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Klyachko—Can-Binicioglu—Shumovsky (KCBS) inequality is a Bell-like inequality, the violation of which can be
used to confirm the existence of quantum contextuality. However, the imperfection of detection efficiency may cause the
so-called loophole in actual KCBS’s experiments. We derive an alternative KCBS inequality to deal with the loophole in
actual KCBS’s experiments. We prove that if the experimental data violate this KCBS inequality, the loophole-free violation
of the original KCBS inequality will occur. We show that the minimum detection efficiency needed for a loophole-free

violation of the KCBS inequality is about 0.9738.
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1. Introduction

The classical physics!'!?! states that physical systems can
be described by local objective properties (physical reality)
which are independent of observation. The classical corre-
lations rely on two basic mechanisms. Either the classical
correlated events share a common cause or one event influ-
ences the other. However, the quantum theory opens a new
world of non-classical correlations. Quantum nonlocality is a
property that the local measurements are dependent on other
spacelike separated measurements; quantum contextuality is a
property that the measurements are dependent on other com-
patible measurements. Quantum contextuality can be seen as
a natural generalization of quantum nonlocality since it does
not privilege spacelike separated measurements. Recently,
there have been theoretical results about quantum contextu-
ality, such as quantum contextuality of relativistic effects,]
quantum contextuality in continuous-variable states, *! and the
state-independent quantum contextuality. [>-6]

Bell inequalities!”"! and noncontextuality inequali-
ties!!-10-13] are the basic tools for characterizing quantum non-
locality and quantum contextuality, respectively. Since then,
the experimental confirmation of quantum nonlocality and
quantum contextuality has become one of the fundamental
challenges of modern physics.!'423 So far, however, the ex-
periments that have been performed to verify quantum nonlo-
cality and quantum contextuality are not completely conclu-
sive. Take quantum nonlocality for example. Any incontro-
vertible experimental confirmations must simultaneously sat-
isfy the following three conditions: (i) observers’ measure-
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ment choices are random, i.e., they are not correlated with each
other or hidden variable; 228! (2) measurements of different
observers are spacelike separated; (3) the detected data are
representative of all those emitted from the source. Any dis-
satisfaction of the above three conditions means that there are
possibly loopholes in an experimental confirmation of quan-
tum nonlocality. For the experimental confirmation of quan-
tum contextuality, the third condition is especially important.
Since almost all experiment tests of quantum contextuality
have nothing to do with the first two conditions, the loopholes
of these experiment tests can only be caused by imperfection
of the detector’s efficiency. Thus, if the third condition is un-
satisfactory and at the same time the detection efficiency is
too low, the so-called detection loophole arises. The present
work focuses on the issue of how to achieve a loophole-free
confirmation of quantum contextuality, and at the same time
offer the minimum detection efficiency for the loophole-free
confirmation.

The detection efficiency is defined as the ratio between
the numbers of detected particles and actually emitted par-
ticles by source. An interesting question is what the mini-
mum detection efficiency is for a loophole-free confirmation
of quantum contextuality. In fact, the detection loophole ex-
ists in many quantum contextuality experiments. One usually
adopts photon experiments for characterizing quantum contex-
tuality. However, the optical detection efficiencies are still too
low to close the detection loophole. Since the detection effi-
ciency is the product of the transmission efficiency and the de-
tector efficiency, the loss of photons in the transmission from
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the source to the observer’s location can drastically reduce the
detection efficiency. Thus, it is very meaningful to find a the-
oretical protocol to close the detection loophole and calculate
the minimum detection efficiency needed for a loophole-free
confirmation.

Klyachko—Can-Binicioglu—Shumovsky (KCBS) inequa-
lity!! is the simplest noncontextual inequality, which can be
violated by a qutrit, namely, the simplest physical system vi-
olating a noncontextual inequality. Furthermore, KCBS in-
equality is fundamentally important in quantum theory, since
the quantum violation of other noncontextual inequalities can
be traced back to the quantum violation of it.[>”) We derive
an alternative KCBS inequality to deal with the loophole in
actual KCBS’s experiments. We prove that if the experimen-
tal data can violate this KCBS inequality, it must result in the
loophole-free violation of the original KCBS inequality. Then,
we show that the minimum detection efficiency needed for a
loophole-free violation of KCBS inequality is about 0.9738.

2. Minimum detection efficiency for the
loophole-free violation of KCBS inequality

Noncontextual hidden variable theory states that the mea-
surement results are irrelevant to other compatible measure-
ments. Noncontextual inequalities are restrictions that must
be satisfied by any noncontextual hidden variable theory. The
KCBS inequality is the simplest and the most important non-
contextual inequality. Its quantum violation has been recently
reported in a test with photons.??! Consider measurements de-
noted as A; with outcomes ¢; = 0,1 (i =0, 1,2,3,4). All mea-
surements A; are compatible with A;; (the sum modulo is 5),
and their measurement results are exclusive, i.e., there is al-
ways a;a;+1 = 0. The measurements A; and A are just ana-
logue to mutual orthogonal projection operators in quantum
theory. Then, the KCBS inequality can be expressed as

4

Y PAi=04;1=1)<2, (1)

i=0
where P(A; = 0,A;1; = 1) represents the probability of ob-
taining the result O in the measurement A;, and the result 1 in
the compatible measurement A;;;. Since these two measure-
ments are compatible, the order of performing them has no
effect on results. The events (A; = 0,4;1; = 1) and (A;4 =
0,A;+» = 1) are exclusive (the sum modulo is 5), i.e., they
cannot be true at the same time. In consequence, according
to noncontextual hidden variable theory, at most two events
of (A; =0,A;y; = 1) can be simultaneously true. This is the
reason why the bound 2 arises.

The KCBS inequality of Eq. (1) applies to the ideal case
in which all measurements A; would give results, and only in
the ideal case one can assert that the violation of Eq. (1) con-
firms the existence of quantum contextuality. Therefore, in

order to obtain a loophole-free confirmation of quantum con-
textuality, we essentially should obtain a violation of the fol-
lowing inequality:

4

Y P(Ai=0,Aip1 =1]A¢) <2, )

i=0
where Ag represents the ensemble where all measurements
successfully give results, and P(A; = 0,A;41 = 1|Ap) repre-
sent the probabilities of the measurement result event (4; =
0,A;+1 = 1) in the ensemble Ag. The violation of Eq. (2) is
a (detection) loophole-free confirmation of existence of quan-
tum contextuality.

However, P(A; = 0,A;1 = 1|Ag) are inaccessible in ac-
tual experiments. The usual approach is that those “not de-
tected” events should be disregarded and only the coincident
events contribute to the estimation of P(4; = 0,4;1; =1). A
coincident event means that the measurements A; and A;
both successfully give a result in one trial. Thus, in actual
experiments, one essentially calculates the conditional proba-
bilities P(A; = 0,A;;1 = 1|Ag;a,,, ), Where Aga,,, represents
the ensemble where all measurements A; and A; successfully
give results O or 1.

Here, for convenience we define all notations used in the
following text. A, denotes the ensemble where measurement
A; successfully gives result 0 or 1; AA,.Aj denotes the ensemble
where both measurement A; and A; successfully give results 0
or 1, similar to AAiAjAk’ etc. According to the above notations,
the ensemble Ag essentially can be expressed as A a,4,4;4, -
P(Ay,) denotes the probability that the measurement A; suc-
cessfully gives a result, and P(AAI.AJ.) denotes the possibility
that the measurements A; and A; both successfully give a re-
sult, similar to P(As;4;4, ), etc. P(Ag;|A4;) denotes the condi-
tional probability that A; successfully gives a result, given that
A has successfully given a result.

Lemma 1 If we define

6= Inl-inP(A0|AAiAi+l )’ G)

where P(Ag|Aaa,,,) is the conditional probability that all
measurements successfully give results under the condition
that measurements A; and A;; both successfully give results,
and min is taken over all five measurement settings. From
Eqgs. (ﬁ) and (3), we can obtain

4

Y P(Ai =0,Aip1 = 1|Aga,,,) <2+3(1-8). )
i=0

Proof It is obvious that Ag C Aaa,,,, the ensemble
Aaa;., can be split into two disjointed sub-ensembles Ag and

its complement A§ = As.4,,, \Ao. We can obtain

P(A; =0,Air1 = 1|Aaa,,,) — 8P(A; = 0,Ai11 = 1]|Ao)
= P(AG|Ana;,, )P(Ai = 0,A;11 = 1]AG)

i+1
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+ P(AolAsa;,, )P(Ai = 0,A;11 = 1|Ag)
— §P(A; = 0,A11 = 1|Ag)
< P(A(():‘AAiAiH )+ [P(A0|AA1Ai+1) - 6}
=1-6. ®)

Combining Egs. (2) and (5), we obtain

4

ZP(A,' =0,A;11 = lAg4,,,)
i=0

4
< 8) P(A=0,A;11 = 1]Ag) +5(1—8)
=0

l

IN

26 +5(1-8)
2+3(1-9). (6)

In order to obtain the minimum detection efficiency re-
quired for loophole-free violation of KCBS inequality, we
should first get the relation between & and the detection ef-
ficiency. For simplicity, we assume that the detection efficien-
cies of all five measurements A; are equal and independent of
each other. This means that P(As;) = P(A4;) = P(Ax,|A4;) =
n for i # j.

Lemma?2 6 >3n—2.

Proof As
Ap essentially can be expressed as Agj4,4,4544, SO
P(AolAAiAi+1) = P(Aaga 45434, |AAiAi+l)'
culate  P(Asya 4,434, |A404,), the calculations
P(AxpA 4543441 A0, ) are the same.

mentioned above, the ensemble

Now we cal-
of other

P(Asga, Ara344 A0, )
= P(Aapa, NAnA34,1A%04,)
= P(Anpa, |[Anga;) + P(Aayas4,|1An04,)
— P(Aaga, UAp 434, |A%04,)
> P(Aayaza4lA804;)
= P(Aq4, NAazA, \AAOAI)
P(Aa,|Aaga,) +P(Anza,|Anoa,) — P(Aay UAp 4, | ARa,)
P(Apza,1An04,) + (M —1)
[P(Au;|Anga, ) + P(Aay1Anga,) — P(Aay UAa,[Asga,)]
+(n-1)
en-D+m-1)
=3n-2. @)

Y

Vv

Combining Egs. (3) and (7), we prove the Lemma 2.

From Lemma 1 and Lemma 2, we finally obtain the fol-
lowing theorem.

Theorem 1 In actual KCBS experiments, if the detector’s
efficiency is 1 and the experimental data violate the following
inequality:

P(AiZO,Ai+1 :1|AA,-A,~+1)§2+9(1_TI)7 (8)

-

i=0

then we can assert that the experimental data must result in
violation of Eq. (2) and it is a loophole-free confirmation of
quantum contextuality.

4
The maximum value of Y, P(A; =0,A;11 = 1|Aga,,,) in
i=0

i=
quantum theory is v/5.11 It occurs for the state |y) = (0,0,1)T
and the measurements A; = |v;) (v,

o) = o (1,0, Veos(s/5))

T
Via) =N (cos(47r/5),isin(47r/5), cos(n/S)) ,

where

T
v23) = Na (cos(27r/5),3Fsin(27r/5), cos(n/S)) ,

all N; are normalization factors. Hence, in order to obtain the
violation of the inequality of the Eq. (8), the detection effi-
ciency must satisfy n > (11 —+/5)/9 ~ 0.9738.

3. Conclusion

The imperfection of detection efficiency may cause the
so-called loophole in actual KCBS’s experiments. An alterna-
tive KCBS inequality has been derived and it can be used to
deal with the loophole in actual KCBS’s experiments. If the
experimental data can violate this alternative KCBS inequal-
ity, it must result in the loophole-free violation of the original
KCBS inequality. We show that the minimum detection effi-
ciency needed for a loophole-free violation of KCBS inequal-
ity is about 0.9738.
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