Chin. Phys. B Vol. 22, No. 10 (2013) 108904

Random walks in generalized delayed recursive trees*
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Recently a great deal of effort has been made to explicitly determine the mean first-passage time (MFPT) between
two nodes averaged over all pairs of nodes on a fractal network. In this paper, we first propose a family of generalized
delayed recursive trees characterized by two parameters, where the existing nodes have a time delay to produce new nodes.
We then study the MFPT of random walks on this kind of recursive tree and investigate the effect of the time delay on
the MFPT. By relating random walks to electrical networks, we obtain an exact formula for the MFPT and verify it by
numerical calculations. Based on the obtained results, we further show that the MFPT of delayed recursive trees is much
shorter, implying that the efficiency of random walks is much higher compared with the non-delayed counterpart. Our study
provides a deeper understanding of random walks on delayed fractal networks.
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1. Introduction

In recent years a great number of deterministic net-
worked models have been proposed, such as Sierpinski

(1,21 pseudofractal webs,3! Apollonian networks, -]

fractals,
Koch networks, [ etc., including some deterministic uniform
recursive trees!’®! or the T-graph.!”1°1 In general, determinis-

=131 are defined against random networks where

tic networks!
new nodes are related to existing nodes with a certain proba-
bility. Deterministic networks have an advantage with pre-
cise formulations for analysis and computation, which could
be compared with experimental data from real and simulated
networks. 14!

Many problems in physics and chemistry are related to
random walks on fractal structures.”) Random walks on net-
works are fundamental, which are related to several aspects
of complex networks, such as network routing and reaction—

[15.16]' A primary quantity characterizing

diffusion processes.
diffusion is the first-passage time (FPT) defined as the ex-
pected time for a walker to first arrive at a given destina-
tion node starting with an equal probability to neighboring

17,18

nodes from a random source node. | ] Lately, there has been

aroused the interest in analytically calculating the mean FPT
(MFPT) for some self-similar network models. [7-8:10-19.201
Recently, a delayed pseudofractal network (DPFN)I2!!
has been studied, which has a special feature that newly-added
edges have a delay in producing new nodes. Existing results
show that the delay strengthens the scale-free and small-world
characteristics of the underlying network. Numerical calcula-

tions reveal that the MFPT of DPEN is shorter, meaning that

DOI: 10.1088/1674-1056/22/10/108904

the efficiency of random walks is higher than that of the non-
delayed counterpart. This is in accordance with the fact that
sorting comparator network using Fibonacci numbers has fast
routing.'??) This delay has significant influence on the topo-
logical and dynamical properties of the networks. However, an
exact formula for the MFPT is not solvable at present. Hence,
as one example for the motivation of the delayed nature of re-
cursive networks, which we study in this work, is to take into
account the time delay in data routing on computer networks.
We try to formulate the delay on recursive trees in a mathemat-
ical manner, so that mathematical analysis tools can be used to
obtain some properties that may be insightful as approxima-
tion of some real scenarios for better understanding of delays
on some real networks such as data routing networks.

In this paper, we propose a family of generalized delayed
recursive trees (DRTs), in which finite baby nodes connect to
the existing root nodes with an equal probability. In the sub-
sequent steps, baby nodes become adult nodes, and the adult
nodes give birth to new baby nodes. For tree-like networks
of this kind, through the relationship between random walks

19 we obtain an exact formula of the

and electrical networks,
MFPT and confirm it by extensive numerical calculations. The
average distance of DRTs is in a linear relationship with the
step time in the large limit of iteration. In addition, we com-
pare the MFPT of DRTs and recursive trees (RTs) with the
same network parameters and show that the MFPT of DRTs is
shorter, implying that the efficiency of random walks for the

DRTs is higher.
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2. Model description

The generalized delayed recursive trees are built in an it-
erative way. Denote T}, ,,(¢) as the DRTs after ¢ steps. At step
t = 1, the number of adult nodes (also called root nodes) is
r, which are connected into a string; at step r = 2, each of
the r root nodes produces m baby nodes, which link to their
root nodes; for >3, each of the existing baby nodes grows
into adult nodes, while all the root nodes give birth to m baby
nodes. The growing process is repeated until the trees reach
a desired order. Compared with the recursive trees, the nodes
in DRTs delay the production of new nodes, which is different
from the iterative algorithms of the recursive trees introduced
in Refs. [7] and [23]. Figure 1 shows the generating process
of T ,(t) withr =2,m=2,r=1,2,3,4.

Fig. 1. T, ,,(¢t) withr=2,m=2.

To facilitate the calculations of the following quantities,
we first discuss T}, (¢) with r = 1, denoted by T,,(r). Accord-
ing to the construction algorithm, the total number of nodes W,
in T,,(¢) satisfies the following iterative relationship:

Wirt =W +mW,_1,t > 2. (D

The characteristic equation of the difference Eq. (1) reads

AP—A—m=0,
whose two roots are
1+v4m+1 1—vam+1
A] = 72 and lz = 72 .

Hence, the general solution of Eq. (1) is W, = ¢1A{ +¢24]. Us-
ing the initial conditions of W; = 1 and W, = m+ 1, we obtain

1
[ g—— Y TS
t 1M 25 \/4T—|—1( 1 2 )
Ny =rW,, (2
where
c1=Wadm+1+1)/2v/4m+1
and

ca=(Wa4m+1-1)/2v4m+1.

N; is the total number of nodes of T;.,,(¢). In the following
sections, we numerically and analytically study the MFPT of
the generalized delayed recursive trees 7. ,, ().

3. Numerical calculation of the MFPT

In this section, we numerically calculate the MFPT of
random walks on the delayed recursive trees. At each time
step, the walker can move from its present position to any of
its nearest neighbors with an equal probability. A key quan-
tity characterizing the random walks is the first passage time
(FPT). Here, we are interested in the MFPT between two dis-
tinct nodes, which is then averaged over all pairs. We use the
pseudoinverse of the Laplacian matrix to calculate the FPT be-
tween two arbitrary nodes. The elements /! ; of the Laplacian
matrix L, are defined as follows: if there is a link between two
different nodes i and j, then [} i=-1 otherwise, I/ = 0. The
diagonal elements of L, are defined as lfi = k; (degree of node
i). Thus, the pseudoinverse of the L; is

T\ 1 T
ee ee
l:b L t t 3

d ( "N, ) N’ 3)

where ¢, = (1,1,...,1)T.
The quantity F;;(¢) is defined as the FPT for a walker
starting from node i to node j for the first time, and can be ex-

pressed in terms of the elements l; jit of Ltb as that in Ref. [24],

o bt bt bt bt
Fi()=Y (lié —lij =l “j}') leg: “)
g=1

where l;t;g is the g-th entry of the diagonal of L,. Then, the sum
Fiot(t) for the FPT between two arbitrary nodes over all node
pairs is

N
Fa(t) =YY Fij), Q)
i#] j=1

and the MFPT (F), reads

Ft ! -
<WZMW@U:MW—UZZ&M' ©

i#]j=1

The quantity of MFPT (F), is used to measure the effi-
ciency of the random walks on 7} ,,(¢): the smaller the MFPT
value, the higher the efficiency is, and vice versa. The calcula-
tion of (F'), requires determining the elements of the pseudoin-
verse matrix L,b, which involves the inversion of an N; X N; ma-
trix. From Eq. (2), the number of nodes N, in T;. ,,(¢) increases
exponentially with step ¢ size, so for larger ¢ it is difficult to ob-
tain (F), because of the computational complexity for calcu-
lating the pseudoinverse matrix. According to the construction
algorithm of the considered recursive trees, and according to
the connection between FPT and effective resistance, we can
obtain an explicit formula for the MFPT as detailed below.
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4. Exact solution for the MFPT

In this part, using the relationship between random walks
and electrical networks, we derive a closed-form expression
for the MFPT, which avoids calculating the inversion of the
matrix in Eq. (3). Given a graph, we can obtain the underlying
electrical network by replacing each edge with a unit resistor.
The effective resistance is then defined as the voltage when a
unit current enters into one node and leaves the other.[>>! As
is well known, the effective resistance between two nodes in
a resistor network can be expressed as the FPT between the
corresponding two nodes on the considered network, i.e., the
effective resistance R;; between a pair of nodes i and j is equal
o (F;j+Fj;)/2E, where E is the total number of edges in the
graph. (26

Now, we take T, ,,(¢) as a resistor network by replacing
each edge in T, ,,(¢) with a unit resistor. With regard to the
relationship between the commuting time [27] and the FPT, i.e.,
C,‘j(l) = E/(l) +Fji(l‘), we obtain Cij(l) = le'(l) = ZE,R,']‘(I).
Then, equations (5) and (6) are rewritten, respectively, as

0\
Ftot ZZCIJ EIZZRij(I)a (7)

t#/ Jj= i#j j=1
and

Fro(1)

(= N.(N, —1

) ZRI, ®)
t#J j=

For a tree-like graph, the effective resistance R;; between two
nodes is exactly the usual shortest path distance between the
corresponding nodes. Since T;. ,,(¢) is a tree-like network, we
can use these properties to obtain a rigorous expression for the
MFPT.

From the above discussion, the determination of the
MFPT means calculating the shortest path distance. To this
end, we represent all the shortest path lengths of T;. ,,(¢) with a
matrix, where the entry d;; is the shortest distance from node i
to node j. Then, the average distance d; of T}. () is

)
where
D = Z dij (10)
i, J€Tym(t),i#]

denotes the sum of all the shortest path lengths between two
nodes over all pairs of nodes. Note that we only calculate d;;
or dj;, not both.

4.1. Calculation of shortest path length matrix for T, ,(t)
withr=1

Similarly, denote all the shortest path lengths of T;,(¢) by
¢. According to the self-similar structures of 7,,(¢), we can

easily obtain the following relationship:

Orp1 =@ +m@y_1 + &, (1D

where &, represents the sum of path lengths of all the pairs of
nodes lying in different parts.

As shown in Fig. 2, the distances among all pairs of nodes
are divided into two parts, so that

87 = Z dij,

IE€T0(r), JETA(1—1)

6 = ) dij,

€T (1), j€T2(t—1)

consequently,

5 =md'2+ %6}’3. (12)

In order to obtain 5,1’2 and 5t1’3, we define

St = Z diQ7
€T (t),i#0

where Q is the root node. According to the self-similar net-
work structure, we have

Sir1=8+mS; 1 +mW;_q, (13)

with initial conditions of §| = 0,5, =m

Fig. 2. A schematic illustration of 7, (¢ + 1), which is composed of
m+ 1 parts and represented as T} (t — 1),..., 77 (t — 1) and T°°(¢),
respectively. The black solid square denotes the root nodes.

We now calculate the exact solution of Eq. (13). We first
obtain the special solutions of the following difference equa-
tions:

St =S/ +mS| |+ Al (14)

m
Vam+1
Sty =S7+mSE | — WAQ (15)

Inserting S} = A1t Al into Eq. (14) gives

Al — mll
' (A +m)VaAm+1
Similarly, §? = Axt Al with
A2 _ mlz

(A} +m)VaAm+1
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Thus, the special solution S; of Eq. (13) is

! LT Am 1 (A2 +m)  (A?+m)

Then, the general solution of Eq. (13) is written as

S =AM+ M

mt },t+1 lt+1
+ T (16)
Vadm+1 | (A7 +m)  (A; +m)
Using the initial conditions of S| = 0 and S, = m gives
=" oad=— "
T (Am+ 1) VaAm £ 1 27 (dm+1D)VAm+ 1

Based on the structures of the considered trees, the quan-
tities 5, and & are expressed as

5,1 2 _ Z dij

i€TRoN(t), jE T (t—1)
= Z (dix +dxy +dyj)
iE€TEON(r), jETE (1—1)
=W Y dx+WiWodsy +W ) dy,
€T (1) J
= W1 S+ WWii + Wi S, (17
5! = Y dij
ETL(1—1), jET2(1—1)

i€ (1—1), jETZ(1—-1)

=W Y dy+WoaWoidvz+Wi Y, dz
ieT)-1) JETZE-1)

=2W S +2W Wy, (18)

(div +dyz+dzj)

where X and Y (Z) are the root nodes in 7,,(¢) and T,,(t — 1),
respectively. Inserting Eq. (17) and Eq. (18) into Eq. (12) gives

O = mWi—1S; +mW,_ W, +mW, S,y
+m(m— 1)W1 S, +m(m—1)W2,.  (19)

Substituting Egs. (2) and (16) into Eq. (19) yields

& = [01(MA) + @AY + 043t

o — m?* [(a+1)*/a+4a*]
> T 2at1)dP+4ad

m* [(a+1)*\/a—4d%
2(a+1)a’?—4a3

@ =

Then, equation (11) is recast to be

Or1 = O +mep_1 + [@1 (l]/lz)t +@2112t +@3222t} t
+@4(lllz)t—|-@5l12t+@6k22[. 21

Following the above method of calculating the general so-
Iution of S;, we next derive the exact general solution of
Eq. (21). Suppose that equation (21) has a special solution
0" =¥5_, 07, where ¢/* (j =1,2,...
lutions of the following six equations:

,6) are the special so-

i1 = O +my_1+01t(LA),
Gri1 = O +md_1 +Ot AF,
Ot = O +mdy_1 + 63117,
Gri1 = O +m_1 +04(Mi 1),
Gt = G +md1+OsAY,
Ot = O Fmd 1 +Ophs'.

Solving the above equations, we obtain

o' = (aut+B1)(MA)', 9% = (aat+ B,
0¥ = (oat + B %, o =),
0% = asA”, 0% = asdn”,
where
o = —@ o = 627/112 oz = @37)1’22
’ 2,14—2,12—171’ i )Lé—),%—m’
054:—% (x5: @57)“12 — ®6222
m’ AF—2AZ—m’ a2 m
(m+1)0 A2 (m+A})
ﬁl = 2 ) ﬁZ T4 2 N
n (A =Af —m)

By = — @3122(’"*7[24)
- -m?

Therefore, the general solution of Eq. (21) reads

+@4(/'L]/12)t+@5112t—|—@6122t, 20)
6
where ¢ = M +pii+ Y ¢ (22)
2 J=1
o, = 7,(61:4’"4-1); = nM + A+ (ut+ oy + Br) (M)
2m(m+/a) 2m(m — /@) +(oat + 05 + Ba) A" + (051 + 06+ B3) A3
O =——F—75"1 O=—F—7—;
@ +a3? a2 — ad3/?
AP o tm Considering the initial conditions of ¢; = 0 and ¢, = m?, we
Oy = a—z; finally obtain
"= m? + mha[vaon —do(au+B)]+ A5 [Vaos +Ai(d +B3)]  Af[Afoa+ (m+a)(on+as+Bo)]

m—l—lf

m—&-llz
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m? —mh[vaon +Ai(au+PB)] —A[Vaon —h(as+B2)]  As[Azos+ (m—a)(os+ a6+ B3)]

r = m+122

4.2. Calculation of shortest path length matrix for 7, ,,(¢)

In this subsection, using the above result of ¢;, we obtain
the &, for T, ,,(¢). Since T}, ,,(2) is self-similar, 7}, ,,(¢) can be
obtained by connecting root nodes of copies of T, (¢) as shown

in Fig. 3. According to the structures of T, ,,(¢), we obtain

D =11+ A, (23)

m+}»22

and
A1 =(r=1)A1p+(r=2)A13+--+ A1, 24)

where A; j (i,j =1,2,...,r,i < j) denotes the sum over the
lengths of all shortest paths, whose one end point lies in
i (t+ 1) and another end is in Q,(f +1). From Fig. 3, it

is obvious that the distance between the root node (denoted by
W) of Q,(r+ 1) and that of Oy, (t + 1) is j —i.

Qr(t+1)

Fig. 3. T.,,(t + 1) constructed by r parts of T, (4 1).

Let Ry, Rp, and Rz be the root nodes of Q,ln(t + 1),
Q2(t+1),and Q3 (t + 1), respectively, then the quantities A »
and A 3 will be expressed, respectively, as

Ay = Z

i€ (1+1), jeQ (1+1)
= W1 Z dryj +Wir1 W1 + Wi
JjeQ3 (t+1)
= QWS + W2,

(dir, +dr,r, +dr,;)

Y, dg

i€Q}, (t+1)

and

Az = Z

€0, (t+1), JeQ3 (t-+1)

= Wi Z dryj +2Wi1 Wi + Wi Z diR,
J€03,(t+1) i€l (t+1)

= 2W 1St +2W2,

(dir, +dr Ry +drs )

where dg g, = 1 and dg,r, = 2. Subsequently,
Aij=2Wert-Spei + (= OWiy, 67 =1,2,--,1i < j. (25)
Inserting Eq. (25) into Eq. (24) yields

A = (r—1)2W-S; + W2) + (r—2)(2W;-S, +2W?)

oo QWS+ (r— W)

r—1

[(r—5)(2W,-S; -+ sW?)]

[
gl

s=1
-1 -1 -1
_ rir=1g (MM),Jrr(r )gzxf’+r(r )83222[7
3 6 6
where
3m  m(ar+a+3
81 = — +¥,
a a
_ 6mAf (r+1)Af _ 6m
2= a(A} +m) a a2’
~ 6mA3 (r+1)A? _ 6miy
83 = a(A} +m) a a* -’
Substituting ¢, and A, into Eq. (23) gives
D, = r(nA+1i;)
_ e
+ r(om—l—a;ﬁ-&)—%-w (2.1}1,2)[
- - :
+ |r(ont +as +[32)+r(r‘# A
- . -
+ r(a3t+a6+ﬁ3)+% 23
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Then, the analytic form of the average distance of DRTs is

2,

d=—"""1 _,
"TN(N,—1)

(26)

In the large limit of 7, we have

6(aar +as+Po) +(r—1)g2

d =
3 rc%

As aresult of the tree-like structure of T;. ,,(¢), the shortest
path distance is equal to the resistance distance, i.e., d;; = R;;.
Using the exact results of &, and W;, we easily obtain the ex-
pression for the MFPT with only parameter ¢, as

2P,
@m:a¢:ﬁ; (27)
t

5. Numerical analysis

In Fig. 4, we compare the analytical formula with numeri-
cal values of the MFPT of DRT's with ¥ = m = 2. In the domain
of 1 <t <10, the values of MFPT obtained from Eq. (27) are
in complete agreement with the results derived by the pseu-
doinverse matrix method as shown in Eq. (3). On the other
hand, this agreement is an independent test of our exact for-

mula.
10 ; . .
+ numerical results EJE
gl O analytical results
S 6
i
>
S
2
08 = = = 3 .

Fig. 4. (color online) MFPT (F'); with respect to step time . Numerical
results (blue stars) obtained by Eqgs. (4) and (6) accord with the exact
values (black squares) from Eq. (27).

Figure 5 shows a comparison of the MFPT between DRTs
and RTs. The recursive trees with parameters r and m were
introduced in Ref. [28], and an exact formula of the MFPT
was given. In the numerical simulation, we calculate the val-
ues of the MFPT for DRTs and RTs with same parameters
(r = m = 2). Numerical results show that the MFPT of DRTs
is much shorter. In our model, the delay can cause the size of
DRTs to be smaller than that of RTs. Using the relation be-
tween random walks and electrical networks, the effective re-
sistance is equal to the shortest path length between each pair
of nodes. From the numerical results, we know that the aver-
age path length of DRTs is smaller than that of RTs, which im-
plies that the MFPT of DRTs is shorter. Note that in Ref. [10]
Zhang et al. studied the MFPT for the T-graph, and obtained

an exact formula for the MFPT. The values of MFPT of T-
graph are larger than those of the delayed or non-delayed re-
cursive trees. The discrepancy may be related to their fractal
dimensions, ?°! which would be investigated in the future.

106
» DRT's
o RT's B
104 o
) . :
102 . *
-
100

1 2 3 4 5 6 7 8 9 10
t

Fig. 5. (color online) Comparison of MFPT between DRTs and RTs
with the same parameters r = m = 2 versus step time ¢ on a semilog-
arithmic scale. The MFPT of DRTs is much shorter than that of RTs,
which shows that the delay has stronger influence on the MFPT.

6. Conclusions

The present study on the determination of mean first-
passage time (MFPT) of delayed fractal networks is rare. In
this paper, we investigate the random walks on delayed recur-
sive trees (DRTSs) constructed by two parameters with novel
features where the existing nodes delay the production of new
nodes. By making use of the relationship between electri-
cal networks and random walks, and by considering the self-
similar network structure, we obtain a closed-form solution
for the MFPT. Compared with the recursive trees (RTs), the
MFPT of DRTs is much shorter, showing that the delay en-
hances the efficiency of random walks. In addition, we verify
the numerical results for the MFPT obtained in Ref. [21]. Be-
cause of the delay, the new network framework will not have
exactly the same size (numbers of nodes and edges) as the
original framework, we only make a comparison of the effi-
ciency of random walks between DRTs and RTs at the same
step time. We expect that our results can motivate further study
on potential applications in computer science using delayed
recursive trees, such as implementing multi-computer systems
and achieving fast routing in sorting comparator networks.
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