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The effect of wave function orthogonality on the simultaneous
ionization and excitation of helium∗
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Within the framework of the first-order Born approximation, the triple differential cross sections (TDCSs) for si-
multaneous ionization and excitation of helium are calculated. The wave function of the ejected electron is chosen to be
orthogonal or non-orthogonal to the wave function of the bound electron before ionization. It is found that the orthogonality
has a strong effect on the TDCS, especially when plane waves and Coulomb waves are used to describe the projectile and
the ejected electron.
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1. Introduction
The (e, 2e) reaction of electron collision with atoms and

molecules is one of the most effective methods to investi-
gate the internal electronic structures of atoms and molecules
and the relevant dynamic mechanisms.[1–3] Since early ex-
periments in 1968, much effort has been devoted to study-
ing the ionization processes in which the residual ion is left
in the ground state, and the physics behind the experimental
measurements has been well understood based on theoretical
calculations.[4–8] In contrast, the relevant processes of simul-
taneous ionization and excitation which leaves the residual ion
in an excited state have been much less studied. Experimen-
tally, it is more difficult to measure the triple differential cross
sections (TDCSs) for simultaneous ionization and excitation
due to the fact that the count rates are two times smaller than
the processes of single ionization without excitation. And only
a few experiments have been carried out so far.[9–12] Theoret-
ically, it is also a big challenge since one more active electron
is involved.

The TDCSs for electron impact ionization of atoms and
molecules have no analytical solutions since it is a many-
body problem. As a result, the evaluation of TDCSs has to
resort to some approximations. Numerous theoretical meth-
ods have been used for calculating TDCSs for the (e, 2e)
processes. Particularly noteworthy is the work of Brauner,
Briggs and Klar (BBK) in which a three-Coulomb product
wave function for the final state that satisfies the asymp-
totic three-body Schrödinger equation was used to calculate
the TDCS for electron–hydrogen ionization,[4] the conver-

gent close-coupling (CCC) calculations performed by Bray
and Stelbovics[5] and the second-order distorted wave Born
approximation (DWB2) developed by Chen and Madison[13]

who performed the TDCS calculations for the simultaneous
ionization and excitation of helium with the residual ion left in
the states n = 1 and 2. It is also worthwhile mentioning some
other theoretical models, such as the time-dependent close-
coupling (TDCC) theory of Pindzola and Robicheaux,[14] the
R-matrix with pseudo-states (RMPS) method of Bartschat et
al.,[15] and the B-spline R-matrix (BSR) approach of Zat-
sarinny and Bartschat.[16]

While the collision mechanism, polarization effect, cor-
relation effect, and exchange effect have been well studied for
the electron-impact simultaneous ionization and excitation of
helium, and to the best of our knowledge, the orthogonality
effect of wave function has not been addressed so far. For
the process of single ionization without excitation, it has al-
ready been demonstrated that the reproduced TDCS is sen-
sitive to the orthogonality of the wave functions of the bound
and ejected electrons.[17] Therefore there is no shortage of the-
oretical efforts aiming at this issue for simultaneous ionization
and excitation of helium by electron impact.

In this paper, we calculate the TDCS in the first-order ap-
proximation for the electron impact of ionization of helium
with the residual ion left in the n = 2 excited state in the copla-
nar asymmetric geometry at intermediate incident energies.
By choosing the wave function of the ejected electron to be
orthogonal and non-orthogonal to that of the bound electron,
the effect of the orthogonality on the TDCS is investigated.
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Meanwhile, the distortion effect is also studied by using plane
waves, Coulomb waves, and distorted waves for the projectile
and the ejected electron, respectively.

2. Theory
The processes of simultaneous ionization and excitation

of helium by electron impact can be described as follows: an
incident projectile with momentum 𝑘i, collides with helium
atom; after an ionizing collision the scattering electron with
momentum 𝑘f and the ejected electron with momentum 𝑘e are
detected in coincidence; meanwhile the residual ion He+ is
left in an excited state. The TDCS for this process is given
by[13]

d3σ

dE dΩf dΩe
= (2π)4 kekf

ki
| f |2 , (1)

where dΩf (dΩe) is thr solid angle, dE is the energy interval
of scattered electron, and f is the first-order direct scattering
amplitude and expressed as[13]

f =
〈
Φ
−
f (0,1,2)

∣∣Vf (0,1,2)−Uf (1,2)
∣∣Ψ+

i (0,1,2)
〉
. (2)

We will ignore the exchange scattering amplitude in Eq. (1),
since it is negligible for intermediate and high energies in
the highly asymmetric geometry considered in this paper. In
Eq. (2), ‘0’ denotes the projectile and ‘1’ the ejected electron,
and the residual ion with a bound electron ‘2’ is left in the 2s
state; Φ

−
f is the approximate final state wave function and Ψ

+
i

is the exact initial state wave function; Vf (Vi) is the final (ini-
tial) state interaction potential for the projectile and expressed
as[13]

Vf =Vi =
1

r01
+

1
r02
− Z

r0
, (3)

with Z being the charge of the target nucleus; Uf (Ui) is the dis-
torted potential. The initial (final) state distorted wave func-
tion χi (𝑟0)(χf (𝑟0)) is obtained by solving the following equa-
tion: [

Tp +U j(0)−E j
]

χ j (0) = 0, ( j = i, f) , (4)

where Tp (E j) is the kinetic energy (total energy) of the pro-
jectile.

The wave function for the projectile depends on the
choice of the distorting potential. In Eq. (4), if we choose

Ui =Uf = 0, (5)

plane waves are obtained which take the following form

χ (𝑟) = (2π)−3/2 exp(i𝑘 ·𝑟) . (6)

In general, it is better to choose the spherical average of the
initial atomic state φi to be the initial-state distorting potential

Ui =
1

4π

∫ 〈
φi(𝑟1,𝑟2)

∣∣∣∣ 1
r01

+
1

r02
− Z

r0

∣∣∣∣φi(𝑟1,𝑟2)

〉
d𝑟̂0, (7)

since the incident electron effectively sees a neutral atom. On
the other hand, the scattered electron would see an ion. There-
fore, the distorting potential for the projectile in the final state
is taken to be in the form of

Uf =
1

4π

∫ 〈
ϕf(𝑟2)

∣∣∣∣− Z
r0

+
1

r02

∣∣∣∣ϕf(𝑟2)

〉
d𝑟̂0, (8)

where ϕf(𝑟2) is the final wave function of He+. Here for the
final 2s state,[13]

ϕf(𝑟2) = 2(1− r2)exp(−r2)Y00 (𝑟̂2) . (9)

The distorted wave function χe of the ejected electron satisfies
the following equation:[13]

[Te +Uion(1)−Ee]χe(1) = 0, (10)

where Te (Ee) denotes the kinetic energy (total energy) of
ejected electron and Uion is the distorting potential, which is
given by

Uion (r1) =
1

4π

∫
〈ϕf (𝑟2)|−

Z
r1

+
1

r12
|φf (𝑟2)〉 d𝑟̂1. (11)

The distortion effect on the two outgoing electrons can be
tested if the pure Coulomb potential is used for both of them

Uion =Uf =−
Z−1

r
. (12)

Consequently, the wave function takes the form[4]

χ (𝑟) = (2π)−3/2 exp(i𝑘 ·𝑟)C (α,𝑘,𝑟) , (13)

where

C (α,𝑘,𝑟) ≡ Γ (1− iα)exp(−πα/2)

× 1F1 (iα;1;−i(kr+𝑘 ·𝑟)) . (14)

The final target wave function can be expressed as a symmet-
ric product of the He+ wave function ϕf and the distorted wave
χe for the ejected electron,[13]

φf (1,2) = 2−1/2 [ϕf(1)χe(2)+φf(2)χe(1)] . (15)

So the direct scattering amplitude can be expressed as

f =
〈
Φ
−
f (0,1,2) |Vf (0,1,2)−Uf (1,2)|Ψ+

i (0,1,2)
〉

=
〈
χ
−
f (0)φ

−
f (1,2)

∣∣Vf (0,1,2)−Uf (1,2)
∣∣φi (1,2)χ

+
i (0)

〉
= 〈χ−f (0)2−1/2 [

ϕf (2)χ
−
e (1)+ϕf (1)χ

−
e (2)

]
|

×Vf (0,1,2)−Uf (1,2)
∣∣φi (1,2)χ

+
i (0)

〉
. (16)

In this paper, the helium ground state wave function is
taken from Silverman et al.[18] It includes radial and angular
correlations, and is expressed as

φi (1,2) = φ
s
i (1,2)+ϕ

p
i (1,2) , (17)
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where

φ
s
i (1,2) = ns

[
ϕ1s (1)ϕ

′
1s (2)+ϕ1s (2)ϕ

′
1s (1)

]
,

φ
p
i (1,2) = np

+1

∑
m=−1

ϕ̃2p,m (1) ϕ̃
′
2p,m(2), (18)

and

ns =
(
1+λ

2)−1/2
N, np = λ

(
1+λ

2)−1/2
/
√

3, (19)

with N being the normalization constant of the 1s1s′ function
which is given by

N =
{

2
[
1+64(ab)3(a+b)−6

]}−1/2
. (20)

And

ϕ1s (𝑟) = R10 (r)Y00 (𝑟̂) ,

ϕ
′
1s (𝑟) = R′10 (r)Y00 (𝑟̂) ,

ϕ̃2p,m (𝑟) = R21 (r)Y1m (𝑟̂) ,

ϕ̃
′
2p,m (𝑟) = R21 (r)Y ∗1m (𝑟̂) , (21)

where

R10(r) = 2a3/2 exp(−ar),

R′10(r) = 2b3/2 exp(−br),

R21 (r) =
(

2/
√

3
)

c5/2r exp(−cr) . (22)

The constants are given by

a = 2.17621, b = 1.20152,

c = 2.47547, λ =−0.0617557. (23)

The partial wave expansion of the distorted wave function
can be expressed as[19]

[
χ
−
j (𝑟 j)

]∗
=

√
2
π

1
k jr j

∑
l jµ j

i−l j χl j (k j,r j)Yl jµ j (𝑟̂ j)Y ∗l jµ j

(
𝑘̂ j
)
,

( j = i,e, f ) (24)

which will be used to calculate the TDCS.
It should be noted that the wave functions for the ejected

electron and the bound electron that will be ionized are as-
sumed to be orthogonal since they are eigen-functions of the
same Hamiltonian. However, in the numerical calculations, it
is not necessary to be true since the potential used to obtain the
ejected electron wave function is not exactly the same as that
used to obtain the bound state wave function, especially when
a pure Coulomb potential or a neutral potential is used, i.e.,

〈χe|φi〉 6= 0. (25)

In our calculations, the orthogonality

〈χe|φi〉= 0 (26)

is obtained by using the Schmidt orthogonalization procedure.

3. Results and discussion
The TDCSs for electron-impact simultaneous ionization

and excitation of helium in coplanar asymmetric geometry are
presented for orthogonal and non-orthogonal cases in which
plane waves, Coulomb waves, and distorted waves are used
for the projectile and the ejected electron, respectively. The
positive direction of the scattering electron angle is denoted
anticlockwise and that of ejected electron angle is indicated
clockwise. The scattering angle has been fixed to be 4.0◦. All
of the theoretical results are compared with the experimental
data of Avaldi et al.[10]

Figure 1 exhibits the TDCSs at an incident energy of
675.4 eV and ejected electron energy of 40 eV. The theoret-
ical results obtained by using distorted wave are presented in
Fig. 1(a). It can be seen that obvious differences exist in the
magnitude of both the binary and recoil peaks between orthog-
onal and non-orthogonal situations. It is interesting that bet-
ter overall agreement with experiment is achieved if the non-
orthogonal wave functions are used although the predicted bi-
nary peak position shifts toward smaller angle and the recoil
peak is overestimated. On the other hand, the calculated re-
sults obtained with an orthogonalized wave function reproduce
a recoil peak that is about a half smaller than the experimental
one.

Figures 1(b) and 1(c) show the corresponding results
obtained using Coulomb wave and plane wave, respectively.
In contrast to the case in Fig. 1(a), the calculations obtained
with non-orthogonalized wave function reproduce the TDCSs
which are more than 10 times higher than experimental results
(Note that the theoretical results in Figs. 1(b) and 1(c) for non-
orthogonal case are divided by 10 and 20, respectively.), which
indicates that the theory completely fails so that the orthogo-
nalization procedure is highly desired. It is demonstrated that
the measured recoil peak can be well predicted by the calcu-
lations in which the ejected electron wave function is set to be
orthogonal to the bound state wave function in the initial state
although the binary peak is more overestimated compared with
the distorted wave calculations.

Similarly, in Fig. 2 we show the results at the energy
pair of 645.4 eV and 10 eV. Again, the theoretical results in
the non-orthogonal case are divided by 100 in Figs. 2(b) and
2(c). It can be seen that the discrepancy in both the mag-
nitude and the shape of the TDCS between orthogonal and
non-orthogonal cases increases comparing with that in Fig. 1,
especially when plane waves and Coulomb waves are used.
This indicates that the orthogonality effect on the TDCS is
enhanced as the ejected electron energy decreases. Again, it
can be seen from Figs. 2(b) and 2(c) that the Coulomb wave
and plane wave calculations with non-orthogonalized ejected
electron wave function completely fail in reproducing both the
magnitude and the angular distributions of the TDCS.
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Fig. 1. TDCSs for electron-impact simultaneous ionization and excita-
tion of helium at incident energy of 675.4 eV in coplanar asymmetric
geometry, using (a) distorted wave (dw), (b) Coulomb wave (cw), and
(c) plane wave (pw). In panels (b) and (c), the non-orthogonal data are
reduced by 10 and 20 times, respectively. The solid circle data are taken
from Avaldi et al.[10]

By comparing the orthogonal results in Figs. 2(a) and 2(b)
with those in Figs. 1(a) and 1(b) respectively, one can see that
when the distorted wave and Coulomb wave are used, they
are in better agreement with experimental results for smaller
ejected electron energy. This is due to the fact that the ex-
change amplitude which is ignored in this work plays a more
important role for less asymmetric geometry. However, the
Coulomb potential and distortion effect become more crucial
as ejected electron energy decreases. This is why the plane
wave calculations for ejected electron energy of 10 eV in
Fig. 2(c) deviate from experimental results much more than
those for 40 eV in Fig. 1(c).

To examine the Coulomb potential and distortion effect
directly, in Fig. 3 we present a comparison between differ-
ent wave functions in orthogonal situation, where the theoret-
ical results and experimental data are taken from Fig. 1. One
can see that all the calculations obtained using different wave
functions predict the same positions for both binary and recoil
peaks. While the observed recoil peak position can be well

predicted by all the calculations, the reproduced binary peak
shifts toward smaller angle. The comparison between the TD-
CSs obtained from distorted wave and those obtained from the
Coulomb wave reveals the distortion effect of the short range
potential while the comparison between the results by using
the Coulomb wave and those by using the plane wave reflects
the effect of Coulomb potential. It can be seen from Fig. 3
that the binary peak is dramatically overestimated by both the
Coulomb wave and plane wave calculations, which indicates
that the distortion effect is essentially important. The better
agreement in magnitude of the recoil peaks reproduced by the
Coulomb wave and plane wave calculations with the experi-
mental one could be misleading. It does not imply that a plane
wave or a Coulomb wave should be used instead of distorted
wave. As a matter of fact, for the simultaneous ionization–
excitation processes, it has already been well established that
the second Born term may dominate the first Born amplitude.
By taking into account the second Born term, the agreement
of the distorted wave results with the experimental TDCS will
be improved.[13]
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Fig. 2. TDCSs for electron-impact simultaneous ionization and excita-
tion of helium TDCS at incident energy of 645.4 eV in coplanar asym-
metric geometry using (a) distorted wave, (b) Coulomb wave, and (c)
plane wave. In panels (b) and (c), the non-orthogonal data were reduced
by 100 times. The solid circle data are taken from Avaldi et al.[10]
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Fig. 3. (color online) Orthogonalized TDCSs for simultaneous ioniza-
tion excitation of helium in coplanar asymmetric geometry (the same as
in Fig. 1).

4. Conclusions
To summarize, the first-order Born approximation for cal-

culating the TDCSs of simultaneous ionization and excitation
of helium by electron impact has been presented and the re-
sults compared with the experimental measurements in copla-
nar asymmetric geometry. The influences of orthogonality of
ejected and bound electron wave functions are investigated.
It is demonstrated that the orthogonality effect is crucial so
that the Schmidt orthogonalization procedure should be used
to make the wave function of the ejected electron orthogonal
to that of the bound electron before ionization. By compar-
ing the theoretical results of the distorted wave, the Coulomb
wave, and the plane wave with experimental data, we find that

the distorted wave is the optimal choice.
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