
j e i∆ t +σ

+
j e−i∆ t

)
, (12)

where the subscript j represents the j-th SQUID, and a and
a† are, respectively, the annihilation and creation operators for
the cavity mode. Here, σ

+
j =

∣∣e j
〉〈

1 j
∣∣, σ

−
j =

∣∣1 j
〉〈

e j
∣∣, and

the expressions of g j and Ω j are given, respectively, by[28,30]

g j =
1
L j

√
ωc

2µ0h̄

〈
1 j|Φ j|e j

〉∫
S j

𝐵 j
c (𝑟) · d𝑆,

Ω j =
1

h̄L j

〈
1 j|Φ j|e j

〉∫
S j

𝐵 j
µw (𝑟) · d𝑆, (13)

with ωc being the cavity frequency, L j the inductance of the
j-th SQUID loop, µ0 the vacuum permeability, 𝐵 j

c (𝑟) and
𝐵 j

µw (𝑟) the magnetic components of the cavity mode and
classical microwave in the superconducting loop of the j-th
SQUID, respectively.

e>

δ ∆

Ω1

δ ∆

Ω2

δ ∆

Ω3g g g

e>

>

> > >>

>

>

>

>

e>

SQUID I: qutrit SQUID II: qubit SQUID III: qubit

Fig. 1. (color online) Schematic illustration of relevant energy-level
structure of the three SQUIDs embedded in a cavity. The SQUID
transition |1〉 ↔ |e〉 is nonresonantly coupled to the quantized cav-
ity mode and the classical field with the coupling strengths g and
Ω , respectively. The states |0〉 and |2〉 are not affected by the cavity
and classical fields. The qutrit is denoted by SQUID I, and the two
qubits are denoted by SQUID II and SQUID III.

In the absence of the classical field, the system interaction
Hamiltonian is given by Hc. Considering the large SQUID–
cavity detuning condition δ � gi (i = 1,2,3), we can obtain
an effective Hamiltonian[31]

H1
c =

1
δ

a†a
3

∑
i=1

g2
i σ
−
i σ

+
i −

1
δ

aa†
3

∑
i=1

g2
i σ

+
i σ
−
i

− 1
δ

3

∑
i, j=1
i6= j

gig jσ
+
i σ
−
j . (14)

Due to the strong detuning between the cavity and SQUIDs, if
the cavity field is initially in the vacuum state, then photons in

the cavity mode play a negligible role in the temporal evolu-
tion, and the effective Hamiltonian in Eq. (14) can be reduced
to[32]

H2
c =− 1

δ

3

∑
i=1

g2
i σ

+
i σ
−
i −

1
δ

3

∑
i, j=1
i6= j

gig jσ
+
i σ
−
j . (15)

Then, take the weak external driving field into account
and adjust the Rabi frequencies so that Ωi = ηgi (i = 1,2,3)
with η being a positive real number. To this end, if the non-
identity of coupling strengths gi merely results from position
inaccuracy of the SQUIDs, we could let the microwave pulse
input collinearly with the cavity axis. In this case the driv-
ing pulse has the same spatial mode structure as the cavity
mode.[33,34] Then, according to Eqs. (13), Ωi/gi will be a con-
stant. However, if the non-identity of SQUID–cavity coupling
strengths gi results from the the non-uniformity in device pa-
rameters or combined with position inaccuracy mentioned just
now, the SQUIDs should be addressed individually by the clas-
sical pulses with appropriate intensity. In this condition the
full Hamiltonian for the dynamics of the whole system can be
redefined as

H = − 1
δ

3

∑
i=1

g2
i σ

+
i σ
−
i −

1
δ

3

∑
i, j=1
i6= j

gig jσ
+
i σ
−
j

+η

3

∑
j=1

g j

(
σ
−
j e i∆ t +σ

+
j e−i∆ t

)
. (16)

The SQUIDs are initially prepared in the computational
basis states {|h1h2h3〉} where h1 = 0,1,2 and h2,h3 = 0,1.
When the SQUIDs are in the states |000〉 and |200〉, they do
not evolve with the time. Thus, we only need to consider the
temporal evolution of the states in the form

|Φ〉i1,i2,...,ip = | · · ·1i1 · · ·1i2 · · ·1ip · · · 〉, (17)

where the SQUIDs i1, i2, . . . , ip (p = 1,2,3) are initially in the
state |1〉 and other SQUIDs are in the state |0〉 or |2〉.

Since the states |0〉 and |2〉 do not participate in the in-
teraction, the Hamiltonian in Eq. (16) can be spanned by the
finite basic states[35]∣∣Ψp,q

〉
=

1
q!Cp,q

Jq
i1,··· ,ip,+

|Φ〉i1,i2,··· ,ip , (0≤ q≤ p), (18)

where

Ji1,...,ip,+ = ∑
j=i1,...,ip

g j
∣∣e j
〉〈

1 j
∣∣,

Cp,q =

√√√√√ ∑
j1, j2,..., jq∈{i1,...,ip}

j1 6= j2 6=···6= jq

(
g j1g j2 · · ·g jq

)2
. (19)

The state
∣∣Ψp,q

〉
describes that q SQUIDs transfer into the

state |e〉 from |1〉. As two special cases,
∣∣Ψp,0

〉
is given by

Eq. (17) and
∣∣Ψp,p

〉
= | · · ·ei1 · · ·ei2 · · ·eip · · · 〉 describes that the

SQUIDs i1, i2, . . . , ip (p= 1,2,3) occupy the state |e〉 and other
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SQUIDs are in the state |0〉 or |2〉. In these basic states, the
Hamiltonian H can be rewritten as

Hp =−
1
δ

p

∑
q=0

ωp,q
∣∣Ψp,q

〉〈
Ψp,q

∣∣
+

(
p−1

∑
q=0

λp,q
∣∣Ψp,q+1

〉〈
Ψp,q

∣∣ e−i∆ t +H.c.

)
, (20)

where

ωp,0 = 0, ωp,q =C2
p,1 +

(
q2−1

)C2
p,q+1

C2
p,q

,

λp,q = (q+1)η
Cp,q+1

Cp,q
. (21)

To realize the three-qudits phase gate, we let the parameters η

and ∆ satisfy the following conditions:

∆ =−
ω3,1

δ
=−

g2
1 +g2

2 +g2
3

δ
, (22a)∣∣∣−ωp,q+1

δ
+

ωp,q

δ
−∆

∣∣∣� λp,q, (p,q 6= 3,0). (22b)

The physical idea behind these equations is that Eq. (22a)
leads to the resonant transition between |Ψ3,0〉 and |Ψ3,1〉, while
Eq. (22b) makes other transitions largely detuned. Through
this selective resonant interaction,[36] we have the effective in-
teraction

Heff = λ3,0 |Ψ3,1〉〈Ψ3,0|+H.c.,

λ3,0 =
√

Ω 2
1 +Ω 2

2 +Ω 2
3 , (23)

for the initial state where all three SQUIDs are in the state |1〉.
For other initial states, similar to the above analysis, the ef-
fective interaction is dispersive from Eq. (22b). Choosing the
interaction time t = π/λ3,0, the state |111〉 will acquire a e iπ

phase factor, while other states in computational bases remain
unchanged.

To implement the three-qudit phase gate, we define the
swap operations between two levels in the single qutrit σi j:
σi j|i〉 = | j〉, σi j| j〉 = |i〉 (i, j = 0,1,2), like the Pauli X op-
erator with the qubits. These operations can be obtained via
the Raman processes using two external classical microwave
pulses with appropriate frequency,[37] which provide an ef-
fective interaction Ωeff |i〉〈 j|+ H.c., where Ωeff = ΩiΩ j/∆ ,
with Ωi, j being the Rabi frequencies and ∆ the detuning from
the excited state |e〉 (∆ �Ωi, j). By the operation from the
Hamiltonian (10) under the conditions (22) combined with the
single-qutrit gate σ12, we can obtain the controlled phase gate
U12

cp in the twelve-dimensional Hilbert space

|000〉 → |000〉, |100〉 → |100〉, |200〉 → |200〉,
|001〉 → |001〉, |101〉 → |101〉, |201〉 → |201〉,
|010〉 → |010〉, |110〉 → |110〉, |210〉 → |210〉,
|011〉 → |011〉, |111〉 → |111〉, |211〉 → −|211〉. (24)

For the controlled phase gate U4
cp acting on the block

space spanned by the two qubits, we could adjust, by the
externally applied biased flux Φx, the level spacing of the
SQUID I to be decoupled from the cavity mode and the
microwave,[28,38] then repeat the above analysis, yet, for the
coupling system involving only the two qubits interacting with
the cavity field and microwave pulses. In this case, the in-
teraction time t ′ = π/λ2,0 = π/(Ω 2

2 + Ω 2
3 )

1/2, and the con-
dition for the resonant transition between |Ψ ′2,0〉 and |Ψ ′2,1〉
is ∆ ′ = −ω ′2,1/δ = −(g2

2 + g2
3)/δ , with |Ψ ′2,0〉 = |1213〉 and

|Ψ ′2,1〉= 1/(g2
2 +g2

3)
1/2 (g2|e213〉+g3|12e3〉).

The partial search for the database of size 12, partitioned
into three blocks, is performed by a local iteration followed by
a global iteration[6]

|Ψf〉= GgGl|Ψ〉, (25)

where |Ψ〉 is the initial average state in the computational
bases, |Ψf〉 is the final state wherein the components in the
blocks not containing the target item have amplitude of zero,
and

Gl = [𝐼3⊗ (𝑈4𝑈
4
cp𝑈

†
4 )]𝐼τ ,

Gg =𝑈12𝑈
12
cp 𝑈

†
12𝐼τ , (26)

with

𝑈12 =𝑈3⊗𝑈2⊗𝑈2,

𝑈4 =𝑈2⊗𝑈2. (27)

From Eq. (2), we obtain the 𝑈2 and 𝑈3 transformations for the
qubit and qutrit, respectively,

𝑈2 =

−√ 1
2

√
1
2√

1
2

√
1
2

 ,

𝑈3 =𝑈31𝑈32 =

−
√

1
2

√
1
2 0√

1
2

√
1
2 0

0 0 1




1 0 0

0 −
√

1
3

√
2
3

0
√

2
3

√
1
3

 , (28)

where 𝑈3 for the qutrit acts on the three-dimensional Hilbert
space spanned by {|0〉, |1〉, |2〉}, 𝑈31 acts on the subspace
spanned by {|0〉 , |1〉}, 𝑈32 acts on the subspace spanned by
{|1〉 , |2〉}, and 𝑈2 for the qubits acts on the two-dimensional
Hilbert space spanned by {|0〉 , |1〉}. These gates can also be
achieved by the above Raman processes for the swap gates
σi j. Based on the conditional phase gate 𝑈 12

cp = 𝐼211 marking
the state |211〉, we could construct eleven other gates for the
marking job, taking the marked state |001〉 as an example

𝐼001 = σ
(1)
02 σ

(2)
x 𝐼211σ

(1)
02 σ

(2)
x . (29)

So far, we have given all the gate operations needed to
complete the twelve-dimensional partial search of the database
partitioned into three blocks. To carry out our scheme, we
consider three SQUIDs embedded in a cavity, simultaneously
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interacting with the cavity mode and driven by the classi-
cal fields. Taking the marked state |001〉 as an example, the
three SQUIDs are initially prepared in the superposition state
through Raman processes using external microwave pulses,
then they undergo the operations in Fig. 2 from the left to the
right. L denotes the SQUID I beyond the interaction with the
cavity mode and classical field, through the adjustment of its
level spacing. Finally the SQUIDs are separately read out in
the computational bases.

t

qutrit

qubit

12
U

+
U12

12
Ucp

12
Ucp

U4
12

Ucp
+

U4
qubit

Gl Gg

L
12

Ucp

σ02

σxσxσxσx

σ02 σ02 σ02

Fig. 2. (color online) Schematic plot for the marked state |001〉 in a
twelve-item partial search of database separated into three blocks,
where the three SQUIDs are initially prepared in the average state
through Raman processes using external classical fields. The single
qubit and qutrit gate σx and σ02 added on the two ends of the condi-
tional phase gate U12

cp are for generating I001. L represents the qutrit
beyond the interaction with the cavity mode and classical field. The
operations at the left and right side of the dotted line constitute the
local and global Grover iterations, respectively.

4. Numerical simulation under dissipations
In the ideal case, the twelve-item partial search of

database separated into three blocks is carried out with cer-
tainty. However, in the presence of the cavity and SQUID
decays, the search is performed only probabilistically. We
numerically simulate the partial search by the quantum jump
approach[39] under the condition that no photon leakage ac-
tually happens, due to either the spontaneous emission from
the SQUIDs’ excited states or the decay from the cavity mode
during the operation. As an example, we demonstrate the
search for the marked state |001〉 (the first block being the
target block) with the non-identical SQUID–cavity coupling
strengths, in the cases of κ = γ = 0, κ = γ = g/300, and
κ = γ = g/200, with κ and γ being the cavity and SQUID
decay rates, respectively. Figure 3 shows the probabilistic dis-
tribution of the computational bases after the partial search,
and under the cavity and SQUID dissipations the states in the
non-target blocks appear to be populated.

We also simulate the impact of decays on the success
rate and fidelity. Figure 4 plots how the success rate and
fidelity simultaneously depend on the the cavity decay rate
κ and the SQUID spontaneous emission rate γ . Under the
limits of large SQUID–cavity detuning and extremely weak
external excitation, the cavity decay plays a neglected role
in our scheme. In fact, it is not difficult to note that the
dominant source of decoherence is the fact that the state
|Ψ3,1〉 (|Ψ ′2,1〉) can decay spontaneously to |Ψ3,0〉 (|Ψ ′2,0〉) due
to the excited state remarkably populated during the tempo-
ral evolution. The two decay effects are reflected clearly in

Fig. 4. For a set of actual parameters,[28] (g1,g2,g3,κ,γ) =

(180,160,140,1.32,0.4) MHz, δ = 16g3, ∆ = −(g2
1 + g2

2 +

g2
3)/δ , η = 1/(0.0039

√
3δ ), ∆ ′ = −(g2

2 + g2
3)/δ , and η ′ =

1/(0.0029
√

2δ ), as the time for single qutrit and qubit oper-
ations is negligible, the partial search takes 8.36 µs wherein
the local iteration needs (π/λ3,0 +π/λ2,0) ∼ 3.97 µs and the
global iteration needs 2π/(λ3,0)∼ 4.39 µs, and the fidelity and
success rate are 0.97 and 0.98, respectively.
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Fig. 3. The probability of the computational basis for the twelve-
item partial search of database separated into three blocks. Param-
eters: g1 = 1.4g, g2 = 1.2g, g3 = g, δ = 30g, ∆ = −(g2
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√
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Fig. 4. The fidelity of the final state after the partial search and the
probability for finding the states in the target block versus the de-
cay rates. Parameters: g1 = 1.4g, g2 = 1.2g, g3 = g, δ = 30g,
∆ = −(g2
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3)/δ ,
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2δ ).

To show that our scheme is tolerable to the inevitable
non-uniformity in device parameters, figure 5 compares the fi-
delity of the final state after the partial search using our method
with that regardless of the non-identity of the cavity–SQUID
coupling strengths (meaning that the microwave pulses have

110305-6



Chin. Phys. B Vol. 22, No. 11 (2013) 110305

the same intensity). We can see that the fidelity of the fi-
nal state regardless of the non-identity of the cavity–SQUID
coupling strengths is highly sensitive to the non-identity of
cavity–SQUID coupling constants, however the fidelity using
our scheme is hardly affected.
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Fig. 5. (color online) Fidelity of the final state after the partial
search. The solid line denotes the fidelity of the final state using
our scheme, while the dashed line denotes the fidelity regardless of
the non-identity of the cavity-SQUID coupling strengths (meaning
that the microwave pulses have the same intensity). Parameters:
g1 = β 2g, g2 = βg, g3 = g, δ = 20g1, ∆ = −(g2

1 + g2
2 + g2

3)/δ ,
η = 1/(11

√
3δ ), ∆ ′ =−(g2

2 +g2
3)/δ , η ′ = 1/(10

√
2δ ).

5. Conclusion
In conclusion, we have suggested a method to implement

the partial search for the arbitrary size database partitioned
into any number of blocks using multi-level systems. With
this method fewer iteration steps are needed and carriers of
the information are used more economically compared with
the partial search with qubits. To crystalize the idea, we have
proposed a scheme for the implementation of a twelve-item
partial search of the database separated into three blocks using
a qutrit and two qubits with SQUIDs in cavity QED. Through
the appropriate modulation of the amplitudes of the microwave
pulses, our scheme could overcome the non-identity of the
cavity–SQUID coupling strengths. In addition, since the cav-
ity field is only required to be virtually excited, the system is
insensitive to the cavity decay which releases the experimen-
tal requirement. Numerical simulation under the influence of
the cavity and SQUID decays shows that the scheme could be
achieved with high fidelity under current state-of-the-art tech-
nology.
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