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We present a new reliable analytical study for solving the discontinued problems arising in nanotechnology. Such
problems are presented as nonlinear differential-difference equations. The proposed method is based on the Laplace trans-
form with the homotopy analysis method (HAM). This method is a powerful tool for solving a large amount of problems.
This technique provides a series of functions which may converge to the exact solution of the problem. A good agreement
between the obtained solution and some well-known results is obtained.
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1. Introduction

Many different analytical methods have recently been
introduced to solve nonlinear problems, such as homo-
topy analysis method (HAM),!!! Adomian decomposition
method (ADM),[%! and variational iteration method.[10-11]
The HAM, which was devised by Liao in 1992, is capable of
solving a large class of linear or nonlinear differential equa-
tions without the tangible restriction of sensitivity to the de-
gree of the nonlinear term, and it reduces the size of calcu-
lations because its interactions are direct and straightforward.
This method has been successfully applied to solve many types
of nonlinear problems in science and engineering.[!>-16]

In this work, we aim to effectively employ a new homo-
topy analysis transform method (HATM) to establish the ana-
lytical solutions for the nonlinear differential—difference equa-
tions arising in nanotechnology. This method is based on the
homotopy analysis method and the Laplace transform method.
By using the presented method, numerical results can be ob-
tained with a few iterations.!!! Moreover, the HATM contains
an auxiliary parameter 7, which provides us with a simple way
to adjust and control the convergence region of the solution
series.[?] Therefore, the HATM can handle linear and nonlin-
ear problems without any assumption and restriction. Many
authors have considered the proposed problem, for example,
Mokhtari!'%! used the variational iteration method to solve the
nonlinear differential-difference equations, and Shun et al. (7]
used the homotopy perturbation method to solve the discon-
tinued problems arising in nanotechnology.

18-20

According to the E-infinity theory,!'8-21 space at the

quantum scale is not a continuum, and it is clear that nan-
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otechnology possesses a considerable richness which bridges
the gap between the discrete and the continuum.!'”) On the
nanoscale, He ef al. [>! found experimentally an uncertainty
phenomenon similar to Heisenberg’s uncertainty principle in
quantum mechanics. The continuum hypothesis therefore be-
comes invalid on the nanoscale. He and Zhu?* suggested
some differential-difference models describing the fascinat-
ing phenomena arising in heat/electron conduction and flow in
carbon nanotubes, among which we will study the following
model:

(ai"f'bi(un)i)a )]

(ngE

du
T;l = (uiH-l _urz—l) ‘

i=1

where a; and b; are constants. A physical interpretation is
given in Ref. [22]. Equation (1) includes the well-known dis-
cretized mKdV lattice equation >3]

du,
dr

= (0t —163) (tn1 — thn1), @
where u,(¢) is an unknown function, and the subscript n in
Eq. (1) represents the n-th lattice. Previously, such equations
were solved by the exp-function method!?*! and the variational
iteration method.!?!

The main aim of this paper is using the homotopy analy-
sis transform method to establish an approximate solution of
the nonlinear differential-difference equation arising in nan-
otechnology (Eq. (2)). A comparison of our results with those
obtained using the Adomian decomposition transform method
is given.
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Definition 1 The Laplace transform of function u(r) is
defined as

L{u(r)] = /0 " e u(n)dr.

Definition 2 The Laplace transform of the derivative
u™ (1) is given by

L[u(”>( )] =s"Llu

ankl

2. Solution of HATM for differential-difference
equations

In this section, we implement the HATM!?>-] to prob-
lem (2) of differential-difference equations. For simplicity, we
ignore all boundary and initial conditions, which can be treated
in a similar way. Now, the first step of the proposed method
consists of applying the Laplace transform on both sides of
Eq. (2), we obtain

L,[izf} = L[(&t — ) (ttns1 — ttn_1)]- 3)

Using definition 2 for the Laplace transform of the derivative,
we have

L[un(1)] = s un(0) + 5 'L (0 — 1) (thps1 — ttn_1)].  (4)
We choose the linear operator

£, p)) = L% p)], (5)

with the property £[c] = 0, where ¢ is an integral constant to
be determined by the initial condition.
We define the nonlinear operator

N (t; ), 1 (t; p), o1 (5 D))
= L[¥.(t;p)] — Silun(o)

sT'L[(a — ) (B — Ho1)), (6)

where p € [0, 1] is an embedding parameter, and ¥, (z; p) is a
real function of 7 and p.

2.1. Zeroth-order deformation equation

Liao!! has constructed the so-called zeroth-order defor-

mation equation

(1=p)L[¥(1;p) —uno(t)] = phHL()N[Fa(2;p)], (1)

where u, o(¢) is an initial guess of u,(¢), i # 0 is an auxiliary
parameter, H,(f) is an auxiliary function, and ¥, (z; p) is the
unknown function. Obviously, we have

W (1:0) = n0(t), Wo(t:1) = ua(t). ®)

Thus, as p increases from O to 1, the solution ¥, (¢; p) varies
from u, () to u,(t). Expanding ¥,(¢;p) in Taylor’s series

with respect to the embedding parameter p, we have

W (t;p) = un,o(t —I—Zunm " )
where
1 ™Y, (t;
(1) = —,% . mmeN. (10)
m! P =0

Assume that the initial guess, the auxiliary function H,(r), and
the auxiliary parameter 7 are selected such that series (9) is
convergent at p = 1, then at p = 1, and by using Eq. (8), series
(9) becomes

+Zwm (11

m=1

( *unO

which must be one of the solutions of the original nonlinear
equations.

2.2. The m-th order deformation equation

Define a vector

Wy, () = [n,0(8),un, 1 (1), .., m(t)], n,meN. (12)

Differentiating Eq. (7) m times with respect to the embedding
parameter p, then setting p = 0 and dividing them by m!, fi-
nally using Eq. (8), we have the so-called m-th order deforma-
tion equations

L[“n,m(t) - 6n,mun.m71 (t)]
+ th(t)Cﬁn,m(unﬁm—laun-ﬁ—l,m—lvun—l,m—l)a (13)

where

ERn,m(un,m—laun-‘,—l,m—l>un—1,m—1)

L TNBED I ED HnG)|
(m—1)! dpmn-1 p=0’
0, m<1, neN,
8"’"1_{1, m>1, neN. (a3

Applying the inverse Laplace transform on both sides,
we obtain the solution of the m-th order deformation equa-
tions (13) for the corresponding auxiliary function H,(f) = 1,
m>1,

un,m(t) = an,mun,m—l (t)

+ hL_l [g{m(un,mflaunJrl,mfl7un71,m71 )]7 (16)

where
9tn,m(un,mfl » Un+1,m—1,Un—1,m—1 )

= LI¥%(:9)] =5 'uno
— s [0t — u?) (U1 — tn1)]- 17)
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Therefore, the solution of the m-th order deformation equa-
tions (13) is

Un,m(t) = (Op,m+ 1)ty m—1(t) — (1 — 8 m)u(0)
+ AL s 'L[(o — u2) (i1 — un—1)]]. (18)

Now, in order to illustrate the effectiveness of the method,
we consider the following initial condition wu, () =
v/octanh(d) tanh(dn), where d is an arbitrary constant. Then,
using the iterative scheme (18) gives the first few components
of the approximate solution

un,0(t) = v/otanh(d) tanh(dn),

Un,1(t) = h[t(a— octanh?(d) tanh?(dn))
x (—+/otanh(d) tanh(d(n— 1))
+ v/octanh(d) tanh(d(1 +n)))],

other components of the approximate solution can be obtained
in the same manner.

Numerical results of our proposed method (HATM) for
different values of n € [—30,30] and /i (—2 < /i < 2) are pre-
sented in Figs. 1 and 2. The solution obtained using the HATM
and the exact solution are presented in Fig. 3. We note that
there is a complete agreement between the computed results
obtained by the presented algorithm and the exact solution.
From these results we can see that the presented approach
is more efficient than the other methods, regarding that the
HATM only takes three components of the solution.

(a) u(n,t)
0.2F

0.11

-30 —-20 -10

—0.2"

(b) u(n,t)
0.2}

- n

10 20 30

Fig. 1. The HATM solution at (a) i = —1.2,—1.4,—1.6,
—1.8,—2.0and (b) h=1.2,1.4,1.6,1.8,2.0.

(a) u(n,t)
0.2
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(b)
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Fig. 2. The HATM solution at (a) i = —0.2,—0.4,—0.6,
—0.8,—1.0 and (b) 7 =0.2,0.4,0.6,0.8,1.0.

a u(n,t)
(@) 0.10

—0.10+

Fig. 3. (a) The HATM solution and (b) the exact solution.

It is noted that our approximate solution converges at
(=2 <h <2)(see Figs. 1 and 2). The explicit and analytic ex-
pression given by Eq. (18) contains the auxiliary parameter 7
which gives the convergence region and the rate of approxima-
tion for the HATM. However, the errors can be further reduced
by including higher-order approximations. This shows that the
HATM is a very useful method to get accurate analytic solu-
tions to linear and strongly nonlinear differential-difference
equations. It must be noted that the HATM used here gives the
possibility of obtaining an analytical satisfactory solution for
which the other techniques of calculation are more laborious
and the results contain a great complexity.
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3. Solution of ADTM for differential-difference
equations

In this section, we implement the Adomian decomposi-
tion transformation method which is based on the Laplace
transform with the Adomian decomposition method. This
method is a powerful tool for solving a large amount of prob-
lems. Using this method, it is possible to find the exact solu-
tion or an approximate solution of the problem. This technique
provides a series of functions, which may converge to the ex-
act solution of the problem.

The procedure of this technique to solve the proposed
problem (2) as follows.

The first step is applying the Laplace transform on both
sides of Eq. (2) and using its properties to obtain

L{un(1)] = s 'un(0) +5 ' oL (g1 — tty1)]

— s_lL[uﬁ(unH —Up_1)]-

We define the nonlinear operator N(u,,up_1,Upt1) =
2 (1 — u,_1). Therefore, the above equation takes the fol-
lowing form:

L, (£)] = s 'un(0) 4+ 5 oL (thyr1 — ttn_1)]
— s 'LIN(upy 1,1 41)). (19)

The ADM defines the solution u, () by the following series:
un(t) =Y tnm(t), (20)
m=0

and the nonlinear operator N (u,,u,—1,u,+1) is represented by
an infinite series of the so-called Adomian’s polynomials

oo

N(”naunflvun+1) = ZAn,ma (21)
m=0
where uy, (1), m > 0 are the components of u, () that will be
elegantly determined, and A,, ,, are called Adomian’s polyno-
mials and defined by

An,m

_ L [MN<iliuni iliun71 i iliunﬂ z)]
m! | dA™ =0 i i .' A=0
m > 0. (22)

From the above considerations and by taking the inverse
Laplace transform, the decomposition method defines the
components u, ,(¢) for m > 0 by the following recursive rela-
tionship:

tn,o(t) = L™ s, (0)],
un,m+1(t) = L_l[s_laL[(”nJrl,m*unfl,m)”

— L7 [s7'L[An )], m>0. (23)

This will enable us to determine the components uy, ,(¢) recur-
rently. However, in many cases, the exact solution in a closed
form may be obtained.

The first A, ;, Adomian’s polynomials that represent the
nonlinear term N (up, u,—1,u,+1) are given by

Ano = Uy o(Uns1,0 — Un—1,0),
An,l = u%70(un+1,1 *unfl,l)

+ 2“n,1“n,0(”n+1,0 - unfl.O)a

From the recurrence relation (23), we can obtain the compo-
nents of the solution u,(¢) as follows:
uy,0(t) = v/otanh(d) tanh(dn),
un1(t) = t (o0 — atanh?(d) tanh*(dn))
x (—+/atanh(d) tanh(d(n — 1))
+ v/otanh(d) tanh(d(1 +n))),

For numerical comparison purpose, we construct the solution
up (1) such that
lim Uy, (1) = un(t), (24)
m—yoo

where
m—1
Unm(t) = Z up,i(t), m>1.
i=0

For more details about the ADTM and its convergence, see
Refs. [6] and [9].

Figure 4 presents a comparison between the solution
using ADTM and the solution obtained from the HATM

at i = —1. From this figure, we can see that the solution
u(n,t
(@) 0.1(() . :
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Fig. 4. Comparison between (a) ADTM solution and (b)
HATM solution at i = —1.
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of the ADTM is in excellent agreement with the solution of
the HATM, and this ensures that the ADTM is a special case
of the HATM at i = —1. The obtained results in Ref. [10] us-
ing the variational iteration method and in Ref. [17] using the
homotopy perturbation method are also in excellent agreement
with the solution of the HATM, and this ensures that the varia-
tional iteration method and the homotopy perturbation method
are special cases of the HATM at 1 = —1.

4. Conclusion

We developed an effective and new modification of HAM,
which is based on the homotopy analysis method and the
Laplace transform method and we studied its validity to find
the solution of a nonlinear differential-difference model in a
wide range, which arises in nanotechnology. The obtained so-
lution by utilizing the new homotopy analysis method is very
rapidly convergent due to the modification of the Laplace op-
erator. It may be concluded that the HATM methodology is
very powerful and efficient in finding approximate solutions
as well as analytical solutions for many physical models. The
presented numerical examples show that the results of the pro-
posed method are in excellent agreement with those of the
ADTM. It is noted that our approximate solution converges
at —2 < % <2 (see Figs. 1 and 2). The explicit and analytic
expression given by Eq. (18) contains an auxiliary parameter
h, which gives the convergence region and the rate of approx-
imation for the HATM. The errors can be further reduced by
calculating higher-order terms. This shows that the HATM is
a very useful analytic method to obtain accurate analytic solu-
tions for strongly nonlinear problems. The numerical results
show that the proposed method has accuracy and reduced size
of calculations compared with the VIM and HPM. It is also
worth pointing out that the advantage of this method is a fast
convergence of the solutions by means of the auxiliary param-
eter i = —1 (see Figs. 1-4). The HATM can be very easily ap-

plied to both differential equations and nonlinear differential—
difference equations. The advantage of the method is that it
does not need a small parameter in the system, leading to wide
application in nonlinear problems. In our work, we used the
Mathematica package.
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