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Robust modified projective synchronization of
fractional-order chaotic systems with parameters
perturbation and external disturbance*
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Based on fractional-order Lyapunov stability theory, this paper provides a novel method to achieve robust modified
projective synchronization of two uncertain fractional-order chaotic systems with external disturbance. Simulation of the
fractional-order Lorenz chaotic system and fractional-order Chen’s chaotic system with both parameters uncertainty and
external disturbance show the applicability and the efficiency of the proposed scheme.
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1. Introduction

The theory of fractional-order derivatives, which was
mainly developed in the 19th century, is a generalization of
integration and differentiation to non-integer (fractional) or-
der. Nowadays, it has been known that many systems in inter-
disciplinary fields, such as viscoelastic materials,[!! electrode-
electrolyte polarization,?! thermoelectric systems,?! finance
systems, [*! dielectric polarization, etc., can be elegantly de-
scribed by fractional differential derivatives. However, the
application of fractional-order calculus to dynamic control is
only a recent focus of interest.[®”] Moreover, many studies
have demonstrated that many fractional-order differential sys-
tems, such as the fractional-order Lorenz system, 8] fractional-
order Duffling system,!! fractional-order Chua’s system,!*!
and fractional-order Chen’s system!!!! exhibit chaotic behav-
iors.

Since Pecora and Carroll established a chaos synchro-
nization scheme for two identical chaotic systems with differ-
ent initial conditions,['? chaos synchronization has attracted
a great deal of interests!!*16] and it has a wide range of

[17,18]

potential application, such as image encryption, secure

(21] and so On.[22’23]

communication,[*?% genetic networks,
Recently, research on complex networks has attracted increas-
ing attention because of it is extensive application.?*>>The
fractional-order chaotic system can be considered as a kind
of complex network!?®! that can describe many practical sys-
tems more accurately, and the research has been explored to
the networked fractional-order chaotic systems?’! that has
also attracted the attention of many scholars.!?-3%] In practi-

cal situations, parameter uncertainty and external disturbance
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for fractional-order chaotic systems widely exist in fractional-
order chaotic systems. Based on fractional-order stability the-
ory, Xul33! presented a novel adaptive controller and param-
eter updating rule to synchronize the fractional-order unified
chaotic system with uncertain parameters. Zhou et al.’*! de-
signed an adaptive controller to synchronize two entirely dif-
ferent fractional-order chaotic systems with uncertain param-
eters. Yang,[®¥ associated with system parameter estimating
laws, proposed a method of single state proportional feedback
to synchronize two nearly identical generalized Lorenz sys-
tems. Zhang et al.,*%! based on Lyapunov stability theory and
a fractional-order differential inequality, developed a modified
adaptive control scheme and adaptive laws of parameters to
robustly synchronize coupled fractional-order chaotic systems
with unknown parameters and uncertain perturbations. Xiang
et al.’7) investigated the robust synchronization problem for a
class of systems with external disturbances. However, the ef-
fects of both parameters perturbation and external disturbance
of the fractional-order chaotic systems have seldom been con-
sidered in those approaches.

iB8 put forward a new generalized syn-

More recently, L
chronization method, called modified projective synchroniza-
tion (MPS), where the responses of the synchronized dynam-
ical states synchronize up to a constant scaling matrix. MPS
is a more general definition than projective synchronization
(PS) and could be used to make secure communications more
secure in application, because it is obvious that the unpre-
dictability of the scaling matrix in MPS can additionally en-
hance the security of communication.

In this paper, the problem of fractional-order chaos MPS
to Lorenz system and Chen’s system with parameter uncer-
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tainties and external disturbances is considered. For MPS of
the systems, a novel robust control scheme has been proposed.
Then, the fractional-order MPS of the systems can be guaran-
teed by the fractional-order Lyapunov theory.

The rest of this paper is organized as follows. In Sec-
tion 2, the MPS law for fractional-order chaotic systems with
uncertainty and external disturbance using fractional-order
Lyapunov theory is designed. Numerical simulation results
are given in Section 3 to illustrate the effectiveness of the pro-
posed controller. Conclusions in Section 4 close the paper.

2. Modified projective synchronization of frac-
tional-order chaotic systems with uncertainty
and external disturbance

2.1. Fractional derivatives

Consider a fractional system,
oD x(t) = f(x, ) (D

with initial condition x(tp), where ,, Dy denotes the Caputo
fractional operator, @ € (0,1). f : [fp,o0] X £ — R" is piece-
wise continuous in x and locally Lipschitz in x on [tg,e0] X Q
(2 € R" is a domain that contains the origin x = 0). f is the
unknown parameter vectors of the system and 8 € R”.

Definition 1 The constant xq is an equilibrium point of
the fractional dynamic system (1), if and only if f(r,x) =
D x0. Without loss of generality, let the equilibrium point
be X0 = 0.

In this paper, we use Caputo fractional order operators as
our main tool, which are shown in Podlubny’s work. (6] The
uniform formula of a fractional integral with o € (0, 1) is de-
fined as

dr, 2

toltax(t) = toD;ax(t) =

1 1
(o) /to (r— ‘L')]ia

where x(f) is an arbitrary integrable function, ,I* is the
fractional integral of order & on [fo,?], and I'(-) denotes the
Gamma function. For a arbitrary real number m, the Caputo

fractional derivative is defined as

. B 1 t x([mj—‘rl)(r)
Ith X(t) - F(LmJ +1 _m) /l;) (I—T)mitmj

dr, (3

where |m] stands for the integer part of m, ,,DY denotes the

L))
Caputo fractional derivatives.

2.2. Asymptotic stability of fractional-order system

In nonlinear systems, Lyapunov’s direct method (also
called the Lyapunov’s second method) provides a way to an-
alyze the stability of a system without explicitly solving the
differential equations. Although the Lyapunov stability theory
for integer-order systems was proposed in 1892 and it has been

studyied and modifyied by lots of expert researchers, the Lya-
punov stability theory for fractional-order systems has been
developed until recently. ]

Definition 2 A continuous function g: [0,7) — [0,00) is
said to belong to class-k if it is strictly increasing and g(0) = 0.

Theorem 15% Let x = 0 be an equilibrium point for the
nonautonomous fractional order system (1). Assume that there
exist a Lyapunov function V(z,x(¢)) and class-k functions o
(i=1,2,3) satisfying

gi(llxll) < V(%) < ga([lx]), ©)
oDV (1,x(r)) < —g3(IIx]), )

where ¢ € (0,1). Then the equilibrium point of system (1) is
asymptotically stable.

2.3. Design of modified projective synchronization scheme

Considering the following two dynamic systems: driving
system

wDx(t) = f(x,B)+di, ©6)
and response system
wDIy(t) = h(y,y) +dy+u, (7

where x,y € R" are the state vectors of the driving system and
response system respectively; f and & are both n x 1 bounded
continuous functional matrices; dy, d» € R" are both unknown
bounded external disturbance matrices; 8 € R” and y € R? are
the unknown parameter vectors of the driving and response
systems respectively; u € R" is a control input vector.

Assume that B ¥ are the rational pre-estimated valuse
of B, y respectively, then the approximate model f(x, B) and
h(y,¥) will be used to design the MPS control law. The error
between the pre-estimated models and the real systems are as
follows respectively

Af(x,B.B) = f(x,B) ~ f(x,B), @®)

The MPS error (e =y — Jx) dynamic system can be writ-
ten as

wDe(t) =h(y,y) —Jf(x,B)+u+dy—Jdy,  (10)

where J = diag(J;,J2,...,J,) is projective synchronization
matrix and J; (i = 1,2,...,n) are non-zero constant.

Our goal is to design a control vector u which should be
robust enough such that the trajectory of the response sys-
tem (7) with initial conditions yy and pre-estimated param-
eter ¥ under unknown external disturbance d> can asymp-
totically approach the trajectory of the driving system (6)
with initial conditions xo and the pre-estimated parameter
ﬁ as well as unknown external disturbance d;. Finally the
MPS can be implemented in the sense that }Lrglo lle()]] =
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llgg Ily(t,y0,d2) — Jx(t,x0,d,)||, where ||| is the Euclidean
norm.

Remark 1 If J/ = ol,0 € R, the MPS problem will be
reduced to projective synchronization (PS), where / is ann x n
identity matrix with proper dimension. In particular, if o = 1
and o = —1, the problem is further simplified to complete syn-
chronization and anti-phase synchronization, respectively.

Remark 2 The approximate system model can be any
form of model representation. For instance, the differential
equation model of continuous time system as shown in Egs. (8)
and (9). And it could be also the nonparameter model or con-
structed intelligent model such as the neural network model
and fuzzy model which are popularly used nowadays.#"!

Lemma 1 For a continuous function f(x) = xTAx, where,
xe R Aec R isa positive-definite matrix. Then

Aanin(A) [x]]* < F(x) < Amax (A) %], (11)

where Amax(+) and Apin(+) are the maximum and minimum
eigenvalues of matrix respectively.

Theorem 2 For systems (6) and (7), if the following con-
trol action u is used, then the systems can realize asymptotical
MPS. That is to say, }L‘E,e(t) =0,

u:Jf<x,ﬁ>—h<y,7)—Ke—Ko”:%”, (12)

where, K = diag{ki,ka,...,kq}, ki >0,i=1,2,...,n,and

Amax (P)
Afmin (P ) ho-Tlo

|Any.7) —IAf (5 BLB) +d2—Ja |

Ky =

= sup
x3,8.8,7,7.d1,d>

b

13)

in which, diag(+) is a diagonal matrix; P is the positive-definite
solution of the following Riccati equation

K'P+PK =0, (14)

in which, Q is a positive-definite matrix and usually can be
chosen as identity matrix I.

Proof We choose the candidate Lyapunov function V as
V = eTPe/2. It follows from Lemma 1 that

Aoin (P)le]* <V < A (P) ]| (15)

By using the control action (12) and Eq. (13), the time
derivative of V along trajectories of error dynamic (10) is

1 d%e\ T T, [ d%
1 e \"
e

1
+ 5eTP <Ah—JAf+dz—Jd1 —Ke—KOZH>

1 T
= —5¢" Qe+ (Ah—JAf+dy —Jdy) P~ Ko ﬁPe.
e
During the above deduction, the following equation is used
(Ah—JAf +dy —Jdy)" Pe
= e"P(Ah—JAf +dy —Jdy).

Due to
(Ah—J(x)Af +dy — T (x)d, )" Pe
< o~ [P -[lell
< 10 Amax(P) - el
we have

1
oDYV < —EeTQe-f—n()';imax(P) lell
— Ko2min (P) [le]] -

According to Eq. (13) and notice that Q is a positive-definite
matrix, we obtain

1
oDV < —EeTQe. (16)

It follows from Egs. (15), (16), and Theorem 1 that the robust
MPS is realized and the error dynamic system is globally and
asymptotically stable.

Remark 3 The MPS tracking speed mainly depends on
the matrix K. —K is similar to the poles in closed loop control
systems. So large k; (i = 1,2,...,n) can improve MPS perfor-
mance. But in practice, too large k; (i = 1,2,...,n) are harmful
to the control devices. So K should be properly chosen. In de-
spite of those aspects, a wide range of k; (i = 1,2,...,n) can
work well.

Remark 4 The robustness to the uncertainty and distur-
bance mainly depends on the matrix Ky, and Ky is dependent
on K and the bounds of the uncertainty and disturbance. So Ky
is usually estimated to be close to the maximum bounds of the
uncertainty and disturbance.

Remark 5 Though the control law (12) can guaran-
tee the asymptotical stabilization of the error system, the
control algorithm is not continuous in the origin of error
plane. So during the implementation, e/||e|| is replaced by
e/|lle|| + bexp(—at)] which can guarantee chattering free and
still keep asymptotical MPS, and this can be easily proved by
using the similar method as demonstrated above. Then the fol-
lowing control law is used instead of Eq. (12)

u=Jf(x,B)—h(y,7) —Ke

e
_Ko||e||+bexp(—at)’ a7
where parameters a and b are adjustable positive parameters.
Remark 6 As good performance can be guaranteed with
a wide range of a and b in practice. The parameters a and b
in Eq. (17) can be easily determined. In this paper, a = 1 and

b = 0.1 will be used in the following example.
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3. Illustrative example

In this section, an illustrative example is presented to
show the applicability and efficiency of the proposed synchro-
nization method. The numerical simulations were carried out
using MATLAB software.

The driving fractional-order Lorenz chaotic system[*!:42!
is described as follows:

Bi(x2 —x1)
wDx(t) = | Box1 —x1x3—x2 | +d. (18)
x1x2 — PB3x3
According to Eq. (6),
Bi(x2 —x1) du
J,B)= | Box1—xix3—x2 |, di = | dn2 19)
x1x0 — B3x3 diz

The response fractional-order Chen’s chaotic system is
described as follows: [43:44]

vi(v2—y1)
WDIY(E) = | (—n)y1—yiys+ 1y | +datu. (20)
Y1y2 —73y3
According to Eq. (7),
ny2—y) da
hy, )= | (L=—nvi—yiy3+t ¥y |, d=|dn|.2D)
Yiy2 —13)3 d3

When o =0.993, B; = 10, B> =28, B3 =8/3, ;1 = 35,
Y =28, 3 = 3, both the fractional-order Lorenz system and
fractional-order Chen’s system are in chaos.’®! In the sim-
ulation, we stochastically choose xg = [~20,—14,30]T and
yo = [16,15,—5]T as initial conditions. The control parame-
ters for the control law (Eq. (17)) are chosen as follows: First,

K = diag(10, 10, 10) is chosen to guarantee a good robust sta-
bility degree that can be determined in a wide range accord-
ing to Remark 3; Second, calculating matrix P according to
Eq. (14) and estimating the uncertain upper bound 1¢ accord-
ing to Eq. (13), and then parameter Kj is chosen as Ky = 80
that it can meet the condition of Theorem 2, with the projec-
tive synchronization matrix J = I or J = diag(2,3,5) that will
be used in Subsection 3.1 and Subsection 3.2 respectively.

Suppose that the pre-estimated model parameters are Bi =
1.058, ¥ = 0.95y (i = 1,2,3), and for simplicity but with-
out loss of generality, we suppose the external disturbances to
the driving system and the response system are d; = [0,0,0]T
and d, = [1 +sin(0.1¢), 1 +co0s(0.01¢), 1+ cos(0.1¢)]T respec-
tively, i.e., there is not any external disturbance acting on the
driving system, and the external disturbances on the response
system are time-varying.

3.1. Simulation with J =1

If J = I, the problem is simplified to complete synchro-
nization. Figure 1 shows the original chaotic curves of x; and
yi (i=1,2,3). Figure 2 demonstrates the curves of x; and y;
(i =1,2,3) and the error between them. It is clear that after
a finite period of time, the error converges to be small enough
when the control scheme is used. Figure 3 shows the trajecto-
ries of the fractional-order Lorenz and Chen’s systems, from
which we can see that the complete synchronization between
the driving and response systems is achieved.

As noise exists widely in the real world, so the re-
search of the noise effect on the synchronization process is
necessary.[*! Figure 4 illustrates the synchronization phe-
nomenon in noisy environment. The sub-figures 4(a)—4(c) in
Fig. 4 are the noises that pollute on the states y;, y», and y3 of
the response system. The sub-figures 4(d)—4(j) in Fig. 4 show
the trajectories of the fractional-order Lorenz and Chen’s sys-
tems, from which we can see that the synchronization between
the driving and response systems is achieved successfully.

T1y Yi
Loy Yo

—40

T3, Ys

0 2 4 6 0
Time/s

—20
6 0 2 4 6
Time/s

4
Time/s

Fig. 1. (color online) Chaotic curves of the driving (x,x2,x3) and response (y1,y2,y3) systems with uncertainty and disturbance.
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Fig. 2. (color online) Complete synchronization results of the driving and response systems with uncertainty and disturbance: (a) x1, y1; (b) x2, y2; (¢) x3,
¥35 (d) 13 (e) e2; (f) e3.
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Fig. 3. (color online) Complete synchronization curves of the driving (x;) and response (y;) systems with uncertainty and disturbance.
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Fig. 4. (color online) Complete synchronization curves of the driving (x;) and response (y;) systems with uncertainty and white noise.

3.2. Simulation with J = diag(2,3,5)

If J = diag(2, 3,5), the problem is MPS. Figure 5 demon-
strates the MPS error between the fractional-order Lorenz and
Chen’s systems. We can see that after a finite period of time,

the error converges to be small enough when the control law
is used. The trajectories of the driving and response systems
are shown in Fig. 6, which also indicates that the two systems

with uncertainty and disturbance are indeed MPS.

20 50 20
(a) (b) (c)
0 10
0
¢ —20 ) < 0
—50
—40 —10
—60 —100 —20
0 5 10 15 0 5 10 15 0 5 10 15
Time/s Time/s Time/s
Fig. 5. (color online) MPS results of the driving and response systems with uncertainty and disturbance: (a) e1; (b) ez; (c) e3.
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