Chin. Phys. B Vol. 22, No. 11 (2013) 110204

Finite-time consensus for leader-following multi-agent systems
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Finite-time consensus problem of the leader-following multi-agent system under switching network topologies is
studied in this paper. Based on the graph theory, matrix theory, homogeneity with dilation, and LaSalle’s invariance
principle, the control protocol of each agent using local information is designed, and the detailed analysis of the leader-
following finite-time consensus is provided. Some examples and simulation results are given to illustrate the effectiveness

of the obtained theoretical results.
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1. Introduction

The consensus problem of multi-agent systems has at-
tracted great attention in many fields, such as biology, physics,
robotics, and control engineering. It also has broad applica-
tions, such as aggregation behavior of animals''! and forma-
tion control.>3! As a type of collective behavior, the consen-
sus of multiple dynamic agents means that the states of agents
reach agreement on a common quantity by implementing an
appropriate consensus protocol. The consensus problem has
received considerable research interest.[*!°1 Olfati-Saber and
Murray!” presented a systematic framework to analyze the
consensus algorithms. They proposed that the consensus prob-
lem could be solved if the diagraph is strongly connected.
Ren and Beard!!>! further proved that the consensus could be
achieved if the union of the dynamically changing interaction
graphs has a directed spanning tree frequently enough as the
system evolves. Sun ez al.l'%! discussed the average consensus
problem of dynamic agents with multiple time-varying com-

munication delays. Lu ez al.!'’!

studied the consensus problem
over directed networks with arbitrary finite communication de-
lays and nonlinear couplings.

The consensus state and the convergence rate are crucial
factors in the consensus problems. The two topics deal with
where the multiple dynamic agents reach and how quickly they
reach a consensus. A particularly interesting topic is the con-
sensus problem of a group of agents with a leader, where the
leader is a special agent whose motion is independent of the
others and followed by the others. Such a problem is gener-
ally called leader-following consensus problem.?*-23] When
an agent is a particle moving under the control of Newton’s
law, the consensus of leader-following multi-agent systems is
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considered in Refs. [22] and [23]. Hong et al.!*?! proposed
a distributed control law using local information. Cheng et
al.”>3) provided a rigorous proof for the consensus problem by
the extension of LaSalle’s invariance principle.

The convergence speed is another active topic of the con-
sensus problem, and it even can reflect the performance of
the proposed consensus protocol. Much attention has been
focused on how to enhance the convergence speed of the
multi-agent systems.!”?*231 Olfati-Saber®*! studied the ultra-
fast consensus problem in small-world networks. They found
that the second smallest eigenvalue of a regular network can
be greatly increased via changing the inter-agent information
flow without increasing the total number of network links.
Zhou et al.!®! characterized the convergence speed for the
distributed discrete-time consensus algorithm over a variety
of random networks with arbitrary weights. They proposed
the asymptotic and per-step convergence factors as measures
of the convergence speed and derived the exact value for the
per-step convergence factor. Though most of those results
were to choose proper interaction graphs, they have not found
available protocols with high performance. In other words,
although by maximizing the algebraic connectivity of the in-
teraction graph one can increase convergence speed with re-
spect to the linear protocol proposed in Ref. [7], the consensus
state can never be reached in finite time. However, it is of-
ten required that the consensus can be achieved in finite time
in many situations, for example, when the control accuracy is
crucial.

There are some results related to finite-time
consensus.?1 Qing er al.!*®! developed a framework to

design semi-consensus and finite-time semi-consensus proto-
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cols for dynamical networks with switching topologies. Jiang
et al.?®) established the explicit expression of the consensus
state for the entire group analytically. They proved that, in the
scenarios with fixed and switching undirected topologies, the
agents of the group under a particular type of nonlinear inter-
action can reach the consensus state in a finite time. Using the
theory of finite-time stability, Wang et al.’*”! proved that, if
the sum of time intervals, in which the interaction topology is
connected, is sufficiently large, the proposed protocols could
solve the finite-time consensus problems. In a network of
mobile agents, some of the existing communication links may
fail due to the existence of an obstacle between two agents.
Because of those problems, this paper studies the finite-time
consensus for the leader-following multi-agent system over
balanced and switching networks, which is both theoretically
interesting and practically significant.

The rest of this paper is organized as follows. The neces-
sary graph notions, preliminary results, and the problem for-
mation are described in Section 2. Finite-time consensus pro-
tocols for multi-agent systems over balanced and switching
networks are proposed in Section 3. Some examples and sim-
ulation results are given in Section 4 to illustrate the effective-
ness of the obtained theoretical results, and the conclusions are
drawn in Section 5.

2. Preliminaries

Throughout this paper, R" denotes the set of n-

dimensional real column vectors, I, denotes the n-

dimensional identity matrix, 1 = (1,1,...,1)T is an n-
dimensional column vector, and 0 denotes a zero vector or zero
matrix with an appropriate dimension.

Let G = {V,E, A} be a weighted graph with a node
set V.= {v,v2,...,v,}, where node i € I represents the i-
th agent, and the finite index set I = {1,2,...,n} is the node
indexes of G. E C V x V is the set of edges, whose ele-
ments denote the directed communication links between the
agents. An edge in G is denoted by an ordered pair (v;,v;).
(vi,vj) € E if and only if the j-th agent can send information
to the i-th agent directly. In this case, v; is called the parent of
vi, and v; is called the child of v;. The neighborhood of the i-th
agent is denoted by N; = {v; € V|(vi,v;) € E}, which is the set
of all the parents of v;. The node v; is called a source if it has no
parent but only children. A = [a;;] is the weighted adjacency
matrix of a weighted graph with the nonnegative adjacency el-
ements a;; > 0, Vi, j € I. Moreover, a;; > 0 if (vj,v;) € E;
a;j=0if (v;,v;) ¢ E, and a;; = 0 for all i € I. A path between
two distinct nodes v; and v; means a sequence of distinct edges
of the form (v, v, ), (Vk, > Vi, )s-- -, (Vk,»vj)- A graph is said to
be connected, if there is a path between any two distinct nodes
of the graph. In addition, a graph is called balanced if and only

if )n:l ajj = il a;jj, Vi, j € I. Obviously, an undirected graph is
celrtainly bajllanced. For the leader-following multi-agent sys-
tems, we consider another graph G' = {V, E, A} associated
with the system consisting of n agents (called followers) and
one leader denoted by 0, where V' = {V',vy}. Suppose that
vector P = (p1,pa,...,ps) with p; > 0 if agent i is a neighbor
of the leader and otherwise p; =0 (i € I). Assume that p; = 1
once the i-th agent is a neighbor of the leader. If there is a path
in G from every other node to node 0, the node O is said to
be globally reachable in G, which is much weaker than strong
connection.

Before giving the main results, some important lemmas
are given first for the further analysis.

Lemma 1 (LaSalle’s Invariance Principle*’!) Let x(¢)
be a solution of & = f(x), (0) =xp € R", where f : U — R"
is continuous on the open subset U C R" and V : U — R is
a local Lipschitz function such that D™V (z(r)) < 0, where
D™ denotes the upper Dini derivative. Suppose that S = {x €
U: D"V (x)=0},and @ (x) is the positive limit set. Then
O™ (x0) NU is contained in the union of all solutions that re-
main in S.

Next, the homogeneity with dilation (see Ref. [31] for de-
tails) is given for the finite-time convergence analysis.

A function V'(x) is homogeneous of degree k € R with

dilation (ry,r2,...,ry) (r;>0,i=1,2,...,n)if, forany € > 0,

V(ex1,€%x,,...,"x,) = €V (x).
For the n-dimensional system
@(t) = f(x), = (x1,%,...,%,)" € R", 4))

a continuous vector field f(x) = (fi(x),fa(x),..., fu(x)T
is homogeneous of degree x € R with dilation r =
(r1,r2,...,r), if, for any € > 0,

fi(ex1,€%x,...,€Mx,) =T fi(x), i=1,2,...,n.

System (1) is called homogeneous if its vector field is homo-
geneous. Furthermore, the following system:

&= f(x)+ f(x), £(0)=0, zc R", )

is said to be locally homogeneous of degree k¥ € R with re-
spect to the dilation (ry,r2,...,r,), if f(x) is homogeneous of
degree x € R with respect to the dilation (r{,7s,...,r,) and f

is a continuous vector field satisfying
lim Si(€Mx1,€7xp,...,€™Mx,)
£—0 extri

Let z(t) = (x1(¢),x2(t),...,x%,(¢))T € R" and sig(z)* =
|x|*sign(x), where sign(-) denotes the sign function and |x|

=0,V x#£0, icl. (3)

denotes the absolute value of the real number x.
Lemma 2?7 Suppose that system (1) is homogeneous of

degree k¥ € R with dilation (r,r2,...,r,), the function f(x)
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is continuous and x = 0 is its asymptotically stable equilib-
rium. If homogeneity degree k < 0, the equilibrium of system
(1) is finite-time stable. Moreover, if Eq. (3) holds, then the
equilibrium of system (2) is locally finite-time stable.

Consider the following continuous-time multi-agent sys-
tem:

Xi(t) =u(t), i€l “4)

where x;(f) € R is the state and u;(¢) € R is the control input
of the i-th agent. The state of the virtual leader of system (4)
is xo(¢) € R. Assume that the state of the leader is invariant.
That is, xo(t) = x(0) for all r > 0.

Definition 1 The leader-following multi-agent system (4)
is said to achieve the finite-time consensus, if for any initial
states, there is a setting time Tp € [0,+o0), such that the solu-
tion of system (4) satisfies

lim ||x;(t) —x0(2)|| =0, xi(t)=x0(t), Vt>Tpy, i €1
[*)T()

3. Main Results

In this section, the consensus protocols are used to solve
the finite-time consensus problems for the leader-following
multi-agent systems over balanced and switching network
topologies.

3.1. Finite-time consensus over balanced network topology

For system (4) with balanced network topologies, we de-
sign the following protocol:

ui(t) =

Y, ai(t)ei(sigl () —xi(1)%)

VjGN,'(Z‘)
—pi) o (sig(xi(t) —x0(1))*), i€l, (5

where a;;(¢) is the adjacency weight between agent i and agent
J, and p;(¢) is the adjacency weight between the leader and the
i-th agent at time instant 7; ¢ is a continuous odd function sat-
isfying x@g(x) > 0 (V x # 0) and ¢4 (x) = cxx + o(x) around
x =0 for some ¢, >0, k=1,2.

Theorem 1 Suppose that the network graph of the multi-
agent system (4) is balanced and the leader is globally reach-
able. Then, under protocol (5) with 0 < & < 1, ¢ being a
continuous odd function satisfying x@(x) > 0 (¥ x # 0), and
@ (x) = cgx+ o(x) around x = 0 for some constant ¢; > 0 (k=
1,2), the leader-following finite-time consensus is achieved.

Proof Let §;(¢) = x;(¢t) —xo(¢). Then, under protocol (1),
system (4) can be written as

5(t) = ui(t)="Y a;jo1(sig(8;(r) — &(1))%)

VJ'GN,'

—pipa(sig(8;(2))%), i€l (6)

Choose Lyapunov function V = % 5i2. Then along the tra-
i

I ™M=

1
jectory of system (6),

T fa,{ ¥ aijn (sie(8— 8)°)
—pm(sig(&)“)}

1 n n

= 5 X Y aij(8— )i (sig(8;— 8))

i=1j=1

— Y pidipa(sig(8)%)
i=1
1 n n )
< 5 XY aii(di— 8) g (sig(8; — &)%)
i=1j=1
<0, iel

The first inequality comes from the fact that node 0 is globally
reachable, i.e., there is at least one p; > 0. Note that V=0
if and only if §; = 9, i.e., x; = x; for all i # j. By Lemma
1, x{ =xp = --- = X, = xo. That is, V = 0 if and only if
0; = 6; = 0. Therefore, the origin of system (6) is globally
asymptotically stable.

According to the assumptions given to the odd function

O (x) = cpx+o(x), k= 1,2, system (2) can be written as

5(1) = c1 Y, aijsig(8;—8)*+ Y, aijo(sig(8;— &)%)
vjEN; v;EN;
— pilcasig(8;)* + o(sig(5:)%)]
=&+¢, @)
where

G=c1 L aijsig(8;— &) —capisig(8)?,

v;EN;
Gi= Y ajo(sig(8;— &)%) — pio(sig(8)*).
V;EN;

Note that when Z:’i = 0, system (7) with variables
(61,0, ..,0,) is homogeneous of the degree k = o — 1 < 0.
Thus, it is locally homogeneous with the degree k < 0. Con-
sider the derivative of the function V along the trajectory
of system (6). Next from the similar arguments as above,
one can find the Lyapunov stability of the invariant manifold
{xi = x0, Vi € I'} for system (4), which implies the Lyapunov
stability of system (6). Hence, the origin of system (6) is
globally asymptotically stable.

From the discussion above, system (6) is globally asymp-
totically stable and locally homogeneous with the degree k <
0. According to Lemma 2, the origin is a finite-time stable
equilibrium of system (6). Note that if the equilibrium of
a nonlinear system is globally asymptotically stable and lo-
cally finite-time convergent, then it is globally finite-time sta-
ble. The reason is that globally asymptotical stability implies
finite-time convergence to any given bounded neighborhood of
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the equilibrium. Based on this theory, the origin is a globally
finite-time stable equilibrium of system (6), which implies that
x;i —xp — 0 (Vi €)in a finite time. This completes the proof.

3.2. Finite-time consensus over switching network topol-
ogy

In a network of mobile agents, some of the existing com-
munication links may fail due to the existence of an obstacle
between two agents. On the other hand, some new links be-
tween the nearby agents might be created because the agents
come to an effective range of the detection with respect to each
other. That is, the topology of such network might be switched
or time-variant. Therefore, it is necessary and significant to
study the finite-time consensus of the system with switching
network topology. For simplicity, we investigate the network
over switching topology and time-invariant weights of all the
interaction links. That is, at any time when the agent j is the
neighbor of the agent i, the connection weight a;; > 0is a con-
stant.

Let Go = {V,E, A} be a collection of balanced
Note that G4 is a finite set if all
the weights are chosen from a finite set. The finite set I' =
{0,1,2,...,N} is the index set of graph Gs. We introduce a
switching signal 6(¢) : R — I and a switching time sequence
f0o=0,11,...,t5,...,
For any ¢ € [t;,511), the topology graph G5

graph with n vertices.

at which the interaction topology changes.
= G is active.
Correspondingly, the agents of network (4) employ the proto-
col u; (G4(y)) in the form of (5). Under these circumstances,
the dynamics of the leader-following multi-agent system be-
comes

Y @)@ (siglx; () —xi(1)%)

v;EN;(1)
— pi(t) a2 (sig(xi(t) —x0(1))*),
iel. ®)

tE [tsyts41), s=0,1,...,

fC,’(l‘) =

The following lemma is given for the analysis of the finite-time
consensus over switching systems.
Lemma 3?71 Consider a family of systems

&= fs(x), f6(0)=0, x€ R". 9)

Let I" denote the finite switching index set; 6(¢) : [0,00) — I"
is a piecewise constant function of time; f is continuous with
respect to x for fixed k € I'; and 7 is the dwell time. If the
switching system (9) is asymptotically stable, and & = f(x)
for any fixed k € I' is finite-time stable, then system (9) is
finite-time stable.

Theorem 2 Suppose that the network graph of system
(4) is balanced and switched, and the leader is globally reach-
able. Then for any initial state and arbitrary switching signal

o(t) : RT — ', under protocol (5) with 0 < & < 1, ¢ being a

continuous odd function satisfying x@y(x) > 0 (V x # 0), and

@ (x) = cgx+o(x) around x = 0 for some constant ¢; > 0, k =

1,2, the leader-following finite-time consensus is achieved.
Proof Let 8;(t) = x;(t) — xo(¢). Then, equation (8) can be

written as
= u= Z aij(t) @i (sig(8;(¢) — &i(1))%)
v;ENi(t)
= pi(t)@2(sig(8i(1))%),
V1€ ty,ts11),s=0,1,2,..., i€l (10)
For any 7 € [t;,t541), 5—0,1,2 ,let o(t) = p € I'. Choose

Lyapunov function V,(¢) = 1 ): 62 Since node 0 of every ac-

tive topology involved in the sw1tch1ng sequence is globally
reachable, then along the trajectory of system (10) one can ob-

tain
V() = Y66 26[ Y ai)o(sig(d - 6)%)
i=1 i=1 VJEN()
p0)e(sie(3)%)
= 51 ¥ a0)(3 - &) sie(6; - )%
i=1j=
Y pil0)80x(sie(6))

a;j(t)(8; — 8;) o1 (sig(8; — 6)%)

fotst1), s=0,1,2,... i€

I\
N —
-
oI

IN
k=)

re

Next, similar to the proof of Theorem 1, for any p € I', V()
reaches zero in finite time #;, and V;(t) = 0 for all # > #;. That
is to say, the origin is a globally finite-time stable equilibrium
of system (10). Then by Lemma 3, system (8) over switching
network topologies can achieve consensus in finite time. We
complete the proof.

Noting that an undirected graph is balanced, then from
Theorems 1 and 2, one can obtain the following results.

Corollary 1 Suppose that the network graph of the multi-
agent system (4) is undirected, and the leader is globally reach-
able. Then under protocol (5) with 0 < o < 1, ¢ being a
continuous odd function satisfying x¢y(x) > 0 (V x # 0), and
O (x) = cgx + o(x) around x = 0 for some constant ¢ > 0,k =
1,2, the leader-following finite-time consensus is achieved.

Corollary 2 Suppose that the network of system (4) is
undirected and switched, and the leader is globally reachable
in GG(,). Then for any initial state and arbitrary switching sig-
nal 6(¢) : RT — I', under protocol (5) with 0 < & < 1, ¢
being a continuous odd function satisfying x@(x) > 0 (V x #
0), and @(x) = ¢xx + o(x) around x = 0 for some constants
cx >0, k= 1,2, the leader-following finite-time consensus is
achieved.

The proof of Corollary 1 and 2 is straightforward. Hence,
it is omitted.
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Remark 1 The function ¢, (k = 1,2) chosen in this pa-
per is general. There are some special forms of them, such
as @ (x) = x, @(x) = sat(x) or @ (x) = tanh(x), where sat(+)
denotes the saturation function, tanh(-) denotes the hyperbolic
tangent function. The consensus protocol proposed in this pa-
per can be easily designed by these functions. For example,
protocol (5) can be chosen as

wit) =Y, aij(t)sig(xj —x;)* — pi(t)sig(xi —x0)%,

VjEN,'(I)
or
M[(l) = Z a,-/-(t)sat(sig(xj—x,-)“)
v_,-EN;(t)
— pi(t)sat(sig(x; — x9)%),
or
ui(t) = Z a,-j(t)tanh(sig(xj—x,')a)

VjEN,'<I)
— pi(t)tanh(sig(x; —x0)%).

Remark 2 In a multi-agent system, if the agent is con-
sidered as a node, the relation between the agents is consid-
ered as an edge, the multi-agent system can be seen as a sim-
ple individual behavior of complex dynamic network, which is
called the multi-agent network. The macro cooperation behav-
iors can be produced by the interaction between the agents or
the interaction between the agents and the environment, such
as bird migration, ants foraging, bees choosing their nests, and
so on. Although the multi-agent comes from the biological
system, at present the concepts of the idea have been widely
used in the field of artificial biological group systems, such
as many mobile robot systems, sensor networks, distributed
computing, distributed information processing, etc. Thus, the
consensus is a typical group activity of the network, which re-
quires all the nodes to converge to a common value. It is a
basic and important problem in many actual applications.

4. Examples and simulations

In this section, some numerical simulations are performed
to illustrate the effectiveness of the obtained theoretical re-
sults.

Example Consider the leader-following multi-agent sys-
tem with five followers (denoted by the node i, i = 1,2,3,4,5)
Under the bal-
anced graph Gy with adjacency matrix Ay = [a;j]sx5 and
P, = (I’17P27P3aP47P5)7 k=1,2,3,4, as

and one leader (denoted by the node 0).

01000
00100

Ai=[0 00 1 0], P =(1,00,0,0);
0000 1
10000

0000 1
10000

A;=|0 1 0 0 0|, P,=(0,0,0,0,1);
00100
100 1 0]
(001 0 1 0]
00100

As=|0 0 0 1 0|, P;=(0,1,0,0,0);
1000 1
1.0 0 0 0|
(01 00 0]
00100

As;=|1 0 0 0 1|, P,=(0,0,1,0,0).
00100
(000 1 0]

The initial state of the followers is (0) = (x;(0), x2(0), x3(0),
x4(0), x5(0)T = (—10,-5,0,10,15). Moreover, the initial
state of the leader is xo(¢) = x9(0) =3 for all 7 > 0.

Note that the directed graph G is balanced and the node
0 is globally reachable in graph Gy, k = 1,2,3,4. Design the
following consensus protocol:

Z a;jj(1)sig(x;(r) — xi(r))*

VjGN,'(I)
— pi(t)sig(x;(t) —xo(2))*, i=1,2,3,4,5. (11)

ui(t) =

In all the simulations, the blue curve denotes the state of the
leader, and the other curves denote the states of the followers.

Under protocol (1) with o« = 0.5 and o = 0.8, the simu-
lations of the agents’ states under the graph G| are given in
Figs. 1 and 2, and the simulations of the agents’ states un-
der the graph G, are given in Figs. 3 and 4. For the system
over switching network topologies, which switch between the
four coupling topologies G'1, G2, G3, G4 sequentially with
switching period (i.e., the dwell time) 7 = 10, under protocol
(11) with o = 0.5 and o = 0.8, the simulations of the agents’
states are given in Figs. 5 and 6, respectively.

15 I I I I —I Zo

—_—

—_—y

I3

— T4

x5
0
O
i}
@
-
0

—10 ) ) ) ) )
0 5 10 15 20 25 30

Time

Fig. 1. (color online) States of the agents over G and o = 0.5.
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15 —
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—_—y
10 — 3
s T 4,

States
=) o
~=

—10

0 5 10 15 20 25 30
Time

Fig. 2. (color online) States of the agents over G| and o = 0.8.

15 — ]
—
—_—
10 —— T3
—y
Z5
25
§
N0
—5
—10 . . . . . ]
0 5 10 15 20 25 30

Time

Fig. 3. (color online) States of the agents over G and & = 0.5.

15 ' ' ' ' — ]
—_—
—_— o
—x3 |
10 _xi
L5
3 5 '
E e —
5 o _
_5 ]
~10 . . . . . ]
0 5 10 15 20 25 30
Time
Fig. 4. (color online) States of the agents over G and & = 0.8.

15 N
—_—T
—_—T
— g
—_—Ty

L5

0 5 10 15 20 25 30
Time

Fig. 5. (color online) States of the agents over switching network and
a=0.5.

15 —To |
—_—
— s
10 — T3
—_—
z5
3 5]L S 1
2
15
3
n 0 ]
—5
—10

0 5 10 15 20 25 30
Time

Fig. 6. (color online) States of the agents over switching network and
a=0.28.

Figures 1-6 show that, under protocol (11) with 0 < o <
1, if the leader of the system is globally reachable, then all the
states of the followers, either under fixed or switching directed
balanced network, can converge to the state of the leader in
finite time. This verifies the correctness of the obtained theo-

retical results.

5. Conclusions

The finite-time consensus for the leader-following multi-
agent system under balanced and switching network topolo-
gies is studied in this paper. Based on the graph theory, homo-
geneity with dilation and LaSalle’s invariance principle, the
finite-time consensus protocols are proposed. Moreover, some
simulation results are given to illustrate the effectiveness of the
obtained theoretical results. The state of the leader considered
in this paper is invariant. However, the leader is usually vari-
able in the real world. Hence, the finite-time consensus for the
leader-varying multi-agent system is worth investigating in the
future.
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