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Multi-rate sensor fusion-based adaptive discrete finite-time
synergetic control for flexible-joint mechanical systems∗
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This paper proposes an adaptive discrete finite-time synergetic control (ADFTSC) scheme based on a multi-rate sen-
sor fusion estimator for flexible-joint mechanical systems in the presence of unmeasured states and dynamic uncertainties.
Multi-rate sensors are employed to observe the system states which cannot be directly obtained by encoders due to the
existence of joint flexibilities. By using an extended Kalman filter (EKF), the finite-time synergetic controller is designed
based on a sensor fusion estimator which estimates states and parameters of the mechanical system with multi-rate measure-
ments. The proposed controller can guarantee the finite-time convergence of tracking errors by the theoretical derivation.
Simulation and experimental studies are included to validate the effectiveness of the proposed approach.
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1. Introduction

Most servo mechanical systems employ the transmission
devices (e.g., gear mechanisms, mechanical spring) which
cause nonlinear flexibilities in joints of mechanical systems.
However, the challenge of achieving high accuracy and dy-
namic performance is increased because the nonlinear flexi-
bilities make the states of the mechanical plant not be mea-
sured in industrial applications where the actuator measure-
ments, such as the angular position and velocity as well as
active motor current, are available only prior to the gear trans-
mission. To find solutions to these challenges, different ap-
proaches have been followed for mechanical systems. The
sliding mode control (SMC) is an effective approach to de-
sign robust controller for dynamic systems with uncertainties
found in unmodeled dynamics and external disturbances. Re-
cently, the terminal SMC (TSMC) was used in mechanical
system control (e.g. robust TSMC,[1] finite-time control,[2–4]

fractional-order SMC[5,6]) since it has some superior prop-
erties compared with SMC such as better tracking precision
and fast error convergence. In particular, the singularity prob-
lem of the TSMC is addressed by Feng[7] and Chai.[8] How-
ever, uncertainties of realistic systems derive from incomplete
knowledge of the kinematics and dynamics, from join flexi-
bility, actuator dynamics, friction, sensor noise, and unknown
loads. In such situations, the SMC necessitates an estimator
to be constructed that takes the estimates for states and the un-
certainties on the basis of the measurement information.[9]

To estimate states and uncertainties of the flexible-joint

mechanical system, many methods, such as neural network
(NN) observers,[10,11] extended Kalman filter (EKF),[12] and
sliding mode observers,[13] are proposed to estimate link and
motor positions/velocities and dynamic parameters in the con-
troller design. In these methods, NN observer-based con-
trollers do not take advantage of motor positions; EKF does
not perform better than an adaptive sliding observer when the
mechanical system runs at low speeds with heavy loads; EKF
has more accurate current tracking ability than the sliding ob-
server for light load systems. Corradinia[14] presented a robust
discrete SMC coupled with an uncertainty estimator designed
for planar robotic manipulators. For the manipulator system,
Islam[15] proposed an output feedback SMC which incorpo-
rates a model-free linear observer to estimate unknown veloc-
ity signals, but this method is discussed for continuous-time
and the plant without joint flexibilities. With the development
of computer and electronic technology, modeling and con-
trol for mechanical systems have been extensively investigated
and many results have been obtained in recent years.[16–19]

Yashimura[20] designed an adaptive SMC for an uncertainty
discrete-time system using the multi-rate output measurement,
however drawbacks of the SMC scheme were not considered,
such as the chattering phenomena caused by the high fre-
quency switching control law. Thus the no-chattering SMC
has attracted lots of attention for engineering applications.[21]

To avoid the chattering phenomena in mechanical system con-
trol, the synergetic control (SC) may be a good choice since
chatter free operation makes SC a more practical and motivat-
ing approach which is easily implementable for digital con-
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trol. SC has been widely utilized in power systems,[22] DC–
DC boost converters,[23] and nonlinear systems[24] because it
shares with sliding mode control the properties of order re-
duction and decoupling design procedure. But the finite-time
synergetic control (FTSC) is less discussed. Liu proposed the
FTSC scheme for robotic manipulators in Ref. [25], however,
the issue of digitalization of FTSC scheme and joint flexi-
bilities was not addressed. To the best of our knowledge,
few adaptive finite-time synergetic controllers for uncertain
flexible-joint mechanical systems using the multi-rate sensor
fusion have been presented till now.

To remedy such limitations, this paper proposes a novel
adaptive discrete finite-time synergetic control (ADFTSC)
based on multi-rate sensor fusion estimator for an uncertain
flexible-joint mechanical system. In the method, uncertain
parameters and unmeasured states are estimated by an EKF-
based fusion estimator which fuses the multi-rate measure-
ments; and the ADFTSC is developed by using the estimates
of unmeasured states and uncertainties. The convergence of
both the estimation error and the tracking error is proved based
on the Lyapunov stability analysis. In the controller scheme,
the Euler estimation is also used to estimate the velocity of
motor.[26] The effectiveness of the proposed method is indi-
cated by applying it for a two-link flexible-joint manipula-
tor trajectory tracking in simulation and for a turntable visual
tracking in experiment.

The main contributions of this work are summarized as
follows.

(i) We propose a novel tracking control scheme based on
the ADFTSC and the multi-rate sensor fusion estimator for a
flexible-joint mechanical system.

(ii) Stability analysis is given by using the Lyapunov
method for both the sensor fusion estimator and the controller.

This paper is organized as follows: Section 2 represents
the discrete flexible-joint mechanical system model. In Sec-
tion 3, an adaptive discrete finite-time synergetic controller is
presented. A multi-rate sensor data fusion estimator to esti-
mate states and parameters for the flexible-joint mechanical
system is presented in Section 4. Stability analysis is given in
Section 5. The simulation and experimental studies are imple-
mented in Section 6. The paper ends with conclusion about
the proposed approach.

2. Discrete flexible-joint mechanical system
model

In this paper, a flexible-joint mechanical system is given
with the multi-rate sensors (e.g. joint motor encoders, cam-
eras). The discrete dynamic model of an n-link flexible-joint

mechanical system with uncertainties can be obtained as

q(k+1) = q(k)+T q̇(k), (1a)

q̇(k+1) = q̇(k)+M−1(q̄,θ)Tu(k)

− F(q̄,q, ˙̄qm, q̇m,T,θ), (1b)

where q(k), q̇(k), and qm(k), q̇m(k) denote the position, ve-
locity of the link, and motor angles at k time, respectively;
q̄ ∼= q(k) + T q̇(k), ˙̄qm = q̇m(k + 1), T is the sampling in-
terval; M(·) is the invertible inertia matrix which satisfies
ξmin ≤ ‖M‖ ≤ ξmax,

F(q̄,q, ˙̄qm, q̇m,T,θ)

= M−1(q̄,θ)[Mm(q̇m(k+1)− q̇m(k))+Fmq̇m(k)]

+ M−1(q̄(k),θ)([M(q̄(k),θ)−M(q(k),θ)]q̇(k)

+ T f (q(k), q̇(k)),θ),

f (·) represents centrifugal, Coriolis, and gravitational forces;
Mm and Fm are constant, diagonal, positive-definite matri-
ces representing motor inertia, motor viscous friction, respec-
tively; u(k) denotes the motor torque; the unknown or vary-
ing dynamic parameter in the robotic model is defined as θ(k)
which satisfies θ(k+1)−θ(k) = Twθ (k).

Define a state vector

x(k) = [q(k)T q̇(k)T]T.

The dynamic in Eq. (1) can be expressed equivalently as
a state space representation

x(k+1) = Ax(k)+B(k)τ(k)+F(k), (2)

where

A =

[
I T I
0 I

]
, B(k) =

[
I 0
0 M−1(q̄,θ)T

]
,

F(k) =
[
0T,−F(q̄,q, ˙̄qm, q̇m,T,θ)

T
]T

, τ(k) =
[
0T,u(k)T]T .

The multi-rate sensor measurement model is defined as

yi(k) = hix(k)+ v(k), (3)

where v(k) is measurement noise, i = 1,2, i = 1 denotes the
fast sampling rate measurement and i = 2 represents the mea-
surement observed by the sensor with slow sampling rate. The
sampling rate of different sensors can be given by

s1 = ls2,

where s1 and s2 denote the sampling rate of different sensors
respectively. l is a positive integer.

The characteristics of multi-rate measurements are shown
in Fig. 1 detailedly.
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Fig. 1. (color online) The schematic diagram of the relation between multi-rate measurements.

3. Adaptive discrete finite-time synergetic con-
trol

3.1. Adaptive discrete finite-time synergetic controller de-
sign

In this section, the adaptive discrete finite-time syner-
getic controller is designed to ensure the tracking of reference
variable xd(k) = [qd(k)T, q̇d(k)T]T. Here the tracking error
x̃(k) = x(k)− xd(k) is introduced. We define the macrovari-
able σ(k):

σ(k) = s(x̃(k)) = Sx̃(k), (4)

where S is a constant matrix.
However, in the flexible-joint mechanical system, the

state x(k) cannot be measured directly, σ(k) is replaced by
estimated macrovariable as follows:

σ̂(k) = s(x̂(k)− xd(k)) = Sε(k), (5)

where ε(k) = εt(k)−εe(k), εt(k) = x(k)−xd(k) is the tracking
error and εe(k) = x(k)− x̂(k) denotes the estimation error.

To ensure the tracking error converging at finite-time, an
evolution constraint is given by

Λ [σ̂(k+1)− σ̂(k)]+T σ̂(k)p = 0, (6)

where Λ is the nonsingular positive-definite diagonal ma-
trix, p = p1/p2, p1 and p2 are positive odd numbers and
p ∈ (1/2,1).

From Eq. (6), we have

σ̂(k+1) = σ̂(k)−Λ
−1T σ̂(k)p. (7)

According to Eqs. (5) and (1), equation (7) can be rewrit-
ten with the error dynamic as follows:

Ax̂(k)+ B̂(k)τ(k)+ F̂(k)− xd(k+1)

= ε(k)−Λ
−1T S(p−1)

ε(k)p, (8)

where B̂(k) and F̂(k) are given by

B̂(k) =

[
I 0
0 M̂−1(q̄,θ)T

]
, (9)

F̂(k) =
[
0T,−F̂(q̄,q, ˙̄qm, q̇m,T,θ)

T
]T

, (10)

where M̂(q̄,θ) and F̂(q̄,q, ˙̄qm, q̇m,T,θ) satisfy the following
equations

M(q̄,θ)

= M̂(q̄,θ)+∆M(q̄,θ), (11)

F(q̄,q, ˙̄qm, q̇m,T,θ)

= F̂(q̄,q, ˙̄qm, q̇m,T,θ)+∆F(q̄,q, ˙̄qm, q̇m,T,θ), (12)

where ˙̄qm denotes q̇m(k + 1); M̂(q̄,θ) = M( ˆ̄q, θ̂) and
F̂(q̄,q, ˙̄qm, q̇m,T,θ) = F( ˆ̄q, q̂, ˆ̄̇qm, ˆ̇qm,T, θ̂) are the estimation
of dynamic parameters; ∆M(q̄,θ) and ∆F(q̄,q, ˙̄qm, q̇m,T,θ)
are bounded variables including the estimation error and sys-
tem uncertainties,

‖∆M(q̄,θ)‖ ≤ δM, ‖∆F(q̄,q, ˙̄qm, q̇m,T,θ)‖ ≤ δF, (13)

with δM and δF are constants.
By solving Eq. (7), the input τ(k) is obtained as

τ(k) = B̂(k)−1[xd(k+1)−Axd(k)− F̂(k)

+ (I−A)ε(k)−Λ
−1T Sp−1

ε(k)p], (14)

where B̂(k) and F̂(k) are composed of the estimation of states
and dynamic parameters ˆ̄q, q̂, ˆ̄̇qm, ˆ̇qm, and θ̂ which are ob-
tained by fusion estimator and Euler velocity estimation in the
next section. Λ is chosen by

λ [Λ ]< λmin[2(Sε(k))1−p/T ], (15)

where λ [•] denotes the eigenvalue of •, especially for the di-
agonal matrix, it denotes the diagonal elements of matrix.
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Remark 1 The major advantage of the proposed con-
troller over the synergetic controller is that the finite-time
convergent synergetic control term of controller −B̂(k)−1Λ−1

T Sp−1ε(k)p forces the error to zero at finite time.

3.2. Multi-rate sensor fusion estimate

A multi-rate sensor fusion estimate method is designed
to take the estimates for the uncertain parameter and states.
Defining the augmented vector z(k) = [x(k)T,θ(k)T]T which
is given as

z(k+1) = A(z(k),u(k))+Γθ w(k), (16)

yz(k) = hi
zz(k)+ vi

z(k), (17)

where

A(z(k),u(k)) =
[

Ax(k)+B(k)τ(k)+F(k)
θ(k)

]
,

hi
z =

[
hi
I

]
, w(k) =

[
0

wθ (k)

]
.

We assume the process noise w(k) and measurement
noise vi

z(k) are sampled from the independent and identically
distributed white Gaussian noise. w(k) and vi

z(k) satisfy

E
{[

w(k)
vi

z(k)

][
wT(k) v jT

z (k)
]}

=

[
Q(k) 0

0 Ri(k)

]
, (18)

where E{·} denotes the expectation, δi j is the Kronecker delta
function. To implement the extended Kalman filter (EKF),
mean and covariance of the initial state are expressed as

E{z(0)}= µ0, cov{z(0)}= P0. (19)

As shown in Fig. 1, when t 6= tlk, the estimation is calcu-
lated by using the fast sampling measurement only, the EKF
is competent enough to estimate the state; when t = tlk, there
are multiple measurements available, the EKF-based weighted
measurements fusion estimator is designed to fuse multi-rate
datum.

When t 6= tlk, we have

ẑ(k | k) = E{z(k) | Y 1
k },

P(k | k) = cov{z(k) | Y 1
k },

where Y 1
k = {y1(1),y1(2), . . . ,y1(k)} represents the set of fast

sampling measurements up to time tk. Using EKF, the esti-
mation at time tk via fast sampling measurements is given as
follows:

ẑ−(k | k) = A(ẑ(k−1 | k−1),u(k)), (20)

P(k | k−1) = AkP(k−1 | k−1)AT
k +Q(k−1), (21)

Kk = P(k | k−1)h1T
z [h1

z P(k | k−1)h1T
z +R(k)]−1, (22)

ẑ(k | k) = ẑ−(k | k)+Kk(y1(k)−h1
z ẑ−(k | k)), (23)

P(k | k) = (I−Kkh1
z )P(k | k−1), (24)

where Ak, Wk are Jacobian matrices and Kk is the correction
gain vector. According to the above equations, the estimate
and the covariance are updated with the fast sampling rate
measurement.

When t = tlk the weighted measurement fusion estimate
is given by

ẑ(k | k) = E{z(k) | Y 1
k ,y

2
k},

P(k | k) = cov{z(k) | Y 1
k ,y

2
k}.

To fuse multiple measurements, we use the weighted least
squares (WLS) estimator,

y[WLS](k) =

[
2

∑
i=1

hiT
z R−1

i (k)hi
z

]−1 2

∑
i=1

hiT
z R−1

i (k). (25)

Then the weight fusion measurement equation is obtained
by

y[WLS](k) = z(k)+ v[WLS](k), (26)

where the fusion measurement noise v[WLS] and its covariance
are given by

v[WLS](k) =

[
2

∑
i=1

hiT
z R−1

i (k)hi
z

]−1 2

∑
i=1

hiT
z v−1

i (k), (27)

R[WLS](k) =

[
2

∑
i=1

hiT
z R−1

i (k)hi
z

]−1

. (28)

Using the fusion measurement given in Eq. (25), the esti-
mate of z(k) at time tk = tlk can be given in EKF scheme, we
have

ẑ(k | k) = ẑ−(k | k)+Kk(y[WLS](k)− ẑ−(k | k)), (29)

P(k | k) = (I−Kk)P(k | k−1), (30)

Kk = P(k | k−1)[P(k | k−1)+R[WLS](k)]−1. (31)

The system state x(k) and the parameter θ(k) can be com-
puted by using the fusion estimator designed in this section.
The motor velocity is estimated by using Euler approximation,
ˆ̇qm and ˆ̄̇qm are obtained as

ˆ̄̇qm ≈ ˆ̇qm = [qm(k)−qm(k−1)]/T. (32)

The Euler velocity estimation is the simplest and most popu-
lar method to estimate the motor velocity by using the angular
position sample.
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4. Stability analysis
Theorem 1 Consider the multiple sensors system given

in Eqs. (16), (17), and an EKF-based fusion estimator given in
Eqs. (20)–(31), the estimation error is exponentially bounded
in mean square.

Proof To verify the stability of the fusion estimator, the
Lyapunov function candidate is defined as

VE(k) = z̃T(k)P−1
z (k)z̃(k), (33)

where z̃(k) = z(k)− ẑ(k) is the estimation error at time tk, Pz(k)
is the covariance matrix. If ∆VE(k) =VE(k)−VE(k−1) is al-
ways negative except at z̃(k) = 0 as k increases, z̃(k) converges
to zero. Using Eqs. (20)–(31), ∆VE(k) is evaluated as

∆VE(k) = VE(k)−VE(k−1)

= z̃T(k)P−1
z (k)z̃(k)− z̃T(k−1)P−1

z (k−1)z̃(k−1)

= z̃T(k)
[
(I−Kkh1

z )(AkP(k−1)AT
k )
]−1

z̃(k)

− z̃T(k−1)P−1
z (k−1)z̃(k−1)

≈ z̃T(k−1)AT
k
[
(I−Kkh1

z )(AkP(k−1)AT
k )
]−1

× Ak z̃(k−1)− z̃T(k−1)P−1
z (k−1)z̃(k−1)

= −z̃T(k−1)
[
Kkh1

z (AkP(k−1))
]−1

Ak z̃(k−1)

= −z̃T(k−1)[P(k | k−1)h1T
z (h1

z P(k | k−1)h1T
z

+ R(k))−1h1
z (AkP(k−1))]−1Ak z̃(k−1)

= −z̃T(k−1)[AkP(k−1)AT
k h1T

z (h1
z AkP(k−1)AT

k h1T
z

+ R(k))−1h1
z (AkP(k−1))]−1×Ak z̃(k−1)

= −z̃T(k−1)[I +P−1(k−1)A−1
k h1T

z

× R(k−1)(h1
z )
−TA−T

k ]P(k−1)z̃(k−1), (34)

where
[
I +P−1(k−1)A−1

k h1T
z R(k−1)h1−T

z A−T
k

]
P(k − 1) is

positive-definite matrix with the eigenvalue γ , we have

∆VE(k)≤−γ ‖ z̃(k−1) ‖2≤ 0. (35)

Theorem 2 Consider the rigid-link flexible-joint manip-
ulators system described by Eq. (2), the control law given in
Eq. (14) can make the tracking error converge exponentially
asymptotically approach zero depending on the parameter Λ .

Proof The Lyapunov method is used to analyze the sta-
bility of the EKF-based fusion estimator.[26] In this paper, the

proof chooses a Lyapunov candidate defined as

VT (k) = ε(k)T
ε(k). (36)

The time difference of VT (k) can be given by

∆VT (k+1) = VT (k+1)−VT (k)

= ε(k+1)T
ε(k+1)− ε(k)T

ε(k), (37)

where ε(k+1) = x̂(k+1)−xd(k+1). From Eqs. (7), (8), and
(14), we have

∆VT (k+1) = (ε(k)−Λ
−1T Sp−1

ε(k)p)T(ε(k)

−Λ
−1T Sp−1

ε(k)p)− ε(k)T
ε(k). (38)

For simplicity, here we use the notation Λ instead of
Λ−1T Sp−1, then equation (38) can be expressed as

∆VT (k+1)

= (ε(k)−Λε(k)p)T(ε(k)−Λε(k)p)− ε(k)T
ε(k)

= −ε(k)T
Λε(k)p− (ε(k)p)T

Λ
T

ε(k)+(ε(k)p)T
Λ

T
Λε(k)

= −(ε(k)p)T [(ε(k)1−p)T
Λ +Λε(k)1−p−Λ

T
Λ
]

× ε(k)p. (39)

When Λ is chosen as shown in Eq. (15), we have

∆VT (k+1) =
(
λ [Λ ]−λmin[2(Sε(k))1−p/T ]

)
‖ε(k)p‖2

< 0. (40)

The inequality (40) indicates that the proposed controller
guarantees the stability of the flexible-joint mechanical sys-
tem (1).

5. Simulation and experimental studies
5.1. Simulation study

The results obtained from the simulation of the proposed
control scheme on a two-link RLFJ manipulator are shown in
this section. In the simulation, the aim is to make the RLFJ
manipulator whose kinematics parameters are shown in Fig. 2
track desired trajectories q1d = (25− 28e−t + 7e−4t)/20 and
q2d = (5+4e−t− e−4t)/4 from the initial position [q1i,q2i] =

[1,1.5]. Robotic dynamic parameters are given by

M(q) =

[
(m1 +m2)l2

1 +m2l2
2 +2m2l1l2 cos(q2) m2l2

2 +m2l1l2 cos(q2)

m2l2
2 +m2l1l2 cos(q2) m2l2

2

]
,

g(q) =

[
−(m1 +m2)gl1 sin(q1)−m2gl2 sin(q1 +q2)

−m2gl2 sin(q1 +q2))

]
, C =

[
−m2l1l2 sin(q2)(2q̇1q̇2 + q̇2

2)

−m2l1l2 sin(q2)q̇1q̇2,

]
,

100702-5



Chin. Phys. B Vol. 22, No. 10 (2013) 100702

where mi and li are given in Table 1. For i = 1,2, mi, and li
denote mass and length of the i-th link.

km = diag{10,10} Nm/rad, Mm = diag{0.5,0.5} kg ·m2,

and Fm = diag{4,0.5} Nm·s/rad.
In order to demonstrate the tracking performance, a

DTSMC controller is also simulated whose control law is
given by

u(k) =
M̂
T

[
F̂+

(
q̇d(k)− q̇d(k−1)+λ q̃t(k)+ q̃t(k)

]p
]

− hs(k)−ζ (k)sgn(s(k)),

with a sliding surface s(k) = ˙̃qt(k)+λ q̃t(k)p.

end-effector

y

x

l

q

l

q

Fig. 2. The schematic drawing of a robotic manipulator with kinematics
parameters.

Table 1. Parameters of the 2-DOF manipulator.

linki mi/kg li/cm qi

1 2.5 35 q1(0◦ ∼ 180◦)
2 3 25 q2(−160◦ ∼ 160◦)

Parameters of the proposed controller and DTSMC are
selected as: T = 0.01 s, h = diag{2,2}, λ = diag{1.5,1.5},
Λ = diag{2,2}, ζ = diag{25,25}, and p1 = 3, p2 = 5. θ(k) =
0.05 is chosen as a constant model parameter whose ini-
tial value is θ(0) = 0, and initial values of states for track-
ing controller are given by x(0) = [q1(0),q2(0)]T = [1,1.5]T,
ẋ(0) = [q̇1(0), q̇2(0)]T = [0,0]T. The initial values of states fu-
sion estimator are given as x(0) = [q1(0),q2(0)]T = [0.8,1.6]T,
ẋ(k) = [q̇1(0), q̇2(0)]T = [0,0]T, Q(k) = 0.01I, R(k) = 0.05I.

As shown in Figs. 3 and 4, the multi-rate measurements
with Gaussian noise and the estimation of joint position are
plotted, and the velocity estimation of joints is given in Figs. 5
and 6. Estimation errors of position, velocity and parameter
are shown in Fig. 7. The comparative performance of tra-
jectory tracking of joints by using the proposed method and

DTSMC is shown in Fig. 8, the tracking error is plotted in de-
tails in Fig. 9. Figure 10 plots the input control. It is seen from
Fig. 7 that the estimate errors of the state and the unknown pa-
rameter almost converge to zero in a short time, and the effect
of the measurement noise almost disappears as time increases.
In conclusion, simulation results clearly indicate the effective-
ness of the proposed approach.

5.2. Experimental study

To demonstrate the applicability of the proposed method,
a turntable motor servo system with a camera is employed as
the experimental plant (Fig. 10), which consists of a servo mo-
tor (PMSM, HC-UFS13) with an encoder and a motor-drive
card (MRJ2S10A), a digital controller (DSP, TMS3202812),
and a host PC Pentium IV 2.8 GHz PC. This plant is used to
implement the point-to-point tracking control, where the servo
motor is operated in direct torque control mode.
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Fig. 3. (color online) The position estimation of link 1.
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Fig. 4. (color online) The position estimation of link 2.
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Fig. 5. (color online) The velocity estimation of link 1.
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Fig. 6. (color online) The velocity estimation of link 2.
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Fig. 7. (color online) Estimation errors.
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Fig. 8. (color online) Position tracking trajectories of joints.

In the test, the angular position of motor is measured
by using an encoder with a resolution of 800 divisions, and
the quadrature encoder pulse (QEP) circuit is used for captur-
ing and converting the speed and position information of the
turntable encoders. A gear transmission system with a gear
ratio of 80 is included, then the encoder output signals have
a resolution of 800×80 = 64000 per rotation. Since the gear
mechanism exists, the position of motor is not exactly equiv-
alent to the position of plant. Therefore, a camera is used to
measure the angular of the plant by computing the distance be-
tween center of the optical axis and reference maker in the im-
age space (Fig. 10), but the sampling rate of camera is slow. To
take full advantage of these multi-rate sensors, we design an
estimator by fusing the motor position measurements and cam-
era measurements. In the experiments, only yaw axis is used,
a sampling rate of 0.01 s is selected for encoder and controller,
and a sampling rate of 0.1 s is selected for the camera. Param-
eters turntable are given: the mass of the plant m1 = 20 kg; the
diameter of the plant l1 = 0.5 m, the measurement errors are
∆l1 = 0.05 m, ∆m1 = 0.1 kg.
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Fig. 9. (color online) Control inputs.

Camera measurements are obtained from the image se-
quences (Fig. 11) according to the coordinate relation of Carte-
sian and image shown in Fig. 10. Define the position in the im-
age coordinate y(k) = [xm(k),ym(k)] as given in Fig. 11, and
the position in the Cartesian coordinate r(k) = [xc(k),yc(k)],
we calculate the mapping from joint space to image space by
using the pinhole camera model, as follows:

f
Hc− f

[
xm(k)
ym(k)

]
=

[
xc(k)
yc(k)

]
,

where Hc is the perpendicular distance between the camera
and the reference plane, f denotes the focal length of the cam-
era. According to the above equation, the joint position can
be obtained by calculating the inverse circular trigonomet-
ric functions arccos[xm(k) f/(l1(Hc − f ))]. Vision measure-
ments are converted to joints measurements which are shown
in Fig. 12.
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Fig. 10. (color online) Experiment setup and the coordinate relation of Cartesian space and image space.
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Fig. 11. (color online) The image sequences of 10 frames and the pixel information of reference marker.
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Fig. 12. (color online) The position estimation.
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Fig. 13. (color online) Estimation errors.

In the experiment, camera parameters are f = 0.035 m,
720× 480 pixels, Hc = 1.5 m. Parameters of DTSMC and
proposed controller are selected as: T = 0.01 s, h = 3, λ = 2,
Λ = 1.5, S = 1, θ(k) = 0.05; p = 3, q = 5, δM = 0.2, and
δF = 2. The position of plant is estimated by using multi-
rate measurements which are plotted in Fig. 12 with the posi-
tion estimation. In the test, the velocity of the plant is com-
puted based on the Euler estimation. Estimation errors of both
plant’s states and the parameter θ are shown in Fig. 13. The
tracking controller is designed based on discrete-time syner-

getic control and states estimation. According to the compar-
ative position tracking performances shown given in Fig. 14,
it is obvious that the proposed controller provides a superior
behavior.

6. Conclusion

This paper proposes a novel tracking controller based on
ADFTSC and multi-rate sensor fusion estimation for flexible-
joint mechanical systems. States and uncertainties of the
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Fig. 14. (color online) Comparative tracking performance

mechanical system are estimated by an EKF-based sensor fu-
sion algorithm which combines multi-rate measurements from
multiple sensors. The Lyapunov method is used to verify that
both estimation error and tracking error are convergent. The
effectiveness of proposed approach is shown in simulation and
experiment studies.
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