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In this paper, by means of the network equation and generalized dimensionless Floquet–Bloch theorem, we study
the influences of the number of connected waveguide segments (NCWS) between adjacent nodes and the matching ratio
of waveguide length (MRWL) on the photonic bands generated by quadrangular multiconnected networks (QMNs), and
obtain a series of formulae. It is found that multicombining networks (MCNs) and repetitive combining networks (RCNs)
are equivalent to each other and they can all be simplified into the simplest fundamental combining systems. It would be
useful for adjusting the number, widths, and positions of photonic bands, and would possess potential applications for the
designing of all-optical devices and photonic network devices.
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1. Introduction

The dielectric structures with spatial periodicities are ca-
pable of exhibiting a photonic band gap (PBG), where the
propagation of electromagnetic (EM) waves with certain fre-
quencies is inhibited.[1,2] PBG materials have had exten-
sive applications in the new optical devices, and so, they
have attracted much attention.[3–6] PBG materials open up
new research fields for condensed matter physics, optics,
material science, etc. The fundamental investigations in-
clude PBG structures,[4,7–10] properties of transmission and
reflection,[11–13] photonic waveguides,[14–16] phenomena of
negative refraction,[17–19] defect states,[20–22] photonic tunnel-
ing effect,[23,24] etc.

As the lattice constant of a PBG is on the scale of the
wavelengths of EM waves, the shorter the working wave-
length, the smaller the characteristic length of PBG is and
then the more difficult to fabricate the structures will be,
especially for three-dimensional (3D) structures. However,
for those PBG networks composed of one-dimensional (1D)
waveguides,[25,26] their structures are flexible and the number
and length of the waveguides[25–28] between adjacent nodes
can be adjusted. Furthermore, the phase, amplitude, and wave
function at each node can be easily accessible. In addition,
strong scattering can be easily introduced into a unit cell
to produce large full stopbands in any dimension.[25] Based
on the aforementioned advantages, it is very convenient for
the PBG networks to accomplish experimental investigations.
Therefore, researchers have paid much attention to the struc-
tures of this kind. So far, many properties of quasi-1D,[26,29]

two-dimensional (2D),[27,30] and 3D[25,27] PBG networks have
been studied, which include defect state mode,[31] random
scattering,[32] slow light effect,[33] band gap structure,[26,27,34]

nonlinear optical effect,[35] etc.
To the best of our knowledge, for those PBG networks

composed of 1D waveguides, adding more segments between
adjacent nodes is equal to introducing more loops,[25,28] and
consequently, the possibility of producing resonance and an-
tiresonance would be increased. Recently, we studied quad-
rangular multiconnected networks (QMNs) and found that
the largest attenuation may appear near the edge of the nar-
row passbands rather than in the center of the stopbands.[28]

Moreover, we further studied the photonic band proper-
ties of two-segment-connected networks (2SCNs) and three-
segment-connected networks (3SCNs).[36] However, the band
structures of the more complex networks, where all the adja-
cent nodes are connected by more than three segments, have
not been studied in detail. And the investigation of equiva-
lence property among the multiconnected combining networks
(CNs) have not been reported yet. Then what are the band
structures of the complex multiconnected networks (MNs)?
And what are the concrete rules of the number, widths, and
positions of the photonic bands? These are interesting prob-
lems and the answers would possess potential applications in
designing all-optical devices and photonic network devices.

As one of the work series of our group, in this paper
we investigate the photonic band characteristics of multicom-
bining networks (MCNs) and repetitive combining networks
(RCNs). It is found that their photonic bands are equivalent
to those of the fundamental combining networks (FCNs). Us-
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ing this property, people can greatly simplify the networks of
this kind or the systems which contain the subnetworks of this
kind. Furthermore, we also obtain a series of formulae for
the band number, widths, and positions. With these formulae
people can design a waveguide network to generate a speci-
fied number of photonic bands at the specified frequency po-
sitions. It would be useful in designing all-optical devices and
photonic network devices.

The rest of this paper is organized as follows. In Sec-
tion 2, we mainly introduce the model of the QMN and the
theory for studying the mentioned networks. In Section 3, we
present the numerical results and discuss the number, widths,
and positions of photonic bands generated from the QMNs.
Finally, some conclusions are drawn from the present study in
Section 4.

2. Model and theory

The QMN studied is shown in Fig. 1, where each dashed
line connecting adjacent nodes denotes n types of waveguide
segments with the lengths of d1,d2, . . . ,dn, respectively. So
only the monomode propagation of EM waves needs to be con-
sidered. The EM wave function in any segment between nodes
i and j can be regarded as a linear combination of two oppo-
site traveling plane waves: ψi j = αi j e ikx + βi j e−ikx, where
k = ω/c is the wave vector, ω is the angular frequency and c
is the speed of EM waves in the vacuum. Furthermore, at any
node i, the energy flux conservation law gives

n

∑
j=1

ψi j
∂ψi j

∂x
Ai j
∣∣
x=0

1
µω

= 0. (1)

Then, one can obtain the following network equation:[37]

−ψi

n

∑
j=1

cot(kli j)+
n

∑
j=1

ψ jcsc(kli j) = 0, (2)

where cot and csc are the cotangent and cosecant functions,
respectively, ψi(ψ j) is the wave function at node i( j), li j is
the length of the waveguide between nodes i and j, and the
summation of j is taken over all of the nodes linked directly to
node i.

d↪ d↪...dn

Fig. 1. The QMN, where each dashed line connecting adjacent
nodes denotes n types of waveguide segments with the lengths of
d1,d2, . . . ,dn, respectively.

The QMN investigated in this paper does not possess spa-
tial translation periodicity and only has configuration trans-
lation periodicity, and consequently, we study its photonic
band properties by means of the generalized dimensionless
Floquet–Bloch theorem we proposed recently, which is shown
as follows:[28]

ψ𝐾(𝑁 +𝑇 ) = ψ𝐾(𝑁)e i𝐾·𝑇 , (3)

where 𝑁 is the node index vector, 𝑇 is the configuration trans-
lation vector, 𝐾 is the configuration ‘wavevector’, and they
are all dimensionless.

By means of Eqs. (2) and (3), the dispersion relation of
the network in Fig. 1 can be obtained as

cosK1 + cosK2 = f (k), (4)

where

f (k) =
2

n
∑
j=1

cot(kd j)

n
∑
j=1

csc(kd j)
, (5)

and K1 and K2 are the two components of the configuration
‘wavevector’ 𝐾.

3. Numerical results and discussion
In this section, we give the numerical results for the prop-

erties of photonic bands generated from certain QMNs with
integer matching ratios and non-integer matching ratios of
waveguide length (MRWLs).

3.1. Networks with integer MRWLs

The rules for the number, widths, and positions of pho-
tonic bands generated from the 3SCNs with arbitrary MRWLs
are complex, therefore, general rules cannot be obtained. As
a result, in Subsection 3.1.1 only the properties of photonic
bands for the 3SCNs with d3:d2:d1 = ni:n j:1 are presented.

Similarly, the properties of the photonic bands generated
by the MNs with arbitrary MRWLs where the number of con-
nected waveguide segments (NCWS) between adjacent nodes
is bigger than three are also complex, and consequently, it is
difficult to obtain the general rules. However, there exist the
MNs of this kind, which are closely related to each other, and
those are what we call CNs in Subsection 3.1.2. The proper-
ties of their photonic bands are relatively simple, and in Sub-
section 3.1.2 we give out the analytical rules.

3.1.1. 3SCNs with d3:d2:d1 = ni:n j:1d3:d2:d1 = ni:n j:1d3:d2:d1 = ni:n j:1

It is found that when i is a positive integer and j is a
natural number smaller than or equal to i, the 3SCNs with
d3:d2:d1 = ni:n j:1 only generate wide bands.

(i) When n is even, the numbers of wide passbands and
wide stopbands are, respectively,

mwp = 2ni (6)
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and
mws = 2ni−1. (7)

(ii) When n is odd, the numbers of wide passbands and
wide stopbands are

mwp = 2ni−1 (8)

and
mws = 2ni−2, (9)

respectively.
As examples, we calculate the two networks with n = 2,

i = 3, j = 2 and n = 3, i = 2, j = 1, respectively. The results
are shown in Fig. 2, where the symmetry points Γ , X , and M
correspond to the wave vectors (K1,K2) = (0,0), (π,0), and
(π,π), respectively. In Fig. 2(a), d3:d2:d1 = 23:22:1, there ex-
ist 16 passbands and 15 stopbands. In Fig. 2(b), d3:d2:d1 =

32:3:1, 17 passbands and 16 stopbands are created. The nu-
merical results accord with Eqs. (6)–(9).

d.d.d/.. d.d.d/..
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Fig. 2. Band structures of 3SCNs. (a) d3:d2:d1 = 23:22:1 and 16
wide passbands and 15 wide stopbands are created. (b) d3:d2:d1 =
32:3:1 and 17 wide passbands and 16 wide stopbands are produced.

3.1.2. CNs

For convenience, we simplify
m︷ ︸︸ ︷

n : n : . . . : n as n(m) and de-
fine the networks with dm(i1+i2+...+ik) : dm(i1+i2+...+ik)−1 : · · · :
d2 : d1 = n(i1m)

1 : n(i2m)
2 : · · · : n(ik−1m)

k−1 : 1(ikm) as multicombining
networks (MCNs). In addition, we define the simplest MCNs
with m = 1 as FCNs. By means of Eq. (5), one can obtain the
dispersion relation of the MCN as follows:

fm(k) = 2 ·
mik cot(kd1)+

k−1
∑
j=1

mi j cot(n jkd1)

mik csc(kd1)+
k−1
∑
j=1

mi j csc(n jkd1)

= 2 ·
ik cot(kd1)+

k−1
∑
j=1

i j cot(n jkd1)

ik csc(kd1)+
k−1
∑
j=1

i j csc(n jkd1)

. (10)

Similarly, the dispersion relation of the fundamental combin-
ing network is

f1(k) = 2 ·
ik cot(kd1)+

k−1
∑
j=1

i j cot(n jkd1)

ik csc(kd1)+
k−1
∑
j=1

i j csc(n jkd1)

= fm(k). (11)

Evidently, the dispersion relations of MCNs of this kind
are all the same and are the same as that of the fundamental
combining network. Therefore, the properties of their pho-
tonic bands are identical and they are completely equivalent to
each other. According to this characteristic, people can sim-
plify these networks or the systems which contain the subnet-
works of this kind.

For example, we calculate the two networks with
3(1):2(2):1(3) and 3(3):2(6):1(9), respectively. The band struc-
tures and f (k) spectra are shown in Fig. 3. Obviously, one can
see that the photonic bands of the two networks in Figs. 3(a)
and 3(b) are identical and the f (k) spectra of the two networks
in Figs. 3(c) and 3(d) are all the same. This indicates that the
two networks are completely equivalent. The numerical re-
sults are accordant with the analytic results.

d.d.SSS.d/↼↽.↼↽.↼↽ d.d.SSS.d/↼↽.↼↽.↼↽
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Fig. 3. Spectra of MCNs with d6:d5:. . .:d1 = 3(1):2(2):1(3) and
d18:d17:. . .:d1 = 3(3):2(6):1(9). (a) and (b) Band structures. They
are all the same. (c) and (d) f (k) spectra. They are equivalent.

When n1 = n2 = · · · = nk−1 = n, we call these MCNs
repetitive combining networks (RCNs). For simplicity, we or-
der i= i1+ i2+ · · ·+ ik−1 and j = ik, then the MRWLs of RCNs
can be denoted as dm(i+ j) : dm(i+ j)−1 : · · · : d2 : d1 = n(im) : 1( jm).

i) When i = j, the RCNs are equivalent to the 2SCNs
with d2:d1 = n:1. n wide passbands and n−1 wide stopbands
are produced. The width of the band near the center of band
structure is (2/n)πc/d1 and the widths of other bands are all
(1/n)πc/d1.[36]
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ii) When i 6= j, the RCNs are equivalent to the networks
with di+ j : di+ j−1 : · · · : d1 = n(i) : 1( j).

a) When n is odd, there exist

mwp = 2n−1 (12)

wide passbands and

mws = 2n−2 (13)

wide stopbands. The width of the wide passband near the cen-
tre of band structure is

∆ωwpc =
2
n
· πc

d1
. (14)

In addition, there are n−1 wide passbands which possess the
same width

∆ωwp =
1
n
· πc

d1
, (15)

and their central frequencies are

ωcenter =
4m+1

2n
· πc

d1
, (16)

where m = 0,1,2, . . . ,(n − 3)/2,(n + 2)/2,(n + 4)/2,(n +

6)/2, . . . ,(2n−1)/2. Expect for the n wide passbands above,
the widths of other wide passbands satisfy the following rules.
When i < j ( j < i), the widths all increase with i : j ( j : i) de-
creasing and when i : j ( j : i) tends to zero, the widths all tend
to ∆ωwp = (1/n)πc/d1.

b) When n is even, there exist

mwp = 2n (17)

passbands and
mws = 2n−1 (18)

stopbands. There are n wide passbands which possess the
same width

∆ωwp =
1
n
· πc

d1
, (19)

and their central frequencies are

ωcenter =
4m+1

2n
· πc

d1
, (20)

where m = 0,1,2, . . . ,(n − 2)/2,(n + 1)/2,(n + 3)/2,(n +

5)/2, . . . ,(2n−1)/2. The variation rule for the widths of other
passbands is the same as the one for the case of odd n.

As examples, we calculate the f (k) spectra of the eight
networks with n = 5 and 4, i: j = 1:9, 1:2, 3:1, and 10:1,
respectively, which are shown in Fig. 4. From Fig. 4(a),
one can see that for the network with 5:1(9), there ex-
ist 9 wide passbands and 8 wide stopbands. The width
of the wide passband near the center of band structure is
0.40000πc/d1. And the 4 wide passbands with the central
frequencies of 0.10000πc/d1, 0.50000πc/d1, 1.50000πc/d1,
and 1.90000πc/d1 possess the same width 0.20000πc/d1.
The three networks with 5:1(2), 5(3):1, and 5(10):1 possess
the same properties. From Fig. 4(b), it can be seen that
for the network with 4:1(9), 8 wide passbands and 7 wide
stopbands are created. There are 4 wide passbands, which

possess the identical width 0.25000πc/d1. Their central
frequencies are, respectively, 0.12500πc/d1, 0.62500πc/d1,
1.37500πc/d1, and 1.87500πc/d1. The three networks with
4:1(2), 4(3):1, and 4(10):1 possess the same characteristics.
In addition, in Fig. 4(a), the widths of the four wide pass-
bands generated from the four networks with 5:1(9), 5:1(2),
5(3):1, and 5(10):1, respectively, in the frequency range of
(0.20000−0.40000)πc/d1 are 0.15455πc/d1, 0.06174πc/d1,
0.09357πc/d1, and 0.15848πc/d1, respectively. It suggests
that when i < j ( j < i), the widths of these wide passbands
increase with i : j ( j : i) decreasing and when i : j ( j : i)
tends to zero, they will all tend to 0.20000πc/d1. Simi-
larly, there exist the same variation rules for the widths of
the four wide passbands produced in the frequency range of
(1.50000−1.75000)πc/d1 in Fig. 4(b), and when i : j ( j : i)
tends to zero, the widths will all tend to 0.25000πc/d1. Nu-
merical results are accordant with the aforementioned formu-
lae.
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Fig. 4. (color online) f (k) spectra of RCNs. In both spectra the
black solid, magenta dashed, blue dash-dot, and red dash-dot-dot
lines are the results of (i, j) = (1,9), (1,2), (3,1), and (10,1), re-
spectively. (a) n = 5. (b) n = 4.

3.2. Networks with non-integer MRWLs

For actual waveguide networks, influenced by environ-
mental temperature, pressure, material shape difference, and
other factors, the integer attribute of MRWL would be easily
broken, and then a mutation will occur in the phase difference
and the resonances (antiresonances) created by destructive (in-
structive) interference will mutate into strong antiresonances
(resonances).[36] Consequently, narrow passbands (stopbands)
are created. The properties of narrow bands generated from
the MCNs with one or more breakdown in MRWLs are com-
plicated, and it is difficult to obtain the general rules. There-
fore, in this subsection we only study the properties of narrow
bands for 3SCNs and RCNs with one or more breakdowns in
MRWLs.
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3.2.1. 3SCNs with one breakdown in MRWLs

For the networks with

d3 : d2 : d1 = (n1 ±∆d) : n2 : 1, (21)

where ∆d � 1, we have given out the results of the proper-
ties of the narrow passbands near the center and top of band
structures for the three cases that n1 = n2 = 1, n1 and n2 are
the same even number, and n1 is an odd number greater than 1
and n2 = 1.[36] As a supplement, in this paper we obtain more
study results.

When n1 = n2 = n, the numbers of the narrow passbands
and narrow stopbands created except the center and top of
band structure are as follows:

mnp = mns = 2n−2. (22)

When we choose ‘−’ from the ‘±’ in Eq. (21), the narrow
passbands and narrow stopbands are both near the upper edge
of the frequencies

ω =
m
n
· πc

d1
, (23)

where m = 1,2, . . . ,n− 1,n+ 1,n+ 2, . . . ,2n− 1. When we
choose ‘+’ from the ‘±’ in Eq. (21), they are both near the
lower edge of the frequencies of Eq. (23). The total widths of
the adjacent narrow passbands and narrow stopbands are

∆ωnp +∆ωns =
m∆d

n(n±∆d)
· πc

d1
, (24)

where m = 1,2, . . . ,n− 1,n+ 1,n+ 2, . . . ,2n− 1. The widths
of single narrow bands are approximately

∆ωnp ≈
m∆d

2n(n±∆d)
· πc

d1
≈ ∆ωns , (25)

where m = 1,2, . . . ,n− 1,n+ 1,n+ 2, . . . ,2n− 1. When n is
odd, a narrow passband and two narrow stopbands are created
near the center of band structure ω = πc/d1, the total width of
which is

∆ωnp +∆ωns1 +∆ωns2 =
∆d

n±∆d
· πc

d1
. (26)

When ‘+’ is chosen in Eq. (21), a narrow passband and two
narrow stopbands are produced near the top of band structure
ω = 2πc/d1, the total width of which is

∆ωnp +∆ωns1 +∆ωns2 =
2∆d

n±∆d
· πc

d1
. (27)

As examples, we calculate the band structures of the
four networks with n1 = n2 = 2, ∆d = 0.03, and n1 =

n2 = 3, ∆d = 0.08, respectively, as shown in Fig. 5. From
Fig. 5(a), one can see that for the network with 1.97:2:1,
there are 2 narrow passbands and 2 narrow stopbands ex-
cept the center and top of band structure, whose frequencies
are (0.50375− 0.50761)πc/d1, (1.50000− 1.51153)πc/d1,
(0.50000− 0.50375)πc/d1, and (1.51153− 1.52284)πc/d1,
respectively. The total widths of the adjacent narrow pass-
bands and narrow stopbands are, respectively, 0.00761πc/d1

and 0.02284πc/d1. The widths of the narrow passbands are

0.00386πc/d1 and 0.01153πc/d1, respectively, while those
of the narrow stopbands are, respectively, 0.00375πc/d1 and
0.01131πc/d1. Similarly, in Fig. 5(b), for the network with
2.03:2:1, there also exist 2 narrow passbands and 2 narrow
stopbands except the center and top of band structure, whose
frequencies are, respectively, (0.49626 − 0.50000)πc/d1,
(1.47783− 1.48903)πc/d1, (0.49261− 0.49626)πc/d1, and
(1.48903− 1.50000)πc/d1. The total widths of adjacent nar-
row passbands and narrow stopbands are 0.00739πc/d1 and
0.02217πc/d1, respectively. The widths of the narrow pass-
bands are, respectively, 0.00374πc/d1 and 0.01120πc/d1,
while those of the narrow stopbands are 0.00365πc/d1 and
0.01097πc/d1, respectively. Furthermore, from Figs. 5(c) and
5(d), it is found that in the network with 2.92:3:1 (3.08:3:1),
a narrow passband and two narrow stopbands are created near
the center of band structure, and the total width of them is
0.02740πc/d1 (0.02597πc/d1). In addition, from Figs. 5(b)
and 5(d) it can be seen that in the network with 2.03:2:1
(3.08:3:1), a narrow passband and two narrow stopbands are
produced near the top of band structure with the total width of
0.02956πc/d1 (0.05195πc/d1). Numerical results are coinci-
dent with Eqs. (22)–(27).
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Fig. 5. Band structures of 3SCNs: (a) d3:d2:d1 = 1.97:2:1, (b)
d3:d2:d1 = 2.03:2:1, (c) d3:d2:d1 = 2.92:3:1, and (d) d3:d2:d1 =
3.08:3:1.

When n1 is even and n2 = 1, a narrow passband can be
created near the center of band structure, and its width is

∆ωnp =
∆d

n±∆d
· πc

d1
. (28)

As examples, Fig. 6 shows the band structures of the two
networks both with n1 = 2, n2 = 1, and ∆d = 0.04. From
the figure, it can be seen that in the network with 1.96:1:1
(2.04:1:1), a narrow passband with the width of 0.02041πc/d1

(0.01961πc/d1) is produced near the center of band structure.
Numerical results accord with Eq. (28).
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Fig. 6. Band structures of 3SCNs: (a) d3:d2:d1 = 1.96:1:1, and (b)
d3:d2:d1 = 2.04:1:1.

3.2.2. RCNs with one breakdown in MRWLs

For the networks with

di+ j : di+ j−1 : · · · : d2 : d1 = (n±∆d) : n(i−1) : 1( j), (29)

where i+ j > 3 and ∆d� 1, we obtain the following proper-
ties of photonic bands.

When i 6= 1 and i 6= j, the networks determined by
Eq. (29) and those dependent on Eq. (21) with n1 = n2 = n
all possess the following characteristics. The numbers of the
narrow passbands and narrow stopbands produced except the
center and top of band structures are as follows:

mnp = mns = 2n−2. (30)

When we choose ‘−’ from the ‘±’ in both Eqs. (21) and (29),
the narrow passbands and narrow stopbands are both near the
upper edge of the frequencies

ω =
m
n
· πc

d1
, (31)

where m = 1,2, . . . ,n− 1,n+ 1,n+ 2, . . . ,2n− 1. When we
choose ‘+’ from the ‘±’ in both Eqs. (21) and (29), they are
both near the lower edge of the frequencies of Eq. (31). The
total widths of the adjacent narrow passbands and narrow stop-
bands are

∆ωnp +∆ωns =
m∆d

n(n±∆d)
· πc

d1
, (32)

where m = 1,2, . . . ,n−1,n+1,n+2, . . . ,2n−1. When j = 1
and ‘−’ (‘+’) is chosen in Eq. (29), their width ratios are ap-
proximatively 1 : (i−1) ((i−1) : 1) and (i−1) : 1 (1 : (i−1))
in turn. For the networks determined by Eq. (21) with n1 =

n2 = n, the width ratios of the adjacent narrow passbands and
narrow stopbands are all approximatively 1 : 1. When n is odd,
a narrow passband and two narrow stopbands are created near
the center of band structure ω = πc/d1, and their total width
is

∆ωnp +∆ωns1 +∆ωns2 =
∆d

n±∆d
· πc

d1
. (33)

When ‘+’ is chosen in both Eqs. (21) and (29), a narrow pass-
band and two narrow stopbands are produced near the top of
band structure ω = 2πc/d1, and their total width is

∆ωnp +∆ωns1 +∆ωns2 =
2∆d

n±∆d
· πc

d1
. (34)
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Fig. 7. Band structures of 4SCNs: (a) d4:d3:d2:d1 = 1.97:2(2):1,
(b) d4:d3:d2:d1 = 2.03:2(2):1, (c) d4:d3:d2:d1 = 2.92:3(2):1, and (d)
d4:d3:d2:d1 = 3.08:3(2):1.

As examples, we have calculated the four networks of
i = 3, j = 1 with n = 2, ∆d = 0.03 and n = 3, ∆d =

0.08, respectively. The band structures are shown in Fig. 7.
From Fig. 7(a), it is found that two narrow passbands
and two narrow stopbands are generated by the network
with 1.97 : 2(2) : 1 except the center and the top of band
structure, whose frequencies are (0.50504−0.50761)πc/d1,
(1.50000−1.51526)πc/d1, (0.50000−0.50504)πc/d1, and
(1.51526−1.52284)πc/d1, respectively. The total widths
of the adjacent narrow passbands and narrow stopbands
are, respectively, 0.00761πc/d1 and 0.02284πc/d1 and
their width ratios are (0.00257πc/d1) : (0.00504πc/d1) ≈
1 : 2 and (0.01526πc/d1) : (0.00758πc/d1) ≈ 2 : 1, re-
spectively. Similarly, from Fig. 7(b), it can be seen
that for the network with 2.03 : 2(2) : 1, there also ex-
ist two narrow passbands and two narrow stopbands ex-
cept the center and the top of the band structure, whose
frequencies are, respectively, (0.49504−0.50000)πc/d1,
(1.47783−1.48527)πc/d1, (0.49261−0.49504)πc/d1, and
(1.48527−1.50000)πc/d1. The total widths of the adja-
cent narrow passbands and narrow stopbands are, respec-
tively, 0.00739πc/d1 and 0.02217πc/d1, and their width
ratios are (0.00496πc/d1) : (0.00243πc/d1) ≈ 2 : 1 and
(0.00744πc/d1) : (0.01473πc/d1)≈ 1 : 2, respectively. More-
over, figures 7(c) and 7(d) show that in the network with
2.92 : 3(2) : 1 (3.08 : 3(2) : 1), a narrow passband and two nar-
row stopbands are created near the center of the band structure,
and their total width is 0.02740πc/d1 (0.02597πc/d1). In ad-
dition, figures 7(b) and 7(d) suggest that in the network with
2.03 : 2(2):1 (3.08:3(2):1), a narrow passband and two narrow
stopbands are produced near the top of the band structure with
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the total width of 0.02956πc/d1 (0.05195πc/d1). Numerical
results and the formulae are consistent with each other.

When i 6= 1 and i = j, a number of narrower passbands
are created, which are different from those produced by type
(1) networks. When n is even, the number of the narrower
passbands is

mnp = n, (35)

and they are near the frequencies

ω =
2m

n+1
· πc

d1
, (m = 1,2, . . . ,n). (36)

When n is odd, the number of the narrower passbands is

mnp = n−1, (37)

and they are near the frequencies

ω =
2m

n+1
· πc

d1
, (38)

where m = 1,2,3, . . . ,(n − 1)/2,(n + 3)/2,(n + 5)/2,(n +

7)/2, . . . ,n. The width of the narrow passband near the cen-
ter of the band structure is

∆ωnp ≈
i−1

i
· ∆d

n±∆d
· πc

d1
, (39)

and when ‘+’ is chosen in Eq. (29), the width of the narrow
passband near the top of the band structure is

∆ωnp ≈
2(i−1)

i
· ∆d

n+∆d
· πc

d1
. (40)

As examples, we calculated the four networks of i= j = 2
with n = 2, ∆d = 0.03 and n = 3, ∆d = 0.08, respectively, and
the band structures are presented in Fig. 8. From Figs. 8(a) and
8(b), one can see that for the two networks with 1.97:2:1(2)

and 2.03:2:1(2), two narrower passbands are both created.
In the former network, their frequencies are, respectively,
(0.66999−0.67011)πc/d1 and (1.33968−1.34016)πc/d1,
while in the latter one, those are (0.66332−0.66344)πc/d1

and (1.32634−1.32682)πc/d1, respectively. Similarly, from
Figs. 8(c) and 8(d), it can be found that for the two
networks with 2.92:3:1(2) and 3.08:3:1(2), there both ex-
ist two narrower passbands. The frequencies of the for-
mer ones are, respectively, (0.50489−0.50522)πc/d1 and
(1.51377−1.51667)πc/d1, while those of the latter ones are
(0.49489−0.49520)πc/d1 and (1.48373−1.48645)πc/d1,
respectively. Furthermore, in Fig. 8(c), the width of the
narrow passband near the center of the band structure is
0.01378πc/d1, and in Fig. 8(d), the widths of the two narrow
passbands near the center and top of the band structure are,
respectively, 0.01289πc/d1 and 0.02571πc/d1. Numerical re-
sults are accordant with Eqs. (35)–(40).

When i = 1 and n is even, the networks dependent on
Eq. (29) possess the same characteristic as those determined

by Eq. (21) with n1 = n2 = n: a narrow passband can be cre-
ated near the center of band structure with the width of

∆ωnp =
∆d

n±∆d
· πc

d1
. (41)

As examples, we calculated the two networks both with
n = 2, ∆d = 0.04, and j = 3. The band structures are shown
in Fig. 9. From the figure, it is found that in the network
with 1.96:1(3) (2.04:1(3)), a narrow passband is produced near
the center of band structure, and its width is 0.02041πc/d1

(0.01961πc/d1). The numerical results accord with Eq. (41).

d.d.d.d/...↼↽ d.d.d.d/...↼↽

d.d.d.d/...↼↽ d.d.d.d/...↼↽

X M X MΓ Γ Γ

X M X MΓ Γ Γ

F
re

q
u
e
n
c
y
 (
π
c
/
d

↽

0.0

0.5

1.0

1.5

2.0

0.0

0.5

1.0

1.5

2.0

0.0

0.5

1.0

1.5

2.0

0.0

0.5

1.0

1.5

2.0

(a) (b)

(c) (d)

Fig. 8. Band structures of 4SCNs: (a) d4:d3:d2:d1 = 1.97:2:1(2),
(b) d4:d3:d2:d1 = 2.03:2:1(2), (c) d4:d3:d2:d1 = 2.92:3:1(2), and (d)
d4:d3:d2:d1 = 3.08:3:1(2).
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Fig. 9. Band structures of 4SCNs: (a) d4:d3:d2:d1 = 1.96:1(3), and
(b) d4:d3:d2:d1 = 2.04:1(3).

3.2.3. RCNs with many breakdowns in MRWLs

For the RCNs with

di+ j : di+ j−1 : · · · : d1 = (n±∆d)(i) : 1( j), (42)

similar to Eqs. (10) and (11), one can prove that when i = j
the networks determined by Eq. (42) are equivalent to 2SCNs
with (n±∆d) : 1.

As examples, we calculated the four networks with n = 3,
+∆d =+0.09, i = j = 1,3 and n = 4, −∆d =−0.07, i = j =
1,4, respectively. The results are shown in Fig. 10. From the
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figure, it can be seen that the photonic bands of the two net-
works with 3.09:1 (3.93:1) and 3.09(3):1(3) (3.93(4):1(4)) are
identical, which suggests that the two networks are equivalent.
The numerical results are coincident with the analytic results.
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Fig. 10. The band structures of RCNs: (a) d2:d1 = 3.09:1,
(b) d6:d5:· · · :d1 = 3.09(3):1(3), (c) d2:d1 = 3.93:1, and (d)
d8:d7:· · · :d1 = 3.93(4):1(4).

4. Conclusions

In this work we investigated the characteristics of the pho-

tonic bands generated from the QMNs by means of the net-

work equation and generalized dimensionless Floquet–Bloch

theorem in detail.

For the networks with integer MRWLs, there only exist

wide bands. For the 3SCNs with ni : n j : 1, we obtained the

number formulae of the bands. For the CNs, it is found that

they are equivalent to each other and they can all be simplified

into the simplest FCNs. Furthermore, we obtained a series of

formulae of the band number, widths, and positions for the

RCNs.

When the integer attribute of MRWL is broken, there is a

mutation in the phase difference and then small and strong res-

onances (antiresonances) occur, which result in narrow stop-

bands (passbands). For the networks with non-integer MR-

WLs, the properties of the narrow bands resulting from the

breakdowns of MRWLs are studied, which cover the three

cases , i.e., 3SCNs with one breakdown, RCNs with one break-

down, and RCNs with more breakdowns.

For the 3SCNs with (n1±∆d) : n2 : 1 and n1 = n2 = n, we

obtained the formulae of the number, widths, positions, and

the total widths of the adjacent narrow bands except the center

and top of the band structure, the formula of the total width

of the central narrow bands for the case of odd n, and the for-

mula of the total width of the top narrow bands for the case of

‘+’ MRWLs, respectively. When n1 is even and n2 = 1, a nar-
row passband with the width of [∆d/(n±∆d)]πc/d1 is created
near the center of the bandstructure.

For the RCNs with (n±∆d) : n(i−1) : 1( j) (i+ j > 3), when
i 6= 1 and i 6= j, we also obtained the formulae of the number,
positions, total widths, and width ratios of the adjacent narrow
bands except the center and top of the band structure, the for-
mula of the total width of the central narrow bands for the case
of odd n, and the formula of the total width of the top narrow
bands for the case of ‘+’ MRWLs, respectively, which are the
generalities between them and the 3SCNs with (n±∆d) : n : 1.
When i 6= 1 and i = j, a few narrower passbands are created
and the formulae of the band number and widths are obtained.
Furthermore, we obtained the width formulae of the narrow
passbands near the center and top of the band structure, re-
spectively, for the case of odd n. When i = 1 and n is even, a
narrow passband with the width of [∆d/(n±∆d)]πc/d1 is cre-
ated near the center of the band structures, which is the same
as the characteristic of the 3SCNs with (n±∆d) : n : 1.

For the RCNs with (n±∆d)(i) : 1( j), which have the prop-
erties similar to those of the RCNs with integer MRWLs, they
are equivalent to the 2SCNs with (n±∆d) : 1.

In conclusion, according to the quantitative rules above,
one can greatly simplify the CNs or the systems which contain
subnetworks of this kind. The number, widths, and positions
of photonic bands can be dominated more effectively by ad-
justing the NCWS and MRWL, and then the optical properties
of the networks can be regulated. It would possess potential
applications in designing all-optical devices and photonic net-
work devices.
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