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We study the Painlevé property of the (1+1)-dimensional equations arising from the symmetry reduction for the (2+1)-
dimensional ones. Firstly, we derive the similarity reduction of the (2+1)-dimensional potential Calogero—Bogoyavlenskii—
Schiff (CBS) equation and Konopelchenko—Dubrovsky (KD) equations with the optimal system of the admitted one-
dimensional subalgebras. Secondly, by analyzing the reduced CBS, KD, and Burgers equations with Painlevé test, re-
spectively, we find both the Painlevé integrability, and the number and location of resonance points are invariant, if the

similarity variables include all of the independent variables.
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1. Introduction

In 1978, Ablowitz, Ramani, and Segur established the
deep and important connection between nonlinear partial dif-
ferential equations (PDEs) that were solved by inverse scatter-
ing transforms and nonlinear ODE(s) without movable critical
points. The Ablowitz—Ramani—Segur (ARS) conjecture was
presented!?! as “Every nonlinear ODE obtained by an exact
reduction of a nonlinear PDE of inverse scattering transforma-
tion (IST) class is of P-type.” In recent years, much attention
has been paid to multidimensional integrable systems, espe-
cially the (2+1)-dimensional ones, such as exact solution, soli-
ton solution, Béacklund transformation, Painlevé analysis, sim-
ilarity analysis, and so on. Lots of results have been obtained
on the similarity reduction of the differential equations.3=!
Is there a similar connection between the (2+1)-dimensional
nonlinear equation(s) and the (1+1)-dimensional reductions
like the ARS conjecture?

To answer the above questions, we study the (1+1)-
dimensional equations arising from the similarity re-
duction of the (2+1)-dimensional potential Calogero—
Bogoyavlenskii—Schiff (CBS) equation, Burgers equation,
and Konopelchenko—-Dubrovsky (KD) equations, respectively.
Both the potential CBS and KD equations are Painlevé inte-
grable. Whereas, the Burgers equation is non-Painlevé inte-
grable.

The (2+1)-dimensional CBS reads[¢-*!

1 1
wy +wwz+§wx8x_lwz+1wxxxz =0, (1

where ;! f = [ fdx. Equation (1) was constructed by Bo-
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goyavlenskii, Schiff, and Toda in three different ways. Bogoy-
avlenskii used the modified Lax formalism,®! Schiff derived
Eq. (1) by reducing the self-dual Yang—Mills equation.!”! Toda
and Yu also derived Eq. (1) with the Calogero method.®!

Although equation (1) arises in a nonlocal form, it can be
written as the differential equations of the system

2WxV 4 Wyrz + 4wy +4ww, = 0,

Wz = Vx, 2
as well as in the potential form
Aty + ittty + 2uctty + Uy = 0, 3

where w = u,. Zhang et al.'®! proved that equation (3) is
integrable by Painlevé test. The classical and nonclassical
methods were used to obtain symmetry reductions and exact

).[10-12 z!13:141 applied tanh—coth

solutions of Eq. (3 1 Wazwa
method and Hirota’s bilinear method to Eq. (3). Ayati and
Biazar!>! derived the generalized solitary solutions to Eq. (3)

6] gtudied the coherent

with exp-function method. Ruan
structures, and the generalized expansion method of Riccati
equation was used to construct the soliton-like solutions!!”! of
Eq. (3). With the Hirota bilinear method, Wang!'®! constructed
the quasi-periodic wave solutions to Eq. (3).

If we set u(x,z,t) = V(X,Y,T), and X = —x, ¥ = —z,
T = —t/4, equation (3) can be transformed into the famous
breaking soliton equation

Vxr —4VxVxy —2Wy Vxx + Vxxxy =0, 4

which was used to describe the interaction of a Riemann wave
propagating along the y axis with a long wave along the x axis.
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Yan and Zhang!'°! derived a new Bicklund transformation and
some exact solutions for Eq. (4). The cross soliton-like waves
and Wronskian form of the N-soliton solution to Eq. (4) were
presented in Refs. [20,21].

The Lax pair of Eq. (3) is

1 1
o= Zuxz‘l) - Euzq)x +219,
O = _(ux + A)(])
Burgers equation is one of the simplest nonlinear wave
equations. It is a special case of the famous Richards equation,

which has lots of applications in the porous media field. The
(2+1)-dimensional time-dependent Burgers equation is[??!

41"y + tnuyy +uu, =0, )

which was introduced to illustrate the symmetry reduction un-
der multi-dimensional (solvable) subalgebra.
The (2+1)-dimensional KD equations are

3
Uy — Uy — 6Bty + = 0 uPu, — 3vy +3au,v =0,

2
uy —vy =0, (6)
which have been proposed by Konopelchenko and
Dubrovsky!?¥l with the inverse scattering transformation

method.

Xu et al.'**! studied the Painlevé integrability of KD
equation. Many researchers have investigated Eq. (6) by some
expansion methods and obtained traveling wave and soliton
solutions (for more details, see Ref. [24] and the references
therein). One of the authors/®! derived the symmetry reduc-
tion of Eq. (6).

Although, the similarity reductions of the potential CBS,
Burgers, and KD equations have been derived, there are no
reports on the Painlevé analysis of these reductions. In this
paper, by analyzing these similarity reductions with Painlevé
test,®) we find both the Painlevé integrability, and the number
and location of resonance points are invariant, if the similarity
variables include all independent variables x, y (or z), £.

2. Optimal system of one-dimensional subalge-
bras and similarity reduction for potential
CBS equation

27.28] we obtain the

With the classical Lie group method,|
admitted generators of Eq. (3) as follows: v; = o, vo = d,,
V3 =10, +x0,, v4 = 20, +10;, vs = xtd, + 220, + 2120, + (2xz—
tu)dy, ve = xdy — 220, — udy,, vi(o) = a(r)dy + 20/ (t)z0,,
vg(B) = B(t)du, where a(t), B(zr) are arbitrary C* functions
of . The above results have been presented in Refs. [10]-
[12]. Here, L; denotes the algebra spanned by vy, ...,vs, and

L, denotes the algebra spanned by vy, ...,ve,v7(),vs(B).

After constructing the admitted vector fields, one can de-
rive the similarity reductions. However, it is impossible to
use all the one-dimensional subalgebras to construct invari-
ant solutions. Therefore, we use the standard procedure!?7-28]
to derive the optimal system of one-dimensional subalgebras
with the adjoint representation.

Ad(exp(ev;)) is defined by

The adjoint representation

2
€
Ad(exp(ev;))v; =vj—€[vi,vj] + E[V,‘, Wi, vil] —---.
The authors of the Refs. [10]-[12] have derived the opti-
mal system of one-dimensional subalgebras of the algebra L1,
whose generators are

avi +ve, Ve, va+bve, avi +v3, vi +bva, v3, @)

where @ € R, a # 0 and b € R. In fact, v4 + bvs should be
one of generators of the optimal system. Also, one can com-
pute the optimal system of one-dimensional subalgebras of L,
although it is infinite-dimensional algebra. Similarly, we com-
pute the necessary adjoint representation:

Ad(exp(ev7(a)))vy = vi +ev7 (),
Ad(exp(ev7(a)))vy = vy +evg(2'),
Ad(exp(ev7(a)))vs = vz +evg (2t — @),
Ad(exp(ev7(at)))vy = vy +evs(tad),
Ad(exp(ev(@)))vs = vs —evy(a),
Ad(exp(ev7(a)))ve = v +ev7 (2t —tar),
Ad(exp(evs(B)))vi = vi +evs(B),
Ad(exp(evs(B)))v2 = va,
Ad(exp(evs(B)))vs = v,
Ad(exp(evg(B)))vs = vq +evg(tB’),
Ad(exp(evs(B)))vs = vs —evs(B),
Ad(exp(evs(B)))ve = ve +evs (262 B’ +1B),
Ad(exp(evr(ai)))vr(on) = v7(0n),
Ad(exp(evr(a)))vs(B) = vs(B). ®)

Together with Egs. (7) and (8), we obtain the correspond-
ing generators of the optimal system of one-dimensional sub-
algebras for L, which are

avy +ve, Ve, va+bvs, avy +v3, vi +bva,
vy +bvs, vi+vi(a), vi(a), )

wherea € R,a#0and b € R.
Reduction 1 Using the generator av; + vg, we obtain the
similarity variables and similarity solution

—son(-2).
1 = zexp (i) )
u=exp(~2)F(&m), (10)
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and the reduced PDE of Eq. (3) is

—8F€ —4§F§§ + 8T]F€n +4aF5F‘§TI
+2(ng;g;Fn —|—aF555n =0. (1

Reduction 2 Using the generator v, we obtain the sim-
ilarity variables and similarity solution

1
§=x'zm=1,u=_F(&n) (12)
and the reduced PDE of Eq. (3) is

—2Fy +4EF, —AEFFye +25F; + 1287 F; Fye

Reduction 3 Using the generator v4 4 bvg, we obtain the
similarity variables and similarity solution

E=wt"", n=a"" u=1"F(&n), (14)
and the reduced PDE of Eq. (3) is

8bF +4b§F55 +4n(1- Zb)an —4F;Fey
— 2Fge by — Fegen = 0. (15)

Reduction 4 Using the generator av; + v3, we obtain the
similarity variables and similarity solution

t
§=x, n=2az-r u=""txF(En).  (16)
and the reduced PDE of Eq. (3) is

2+4a’FFy +4a*EF Fyy +8a*EF; Fy +4a* &7 F Fi
+ 207 E FyFge +3a°Feey +a’EFszen =0, (17)

Reduction 5 Using the generator v| + bv,, we obtain the
similarity variables and similarity solution

gzxanzz_btau:F(évn)v (18)
and the reduced PDE of Eq. (3) is
—4ng§n +4F5F§n +2F§§Fn +F55517 =0. (19)

Reduction 6 Using the generator vz + v7(a), we obtain
the similarity variables and similarity solution

& =xt—alt)y n =1,
122 X*to 2xzo!
U=———
2 o? o

+F(&.m), (20)
and the reduced PDE of Eq. (3) is

8Eaa +8Ea”” — 126na’ ' Fry — 4N’ Fey — 20°F;
— 12n0?o/Fz + 6n°a*FsFrg + 1M a*Fezee = 0. (21)

Reduction 7 Using the generator v4 + bv3, we obtain the
similarity variables and similarity solution

E=x,1m= ; —bn(t), u=bxIn(t) + F(E,1),  (22)
and the reduced PDE of Eq. (3) is
—4b+4(b+mn)Fy — 4Fgy Fg —2FgeFy — Feggy = 0. (23)
Reduction 8 Using the generator v7(o), we obtain the
similarity variables and similarity solution
&=z n:t,uzzx%'a/+2a’F(§,n), (24)
and the reduced PDE of Eq. (3) is

ad” +a*=0. (25)

3. Painlevé analysis of reduced potential CBS
equation

It is widely known that the Painlevé test in the sense of the
Weiss—Tabor—Carnevale (WTC) method!?®! is a powerful tool
for investigating integrable equations. With the WTC method,
Zhang et al.'®! have proved that equation (3) is integrable in
the sense of the Painlevé test, the Painlevé expansion is

u(x,z,t) = iui(x,z,t)q)"_l(x,at), (26)
i=0

and ug = 2¢. The resonance points are —1, 1, 4, 6, and the
recursion relation is

0103 0u;(x,2,1) = M(uj_1,....u0,9), j=1,2,3,..., (27)

where Q1 = (j+1)(j—1)(j—4)(j—6), M(uj_1,...,up,9) is
a function of u;_1,...,uo, ¢ and their derivatives of x, z, 7.

Reduction 8 is easily solved, whose solution is @ =
2¢0+/N +c1. Here, ¢y and c¢; are arbitrary constants. The sim-
ilarity variables & and 1 do not include the dependent variable
x, so we do not use Painlevé test to Eq. (25). Applying the
WTC method to Reductions 1-7 of Eq. (3), respectively, we
derive the Painlevé expansion is

FEm) =Y AE T En), 28)
=0

the resonance points are —1, 1,4, 6. The recursion relations for
f; and the expansion of fj are listed in Table 1.

Table 1. (1+1)-dimensional reduced CBS equation.

Reduction Recursion relations Expansion of fj
1 Qahhn fi = My(fj-1,.... fo,h) fo=2h
2 401&%y fi = Ma(fi-1, s fo, ) fo=4Ehg
3 Qihihn fj = M3(fj-1,.... fo,h) fo=2hg
4 Q@& hy f; = Ma (i1, fo,h) fo= the
5 Qiiihn fi = Ms(fi-1,.... fo. ) fo=2h
6 O1at (ML f; = Me(fj-1. ... fo. ) fo=2nh
7 Qilthn fj =My (fi-1,.... fo,h) fo="2hg
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In Table 1, M;(fj—1,...
tions of fj1,...

af07h)> (l: 13'-'7

, fo, h and their derivatives.

7) are some func-
Then we can
compute the coefficients at the non-resonances, and verify the
compatibility condition at every positive resonance. For ex-
ample, the recursion relations of Reduction 1 is

G+ 1= 1) —4)(j—6)ahihy f;
= Ml(fj*]w")f(%h)' (29)

The numbers of the resonances correspond to arbitrary func-
tions h, f1, fa, fo. From Eq. (29), we obtain f2, f3, fs, f7, f3,

Substituting the expression of fy into the right side of
Eq. (29) for j = 1, we obtain zero.

Substituting the expression of fy f>, and f3 into the right
side of Eq. (29) for j = 4, we obtain zero.

Substituting the expression of fy f2, f3, and f5 into the
right side of Eq. (29) for j = 6, we obtain zero.

That is to say, for Reduction 1, the recurrence relations
are consistently satisfied at the resonances. Then Reduction 1
possesses the Painlevé property. Similarly, we can check that
Reductions 2—7 are all Painlevé integrable.

4. Painlevé test of reduction for other (2+1)-
dimensional equations

4.1. Painlevé analysis of (1+1)-dimensional reduced Burg-
ers equation

With WTC method, we can check the (2+1)-dimensional
time-dependent Burgers equation (5) is non-Painlevé inte-
grable in the sense of the Painlevé test, the Painlevé expansion
is

u(x,y,1) Zuzxx )6 (x,3.1), (30)

2" +

and the recursion relation is

and ug = t"d)y )/ @y The resonance points are —1, 2,

Oa(¢" 97 +1"07)uj(x,,1) = M(uj1, ooy u0, ), j =1,2,3,..
where Q» = (j+1)(j —2), M(uj_1,...,up,9) is a function
of uj_1,...,up, ¢, and their derivatives. The reduced equa-

tion of the optimal system of one-dimensional subalgebra is
as follows. 2%

Reduction I The similarity variables and similarity solu-
tion are & = ¢~ "+ )/ 2y g =~ t1)/2y 1y — (n=D2F (& ),

and the reduction of Eq. (5) is
2Fge +2Fyn +2FF; — (m+ 1)§Fé
—(n+1)nFy+(m—1)F =0.

Reduction II The similarity variables and similarity so-
lution are & = (t+a))y—axx, n =t,u=x/(t+a1)+F(&,n),
and the reduction of Eq. (5) is

(N +a)an™ +n"(N+a1)*|Fee —ax(n +a1)FFy

+E&Fe +(n+ai)Fy +F =0,

where a; and a; are arbitrary constants.
Reduction III The similarity variables and similarity so-

lution are £ =x—ayy, n =t, u=F(&,n), and the reduction

of Eq. (5) is
Fy+(n"+ain")Fzg + FF; =

where a; is an arbitrary constant.

Reduction IV & =y, 1 F(&,m),

:[71,{:
Fn—f‘nang =0

Reduction IV is a linear differential equation with respect
to F(&,n), whose solution is

F=exp (- feen(va)
tesexp(—y/em)], ifn# —1,
F =exp (yL) [c2exp(y/c1x)

+czexp(—y/c1x)], ifn=—1.

Here, c¢1, ¢, and c¢3 are arbitrary constants. The similar-
ity variables & and 1 do not include the independent vari-
ables x. Applying the WTC method to Reductions I-III of
Eq. (5), respectively, we derived the Painlevé expansion is the
same as Eq. (28) and the resonance points are —1,2. None
of Reductions I-III is integrable in the sense of the Painlevé
test. The recursion relations for f; and the expansion of
fo are listed in Table 2. In Table 2, Q> = (j+ 1)(j — 2),

ri=n"(a+n)*+n"a3, rn=n"+ain".

Table 2. (1+1)-dimensional reduced Burgers equation.

Reduction Recursion relations Expansion of fo
I =205 (hz +h3) fj = Mi(fi-1,-. fo.h) fo= §(h§+h2)
0 Qon(n+a)fy=Mafi 1. forh) f(J:—a%rlhe;—
1 Qonahi fi = M5 (fj-1,--. fo,h) Jo=2r2h¢

4.2. Painlevé analysis of (1+1)-dimensional reduced KD
equations

Xu et al.>¥ have proved that equation (6) are Painlevé in-
tegrable in the sense of Painlevé test. The Painlevé expansions
are

u(x,y,1) Zuzxy, Flxyt),

v(x,y,1) Zley, Hlyt),
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and two different Painlevé expansion branches are {ug =

(2/a)¢x. vo = (2/a)¢y}, and {up = —(2/)¢x. vo =

—(2/a)¢y}. The recursion relations are

G+DG=3)(-4)¢ 0 uj
(1=4)¢y (=D ) \ v,

_ Ml(ujfla"'vu()vvjflw'wV03¢) (31)

Mo (ujy, ..U, Vi1, V0, )

The resonance points are —1, 1, 3, 4. One of the au-
thors has derived the admitted Lis algebra and similarity
reduction.>! The optimal system of one-dimensional subal-
gebra is {X(p),Y(q),W(r)}, where p,q,r are arbitrary func-
tions of ¢. According to the results presented in Ref. [25], the
similarity reduction of the optimal system is as follows.
Reduction i For X(p), the similarity variables are £ =
Ax+A'y? /6, 1 = A%y, and the similarity solutions are

A 2B

s’ T A TAFE.m),

Al Al A/Z_AA// )
i vy LA CTL D vrye )

2% .,

where p(t) = A=3(t). The reductions of Eq. (6) are

2Fze — 60F: G —30°F*F; +6Gy =0,
Fq—Gg =0. (33)

Reduction ii For Y (g), the similarity variables and simi-
larity solutions are

/

E=x—1 2 n=t u=i/y+F(§ n)
12q 9 9 6q b 9

2qq" —q* 5  2Bq' —a’F (1)
= + G

and the reductions of Eq. (6) are

20°gFy — 207 qFs g + (30 F* — 12a° BgF
+60°qG)F; + o*q'F —2Bq' =0,
60qG; —q =0. (34)

Reduction iii For w(r), the similarity variables and sim-
ilarity solutions are

/

r
E=yn=tu=F@n) v=z-x+G(n),
and the reductions of Eq. (6) are
/
Fy—3Ge =0, Fg — =0. (35)

3ar

Reduction iii of KD equations are linear differential equa-
tions and their solutions have been derived in Ref. [25]. The

similarity variables do not include the independent variable x.
Therefore, we do not use Painlevé test to Eq. (35).

By applying the WTC method to both Reductions i and
ii, we find the Painlevé expansions are

F@m%=2ﬁ@mW‘@m%

aanw=2&@mW"@m»

For Reduction i of KD equations, two different Painlevé
expansion branches are

2 2
{fOZ ahga 80 = ahn}a

and

2 2
=——h =——hy ;. 36
{fo o ier o o n} (36)
The recursion relations are

2j+ D)=k 0 J;
=iy G-Dh ) \ g

_ Ml(fj*l7"'7f07gj717"'7g07h) (37)

MZ(fj*lv"'7f07gj717"'7g07h)

For Reduction ii of KD equations, two different Painlevé
expansion branches are

2 2
{foz ahg, 8020}, and {fo = —ahg, 8020}-(38)

The recursion relations are

(D= -elamE 0
0 6(1—j)ag(n)he
% fj _ Ml(fj—la"'7f07gj—la"'7g07h) ) (39)
gj Mo(fj-1y-+5 f0:8j-15-+,80, 1)

Both Reductions i and ii are Painlevé integrable and the num-
ber and location of the resonance points are the same as the
original KD equations.

If we set
FEm =R G,
cEem =2 @, @)

where fy(&,m) and go(&,n) are given in Eq. (36), fi1(&,n)
and g;(&,n) are seed solutions to Eq. (33), we can obtain the
Painlevé truncated solution. For example, substituting

2he

2h
F(§m) == +co, GEm)=")l+er, (4D

110203-5
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into the first equation of Eq. (33), we can obtain a differential
system with respect to 4 as follows:

—2MPhege +8hhehgeg —12(he ) he + Ghhe?
+ 12hhg g hnboei P hg e — 12(hg )*hy — 60cih(hg)?
+ 120cohhzhg e —120co(he ) + 3023 he e
—362c§h(he)* — 6h2hyn + 6h(hy)* = 0. (42)

Substituting Eq. (41) into the second equation of Eq. (33),
we obtain an identical equation. Solving Eq. (42), we obtain
the Painlevé truncated solution. It is easy to check that equa-
tion (42) has a solution

h=cy+expké +1In+c3), (43)

where ¢, c1, ¢2, and c3 are arbitrary constants,

\/302c3 +12ac; — 3oy
k=

4 ’
acoy/3a2ck+ 120c; — 6acy
= .
8
Together with Eqs. (32) and (43), we can obtain the new
soliton-like solution
A %A 2kAexp(®)
304 " o2 a(cy +exp(w))
Al A/Z _AA// ) zﬁz
R V7 RS T TV A=
1 2kexp(®
[,
o

+ yAA
3y ¢ +exp(w))

u = coA

)

2lexp(w)

2

+ +col, 44
oot T .
where @ = k(Ax+ A’'y?/6) + 1A%y, A = A(t) is an arbitrary
function of . Equation (44) is different from solution (41)
presented in Ref. [24].

5. Conclusion

In this paper, we derived the optimal system of one-
dimensional subalgebra admitted by the (2+1)-dimensional
potential CBS and KD equations, and reduced them into
(1+1)-dimensional ones. By applying the Painlevé analysis
with WTC method to the reductions of potential CBS, Burg-
ers and KD equations, we found some interesting phenomena.

i) Both potential CBS and KD equations are Painlevé in-
tegrable, and all of the (1+1)-dimensional reductions are inte-
grable in the sense of Painlevé test, if the similarity variables
include all the independent variables x, y (or 2), t.

ii) The time-dependent Burgers equation is non-Painlevé
integrable, and the (1+1)-dimensional reductions are also non-
integrable in the sense of Painlevé test, if the similarity vari-
ables include all the independent variables x, y, .

iii) The number and location of resonance points of
the reduction are invariable, whether the original equation is
Painlevé integrable or not.

What will happen to the other reduced (1+1)-dimensional
equations arising from the symmetry reduction of the (2+1)-
dimensional ones? That is worth our further investigation.
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