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Trial function method and exact solutions to the generalized
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In this paper, the trial function method is extended to study the generalized nonlinear Schrédinger equation with time-
dependent coefficients. On the basis of a generalized traveling wave transformation and a trial function, we investigate
the exact envelope traveling wave solutions of the generalized nonlinear Schrodinger equation with time-dependent coeffi-
cients. Taking advantage of solutions to trial function, we successfully obtain exact solutions for the generalized nonlinear
Schrodinger equation with time-dependent coefficients under constraint conditions.
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1. Introduction

The construction of an exact solution for the nonlin-
ear evolution equation (NLEE) is an important topic in the
study of nonlinear physical phenomena. Exact solutions can
help one to well understand the mechanism of the compli-
cated physical phenomena and dynamical processes modeled
by nonlinear evolution equations. The nonlinear Schrédinger
equation as an important nonlinear model has been studied
due to its importance in many branches of physics, such as
nonlinear optics, plasma physics, superconductivity, and quan-
tum mechanics.!'3! With the development of soliton theory
and computer algebraic system like Mathematica, much re-
search has been devoted to exact solutions of nonlinear evo-
lution equations, especially traveling wave solutions. Various
effective methods of searching for exact solutions to NLEE
have been presented. Ozis and Yildirim!*! employed the He’s
modified Lindstedt—Poincare method to study the nonlinear
Schrodinger (NLS) equation and obtained exact soliton solu-
tions. Zhang et al.’! investigated a generalized Vakhnenko
equation via the extended Riccati mapping method and ob-
tained novel single-loop-like and double-loop-like solitons.
Other methods include the Bicklund transformation,!®7! Hi-
rota bilinear method,!® Li group method,®’ homogeneous
balance method,'™ Darboux transformation,!!! the variable

12,13 14]

separation method, ! ! the variational iteration method,!

the extended tanh-function method,!'3-171 the Jacobi ellip-

d,!8-201 the auxiliary equation

tic function expansion metho
method,?!! the trial function method,*?! etc. Among them,
the trial function method is one of the powerful methods of
constructing exact solutions of NLEE.?*! In the present paper,

we investigate some exact solutions for a generalized nonlin-

DOI: 10.1088/1674-1056/22/10/100507

ear Schrodinger (NLS) equation with a time-dependent coeffi-
cient using the trial function method.

During the past decade, the main attention has been paid
to the constant coefficient NLS equation.*-2%! However, non-
linear evolution equations with variable coefficients are more
realistic in physical phenomena than their constant coefficient
counterparts. Solving variable coefficient NLEEs is much
more difficult than their constant coefficient counterparts be-
cause of the existence of their coefficient function. Recently,
much attention has been paid to variable coefficient NLS
equations,'?’?] and many techniques and approaches have
been extended to solve these physical models.

The generalized nonlinear Schrédinger equation in di-

mensionless form reads!?3]

W+ YW+ a()w |y P +B()x*y =0, (1)

where ¥ = y(x,t) is the complex wave envelope in a comov-
ing frame, y(¢) is the time-modulated dispersion coefficient,
o(?) is the nonlinearity, and 3(¢) is the external potential co-
efficient, the subscripts x and ¢ denote the spatial and tempo-
ral partial derivative, respectively. Zheng and Lil**! studied
Eq. (1) by a direct self-similarity mapping approach. Gen-
erally speaking, equation (1) is difficult to solve because of
the presence of the time-dependent dispersion, the nonlinear
interaction parameter, and external potential, but it is very im-
portant in mathematical physics to find new methods to dis-
cover exact solutions of NLEEs. Under some special parame-
ters of (), o(¢), and B(r), equation (1) can be converted into
some Schrédinger-type equations. For y(z) = 1/2, a(t) # 0,
B(t) # 0, Zhong et al.l*¥ established an integrability con-
dition and discussed the propagation properties of periodic
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solitons. For y(r) = p,a(t) = q,B(t) = 0, equation (1) be-
comes the cubic Schrodinger equation with constant coeffi-
cients. Taghizadeh ef al.!> constructed exact solutions of this
model by using the first integral method. In the present pa-
per, we are concerned with the following generalized nonlin-

ear Schrodinger equation with time-dependent coefficient

W+ YW+ a(t)y |y |* +Bxy =0, )

where 8 and 7y are constants. It is worth noting that in the
present work we make use of a mathematical technique dif-
ferent from those in previous work. [33-35] Furthermore, to our
knowledge, there has been no report on the achievement of ex-
act solutions to the generalized nonlinear Schrodinger (NLS)
equation (2) using the trial function method.

The rest of the paper is organized as follows. In Section 2,
we briefly describe the trial function method. In Section 3, we
first make a transformation to reduce Eq. (2) into an ordinary
differential equation, then we apply the trial function method
to Eq. (2) and obtain exact solutions successfully under cer-
tain conditions. Finally, the concluding remarks are presented
in Section 4.

2. Description of the trial function method

In the following, we describe the trial function method
for a given nonlinear partial differential equation with a phys-
ical field u(x,t) in two independent variables x,7 with variable
coefficients

F (gt tyy y Uy Uy, .. .) =0, 3)

where u = u(x,t) is an unknown function, F is a polynomial
in u and its partial derivatives in which a nonlinear term is in-
volved.

Step 1 Making use of the generalized wave transforma-
tion

u(xvt) = u(§)7

where p(t) and ¢(¢) are differential functions to be determined.

& =p(t)x+q(t), 4)

Then equation (3) is reduced into the following ordinary dif-
ferential equation (ODE)

Q(t,x, [P/ (t)x+4'(1)]u' (), p(t)u'(5),
[P (0x+q (OPu" (&), p()u"(§),..) =0, (5)

where Q is a polynomial in u and its derivatives, while ' de-
notes the derivative with respect to the variable.

Step 2 Assuming the solution of Eq. (5) to satisfy the
following trial equation

CZY:Q@zémﬂﬁv ©

where n and a; are constants to be determined later.

Step 3 Substituting Eq. (6) into Eq. (5) and equating
the coefficients of u to zero, we obtain an ordinary differen-
tial equation. Solving the ODE by Maple or Mathematica, we
determine the values of a;, p(¢), and ¢(¢).

Step 4 Equation (6) can be rewritten as

+(E—&) /\ﬁ ™

According to the complete discrimination system of polyno-
mial,!!% we solve the integral (7). Therefore exact solutions

of Eq. (2) are obtained immediately.

3. Exact solutions to nonlinear Schrodinger
equation (2)

Assume that the solution of Eq. (2) can be written in the

form of

v(x,1) =u(§)exp(if), & =k(t)x+ (1),

§ = plop +r(t)x+5(), ®)
where k(t), @(t), p(¢), r(t), and s(¢) are differential functions

to be determined later. Substituting Eq. (8) into Eq. (2) and
separating the real part from imaginary part, we obtain
(K'(t)x+ ' ()’ +2yk(t) 2p(t)x+r(t))u' =0, (9)
V()" = [ (62 + 7 (0)x+5/ (1)
+y2p(t)x+r(1)* — BxHu+ ou(t)u® = 0. (10)
Considering the homogenous balance in Eq. (10) yields that

n = 4. Therefore we suppose that the exact solution of Eq. (2)
satisfies the following equation

G(u) = [ (&) = ap+aru(§) +a (&) +as’(§)
+agu*(&). (11)

Substituting Eq. (11) into Eq. (10) and equating all coefficients
of x/u! to zero, we obtain

a) = 0, az = 0,
Y (t)az — (' (1) + yr (1)) =0,
29k (1)ag + ou(t) = 0. (12)

After applying some careful and direct algebraic operations to
the above equations, we obtain

p(t)=p, B=4p*y, a1=0, az3=0,
k(t) = r(t) = exp(—4pyr),

1
w(t) = % CXp(—Sp}’t),
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ap=c1+1, as=cy, ap=ao,
a(t) = —2cryexp(—8pyt),
5(0) = === exp(=8py). (13

where ag, c1, and ¢, are arbitrary constants. Making use of
the above results, equation (11) can be transformed into the
following integral

£ (8¢2) 2 (&~ & :

>:./ Vo(w+bio+bp)

do, (14)

where by = (¢ + 1)652/3 and by = aﬂcgl/B'

Taking advantage of the complete discrimination system
of the polynomial,[*?! we obtain a solution to Eq. (14). Mean-
while we derive the exact solutions for Eq. (2) with the help of
Egs. (8) and (13), which are listed as follows.

Family 1 A = b} —4by>0,b9#0, G(0) = (0 —a)(®—
B)(@w—7v) we suppose that & < B <y. When a < @ < 3, we
obtain the following elliptic-type solution

u= ey o+ (B a)sn*(Vr—ale)?
x (€ — &), m)]'Pexp(if), (15)

when @ > 7y, we obtain

e o1/ [y— Bsn?(\/7—a(c2) 3 (& — &),m)]'/?
2 en(v/y=a(e2) 3 (€ — &), m)
x exp(if), (16)

where m*> = (B —a)/(y— ).
Family 2 A = b? —4by > 0, by = 0, when @ > —by, if
c1+1>0and c¢; > 0, we obtain

|
c )~ 12
= et ) [ (/SR 6 g) 1] enptic) a7

c )~ 1/2
o=l D) oot ( W(é—@))—l} exp(i{). (8)

If c;+1 < 0and ¢, > 0, we obtain

=/ e 1)t (D ) 1] i) 19)

Family 3 A = b? —4by < 0, we obtain
u = +(ag/c2)"/*

« [1 —en(2(age2) A€ — &),m
1 +cn(2(ager)V/4(& — &), m

2 1 Cl+1
m =—=|1-— .
2 2\/ap
Family 4 A =b? —4by =0, when © > 0,G(0) = o(®—
a)z, a#0.Ifc;+1 < 0and ¢; > 0, we obtain

_ (c1+1)(c2)23
=

X tanh (\/—Mz(cz)_m(é - 3;0)) exp(if), (21)

B (c1 +1)(c2)7%3
e

~1/3
% coth (\/ el e g et @2
If c;+1>0and ¢, > 0, we obtain

(c1+1)(e2) 723
2

t( W(é—éo))exp(ié)- 3

17172
)] exp(if), (20)

where

u==4

\
4. Discussion and conclusion

In the present paper, we investigated the generalized non-
linear Schrodinger equation with time-dependent coefficients
based on a trial function and a generalized traveling wave
transformation. As a result, we obtained exact solutions of the
generalized nonlinear Schrodinger equation under constraint
conditions. We believe that the work here is valuable and may
be helpful for studying in nonlinear science. The nonlinear
Schrodinger equation is worthy to be further studied because
of its importance in nonlinear science. Finally, it is worth
while to note that the trial function method can be applied to
other variable coefficient NLEEs in mathematical physics.
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