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Synchronization for complex dynamical Lurie networks∗
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This paper investigates the synchronization problem for two different complex dynamical Lurie networks. The first
one is with constant coupling and the second one is with constant coupling and discrete-delay coupling. Based on contrac-
tion theory and matrix measure properties, some new delay-independent synchronization conditions depending on coupling
strength and network topology are proposed. Finally, simulation results are presented to support the theoretical results.
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1. Introduction
Synchronization is a universal phenomenon in nature,

such as pendulum clocks motion, fireflies glowing, and so on,
and aroused many experts who came from different fields to
pay attention on it. As is known, synchronization is an im-
portant branch in chaotic systems and has many applications
in different fields. For example, synchronization can be found
in biology, secure communication, cryptography, and other ar-
eas. In previous works, many methods like back-stepping,[1,2]

adaptive control,[3,4] and feedback control[5–7] are utilized to
achieve synchronization. In fact, the essence of these meth-
ods is based on Lyapunov theory. Recently, the appearance
of contraction theory has provided another way to study syn-
chronization problem. In contraction theory, there is no need
to know the accurate motion of the error system between the
drive system and the response system, while we only need
to focus on the motion between neighboring trajectories. In
other words, stability of the error system can be analyzed by
judging whether all trajectories will converge to each other or
not, rather than constructing an available Lyapunov function.
Specially, the partial contraction theory has provided a more
straightforward way to consider the synchronization problem.

On the other hand, with the emergence of complex net-
works, many natural systems can be expressed by a complex
network which includes some interconnected nodes or ver-
tices. In the network, some special properties are not explained
by the individual dynamics of each node. Therefore, many
results about synchronization or convergence of complex net-
works have been proposed. DeLellis et al.[8] reviewed all ap-
proaches which had been used to consider the synchronization
problem and focused on the contraction analysis method. Are-
nas et al.[9] mainly used the master stability function (MSF)

to solve synchronization problem. Cao et al.[10] deliberated
global synchronization for a general array model of coupled
delayed neural networks which had hybrid coupling. The defi-
nition of hybrid couplin,g which consists of constant coupling,
discrete-delay coupling, and distributed-delay coupling, will
be used to support our results. Slotine and Wang[11,12] em-
ployed contraction analysis to deal with the synchronization
problem. Wang[13] discussed the synchronization problem for
some special complex networks which included regular, small-
world, and scale-free networks. At the same time, the Lurie
system has been widely studied for many years, due to its spe-
cial property, which means the nonlinear function satisfies sec-
tor and slope restrictions (more precisely, the nonlinear func-
tion can be linearized). Just as mentioned in Ref. [14], some
chaotic systems can be categorized as Lurie systems, where
the most representative example is Chua’s system. No matter
which type of synchronization problem about which the Lurie
system has been discussed, Chua’s system can be employed to
illustrate the effectiveness of the conclusion. Suykens et al.[15]

declared that under a large parameter mismatch between Lurie
systems, synchronization can still be kept. He et al.[16] stud-
ied the Lr synchronization and adaptive synchronization for
the Lurie system under perturbations. Liu et al.[17] exploited
Kalman–Yakubovich–Popov (KYP) lemma and Schur com-
plement theorem to consider the synchronization problem of a
general Lurie system with time-delay feedback control. With
the development of complex networks, many researchers have
combined the Lurie system and complex networks to consider
together. Xu and Yang[14] analyzed the synchronization prob-
lem of complex dynamical Lurie networks which only possess
the constant coupling. Li et al.[18] presented the conditions for
global synchronization of coupled Lurie systems which had
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time-delay and hybrid coupling. Wang et al.[19] designed a
pinning controller to deal with the cluster synchronization of
delayed Lurie dynamical networks. Li et al.[20] used abso-
lute stability theory to solve the synchronization problem of
Lurie complex networks. Li et al.[21] employed a decomposi-
tion approach to convert the synchronization problem of high-
dimensional Lurie networks into the test of a set of matrix in-
equalities. Note that all these works about synchronization
problems are transformed into the analysis of the stability of
the error system. In this paper, we use a new method to deal
with the synchronization problem of complex Lurie networks.

Based on contraction theory and matrix measure proper-
ties, some time-delay-independent conditions for synchroniza-
tion are given. Moreover, the constant time delay case and
time-varying delay case are investigated, respectively. Com-
paring with the existing results, several contributions are in-
cluded in this paper. Firstly, we use the contraction analysis
to consider the synchronization problem of complex dynam-
ical Lurie networks which contain time delay, constant cou-
pling, and discrete coupling. Secondly, we have shown that
the delay-independent synchronization is depended on cou-
pling strength and network topology. The paper is organized
as follows. In Section 2, some preliminaries about contraction
theory and matrix theory are summarized. Meanwhile, model
description about the complex Lurie networks with constant
coupling is also introduced. In Section 3, the main results of
this paper are presented. In Section 4, three examples are pro-
vided to verify the effectiveness of the results. Conclusions
are drawn in Section 5.

2. Preliminaries and model description
2.1. Preliminaries
2.1.1. Contraction analysis

To get the main results of this paper, the definitions
and some important conclusions about contraction theory are
briefly summarized in this section, details of which can be
found in Refs. [11], [12], and [22].

Consider a nonlinear system

ẋ = f (x, t), (1)

where x(t) ∈ Rn is the state vector and f is assumed to be an
n× 1 continuously differentiable vector function. Define δx
as a virtual displacement between two different neighboring
trajectories, then we have

d
dt

(δxT
δx)≤ 2δxT

δ ẋ = 2δxT ∂ f
∂x

δx≤ 2λmax(x, t)δxT
δx,

where λmax is the largest eigenvalue of the symmetric part
of the Jacobian J = ∂ f/∂x. Note that if λmax(x, t) is uni-
formly strictly negative, any infinitesimal length ‖δx‖ will
converge exponentially to zero. By path integration at fixed

time, this implies that all solutions of system (1) will converge
exponentially to a single trajectory, independent of the initial
conditions.[12]

Definition 1[12] Uniformly negative definiteness of Jaco-
bian ∂ f (x, t)/∂x means that there exists a scalar α > 0, ∀x,
∀t ≥ 0 s.t. ∂ f/∂x ≤ −αI < 0. As all matrix inequalities will
refer to the symmetric part of the square matrix involved, so
one can further write

1
2

(
∂ f
∂x

+
∂ f
∂x

T
)
≤−αI < 0.

For a more general case, the related results can refer to
Refs. [11] and [12]. Here we omit them.

2.1.2. Partial contraction analysis

Partial contraction theory is a significant tool for study-
ing the synchronization problem. It makes the results of con-
traction analysis more practical and more direct. The results
include the convergence of dynamical systems behaviors or
specific properties such as equality of state components or
convergence.[23] We now introduce the concept of partial con-
traction, which forms the basic results of this paper.

Lemma 1[12] Consider a nonlinear system of the form

ẋ = f (x,x, t)

and assume that the auxiliary system

ẏ = f (y,x, t)

is contracting with respect to y. If a particular solution of the
auxiliary y system verifies a smooth specific property, then all
trajectories of the original x system verify this property expo-
nentially. The original system is said to be partially contract-
ing.

Proof The virtual, observer-like y system has two partic-
ular solutions, namely y(t) = x(t) for all t ≥ 0 and the solution
with the specific property. Since all trajectories of the y system
converge exponentially to a single trajectory, this implies that
x(t) verifies the specific property exponentially.

2.1.3. Matrix theory

Definition 2[24] The matrix measure of a real square ma-
trix A = (ai j)n×n is defined as follows:

µ(A) = lim
ε→0+

‖I + εA‖−1
ε

,

where I is the identity matrix. Furthermore, when some con-
ventional matrix norms are defined as follows:

‖A‖1 = max
j

n

∑
i=1
|ai j|, ‖A‖2 = [λmax(ATA)]1/2,

‖A‖∞ = max
i

n

∑
j=1
|ai j|, ‖A‖ω = max

j

n

∑
i=1

ωi

ω j
|ai j|,

we have the corresponding matrix measure

µ1(A) = max
j

{
a j j +

n

∑
i=1,i6= j

|ai j|

}
,

100503-2



Chin. Phys. B Vol. 22, No. 10 (2013) 100503

µ2(A) =
1
2

λmax(AT +A),

µ∞(A) = max
i

{
aii +

n

∑
j=1, j 6=i

|ai j|

}
,

µω(A) = max
j

{
a j j +

n

∑
i=1,i 6= j

ωi

ω j
|ai j|

}
,

respectively, where ωi > 0.

2.2. Model description

Suppose a dynamical network is composed of N linearly
and diffusively coupled nodes, in which each node is identical
and has the form of an n-dimensional nonlinear Lurie dynam-
ical system with time varying delay. The dynamical system of
the the i-th node is described as follows: ẋi(t) = Axi(t)+Bxi(t− τ(t))

+ D f (Cxi(t))+Fg(Exi(t− τ(t))),
xi(θ) = ϕi(θ),θ ∈ [−τm,0], i = 1,2, . . . ,N,

(2)

where 0 ≤ τ0 ≤ τ(t) ≤ τm, τ̇(t) ≤ γ < +∞, state vectors
xi = [xi1,xi2, . . . ,xin]

T ∈ Rn, and A, B ∈ Rn×n, D, F ∈ Rn×m,
C = [c1, · · · ,cm]

T, E = [e1, · · · ,em]
T ∈ Rm×n are known con-

stant matrices. ϕi(θ) is the initial vector function defined on
the interval [−τm,0]. The nonlinear functions f (Cxi(t)) and
g(Exi(t− τ(t))) are defined as

f (Cxi(t)) = [ f1(cT
1 xi(t)), . . . , fm(cT

mxi(t))]T,

g(Exi(t− τ(t))) = [g1(eT
1 xi(t− τ(t))), . . . ,

gm(eT
mxi(t− τ(t)))]T.

In which, fl(·), gk(·) are time-varying piecewise continuous
functions satisfying the following conditions

(i) fl(0) = gk(0) = 0,

(ii) k−l ≤
d fl(σ1)

dσ1
≤ k+l , (3)

k̃−l ≤
dgk(σ̃k)

dσ̃k
≤ k̃+l , l,k = 1,2, . . . ,m, (4)

where σl = CT
l xi(t), σ = Cxi(t) = (σ1,σ2, . . . ,σm)

T, σ̃k =

eT
k xi(t− τ(t)), σ̃ = Exi(t− τ(t)) = (σ̃1, σ̃2, . . . , σ̃m)

T.
Firstly we consider that the nodes are coupled with state

xi(t) (i= 1, . . . ,N) in the Lurie system form with constant time
delay. The network model can be expressed as

ẋi(t) = Axi(t)+Bxi(t− τ)+D f (Cxi(t))

+ Fg(Exi(t− τ))+ c
N

∑
j=1

li jGx j(t), (5)

where the constant c > 0 represents the coupling strength
of the network, τ > 0 is a constant time delay, G =

diag(g1,g2, . . . ,gn) ∈ Rn×n is the inner-coupling matrix in
which every gi ≥ 0,L = [li j]N×N associated with the coupling
configuration of the network is defined as li j = l ji = 1 if

there is a connection between node i and j (i 6= j), otherwise
li j = l ji = 0 (i 6= j). Moreover, ∑

N
j=1, j 6=i li j =−lii is satisfied.

Remark 1 According to the definition of hybrid coupling
in Ref. [10], we say that the system (5) only has the constant
coupling. System (2) with constant and discrete-delay cou-
pling will be discussed in the next section.

From the unified viewpoint and based on the definition of
consensus in Ref. [25], we give out the following definition.

Definition 3 The system described in Eq. (2) is said to
achieve global asymptotic synchronization if for any initial
state x0(t), the states of nodes satisfy lim

t→∞
‖xi(t)− x j(t)‖ = 0

for all i, j ∈ N. Furthermore, if there exists x∗ ∈ Rn such that
lim
t→∞
‖xi(t)− x∗‖ = 0 for all i ∈ Rn, then we call x∗ as the syn-

chronization state of the system (2).
Lemma 2[26] Given a system ẋ(t) = Ax(t)+Adx(t− τ),

the stability of which implies that of the system ẏ(t) = (A+

zAd)y(t),∀|z| = 1, and vice versa, where z = exp(jθ), θ ∈
[0,2π], j =

√
−1, and z ∈C.

Lemma 3[27] For the matrices A and B with compatible
dimensions, the following inequality is satisfied

‖exp[(A+ zB)t]‖ ≤ exp[µ(A+ zB)t], t > 0, |z = 1|.

Lemma 4[28] For the matrix measure, the following in-
equality is satisfied

exp[µ(A+ zB)t]≤ exp[(µ(A)+‖B‖)t], t > 0, |z = 1|.

3. Main results
In this section, the results about the synchronization prob-

lem are given in two different cases: case I: constant time de-
lay with constant coupling, case II: time-varying delay with
constant and discrete-delay coupling.

3.1. Synchronization of Lurie network with constant time
delay

On the basis of contraction analysis, to ensure the syn-
chronization of system (5), we should construct a suitable vir-
tual system. Then the discussion of the stability of the error
system is replaced by considering the contracting behaviors of
the virtual system. Now choosing a virtual system as follows:

ẏi = Ayi(t)+Byi(t− τ)+D f (Cyi(t))+Fg(Eyi(t− τ))

+ cliiyi(t)+ c
N

∑
j=1, j 6=i

li jGx j(t). (6)

The virtual displacement of the virtual system (6) is de-
fined as δyi(t), then we have

δ ẏi(t) = Aδyi(t)+Bδyi(t− τ)+D
∂ f (Cyi(t))

∂yi(t)
δyi(t)

+ F
∂g(Eyi(t− τ))

∂yi(t− τ)
δyi(t− τ)+ cliiGδyi(t). (7)
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According to Lemma 2, the stability of the system (7) is
equivalent to the stability of the following system:

δ ẏi(t) =

{
A+ z1B+D

∂ f (Cyi(t))
∂yi(t)

+ z2F
∂g(Eyi(t− τ))

∂yi(t− τ)
+ cliiG

}
δyi(t), (8)

where zk = exp(, jθ), |zk|= 1, θ ∈ [0,2π], j=
√
−1, and zk ∈C,

(k = 1,2). So from Lemma 1, the virtual system (6) is con-
tracting if and only if the system (8) is globally exponentially
stable.

Theorem 1 If there exists the matrix measure

β = µ(A+ cliiG)+‖B‖+
∥∥∥∥D

∂ f (Cyi(t))
∂yi(t)

∥∥∥∥
+

∥∥∥∥F
∂g(Eyi(t− τ))

∂yi(t− τ)

∥∥∥∥
satisfies β < 0 (∀t0 ≥ 0), then the virtual system (6) is con-
tracting, implying that the system (5) is globally asymptoti-
cally synchronized.

Proof From the system (8), when t ∈ [t0,∞), we have that

δyi(t) = exp
{∫ t

t0

(
A+ z1B+D

∂ f (Cyi(t))
∂yi(t)

+ z2F
∂g(Eyi(t− τ))

∂yi(t− τ)
+ cliiG

)
ds
}

δyi(t0). (9)

Taking the norm on both sides and using Lemmas 3 and 4, the
following result can be obtained:

‖δyi(t)‖ ≤
∥∥∥∥exp

{∫ t

t0

(
A+ z1B+D

∂ f (Cyi(t))
∂yi(t)

+ z2F
∂g(Eyi(t− τ))

∂yi(t− τ)
+ cliiG

)
ds
}∥∥∥∥‖δyi(t0)‖

≤ exp
{∫ t

t0

[
µ(A+ cliiG)+‖B‖+

∥∥∥∥D
∂ f (Cyi(t))

∂yi(t)

∥∥∥∥
+

∥∥∥∥F
∂g(Eyi(t− τ))

∂yi(t− τ)

∥∥∥∥] ds
}
‖δyi(t0)‖. (10)

Define

β = µ(A+ cliiG)+‖B‖+
∥∥∥∥D

∂ f (Cyi(t))
∂yi(t)

∥∥∥∥
+

∥∥∥∥F
∂g(Eyi(t− τ))

∂yi(t− τ)

∥∥∥∥ ,
expression (10) is equivalent to

‖δyi(t)‖ ≤ exp
[∫ t

t0
β ds

]
‖δyi(t0)‖

= exp[β (t− t0)]‖δyi(t0)‖. (11)

It follows that if β < 0, system (8) will be globally exponen-
tially stable. So system (7) is also globally exponentially sta-
ble. That means the virtual system (6) is contracting. From
Lemma 1, the coupled system (5) is globally asymptotically
synchronized.

Remark 2 Generally speaking, the coefficient matrices
of system (5), the inner coupling matrix, and the configuration
of the network are known, so in this paper we mainly select
suitable c to make sure β < 0. The value of c determines the
synchronization region of the system (5).

3.2. Synchronization of the Lurie network with time-
varying delay

We now extend the above result to a general case. Con-
sider a time-varying delay complex network of the Lurie type
with constant coupling and discrete-delay coupling:

ẋi(t) = Axi(t)+Bxi(t− τ(t))+D f (Cxi(t))

+ Fg(Exi(t− τ(t)))+ c
N

∑
j=1

li jG1x j(t)

+ c
N

∑
j=1

li jG2x j(t− τ(t)), (12)

where G1, G2 ∈ Rn×n represents the linking matrix, the
discrete-delay linking matrix respectively of the network, and
other parameters have the similar definitions in system (2).

Just as mentioned above, to consider the synchronization
region of the system (12), it is necessary to find an available
virtual system. So we firstly choose an auxiliary system of
Eq. (12) given by

ẏi(t) = Ayi(t)+Byi(t− τ(t))+D f (Cyi(t))

+ Fg(Eyi(t− τ(t))+ c
N

∑
j=1,i6= j

li jG1x j(t)

+ cliiG1yi(t)+ c
N

∑
j=1

li jG2y j(t− τ(t)). (13)

Defining the virtual displacement of the auxiliary sys-
tem (13) as δyi(t), we have:

δ ẏi(t) = Aδyi(t)+Bδyi(t− τ(t))+D
∂ f (Cyi(t))

∂yi(t)
δyi(t)

+ F
∂g(Eyi(t− τ(t)))

∂yi(t− τ(t))
δyi(t− τ(t))+ cliiG1δyi(t)

+ c
N

∑
j=1

li jG2δy j(t− τ(t)). (14)

Therefore the virtual system can be expressed as the fol-
lowing form:

δ ẏ(t) = Ãδy(t)+ B̃δy(t− τ(t))+ D̃δy(t)+ F̃δy(t− τ(t))

+ cG̃1δy(t)+ cG̃2δy(t− τ(t)), (15)

where

Ã = IN⊗A, B̃ = IN⊗B,

D̃ = diag
(

D
∂ f (Cy1(t))

∂y1(t)
,D

∂ f (Cy2(t))
∂y2(t)

, . . . ,

D
∂ f (CyN(t))

∂yN(t)

)
,
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F̃ = diag
(

F
∂g(Ey1(t− τ(t)))

∂y1(t− τ(t))
,F

∂g(Ey2(t− τ(t)))
∂y2(t− τ(t))

, . . . ,

F
∂g(EyN(t− τ(t)))

∂yN(t− τ(t))

)
,

G̃1 = diag(l11G1, l22G1, . . . , lNNG1) ,

G̃2 = L⊗G2,L = [li j]N×N .

From Lemma 1, the virtual system (15) is contracting if
and only if the system

δ ẏ(t) =
(

Ã+ z1B̃+ D̃+ z2F̃ + cG̃1 + cz3G̃2

)
δy(t) (16)

for all |zm| = 1 is globally exponentially stable, where zm =

exp( jθ), θ ∈ [0,2π], j=
√
−1, and zm ∈C (m = 1,2,3).

Theorem 2 If there exists the matrix measure

β̃ = µ(Ã+ cG̃1)+‖cG̃2‖+‖B̃‖+‖D̃‖+‖F̃‖

satisfies β̃ < 0 (∀t0 ≥ 0), then the virtual system (15) is con-
tracting implying that the system (12) is globally asymptoti-
cally synchronized.

Proof According to Eq. (16), when t ∈ [0,∞), we have
that

δy(t) = exp
{∫ t

t0

(
Ã+ z1B̃+ D̃+ z2F̃ + cG̃1

+ cz3G̃2

)
ds
}

δy(t0). (17)

Just as the proof in Theorem 1, we also take the norm on both
sides of Eq. (17) and use Lemmas 3 and 4, the following re-
sults can be obtained:

‖δy(t)‖ ≤
∥∥∥∥exp

{∫ t

t0

(
Ã+ z1B̃+ D̃+ z2F̃ + cG̃1

+ cz3G̃2

)
ds
}∥∥∥∥‖δy(t0)‖

≤ exp
{∫ t

t0

[
µ(Ã+ cG̃1)+‖cG̃2‖+‖B̃‖

+ ‖D̃‖+‖F̃‖
]

ds
}
‖δy(t0)‖. (18)

Defining β̃ = µ(Ã+ cG̃1)+ ‖cG̃2‖+ ‖B̃‖+ ‖D̃‖+ ‖F̃‖, then
expression (18) can be converted into the following inequality:

‖δy(t)‖ ≤ exp
[∫ t

t0
β̃ ds

]
‖δy(t0)‖

= exp[β̃ (t− t0)]‖δy(t0)‖. (19)

So when β̃ < 0, system (16) will be globally exponentially
stable. Then the virtual system (15) is contracting. From
Lemma 1, the coupled system (12) can realize global synchro-
nization. This finishes the proof.

Remark 3 From the viewpoint of the contraction theory,
we can know that the final behaviors of the system are inde-
pendent of the initial state. So the synchronization region of
the system (5) or system (12) is not related to the initial con-
ditions. More precisely, regardless what the initial state is, we
only need to ensure β < 0 or β̃ < 0, then the synchronization
of the system can be achieved.

4. Numerical examples
In this section, three representative examples are pre-

sented to verify the results derived in Section 3.
Example 1 Firstly a special case of the system (5) is con-

sidered. Here the function g(Exi(t−τ)) = 0, then the complex
Lurie network is described by the following parameters

A =

(
−2 0
−1 −2

)
, B =

(
−0.2 −0.5
0.5 −0.2

)
, C =

(
0.6
0.8

)T

,

D =

(
−0.2
−0.3

)
, G =

(
1 0
0 1

)
,

f (yi(t)) = |yi(t)+1|− |yi(t)−1|.

It is easy to verify that 0≤ d f l/dσ l ≤ 2 satisfying the de-
mand of expressions (3) with k−l = 0, k+l = 2. Furthermore the
coupling matrix of the network with identical nodes (N = 5) is
described by the following form, which is usually called a star-
like network and also has been studied in Refs. [13] and [14]

L =


−4 1 1 1 1
1 −1 0 0 0
1 0 −1 0 0
1 0 0 −1 0
1 0 0 0 −1

 .

After calculating, we can conclude that ‖B‖= 0.5385,

A+ cliiG =

(
−2+ clii 0
−1 −2+ clii

)
,

so µ(A+cliiG) =−3/2+clii. Let M1 = ∂ f/∂σ , then we have∥∥∥∥D
∂ f (Cyi(t))

∂yi(t)

∥∥∥∥ = ‖DCM1‖

=

∥∥∥∥(−0.12M1 −0.16M1
−0.18M1 −0.24M1

)∥∥∥∥
≈ 0.36M1.

In addition, because 0≤M1 ≤ 2, then∥∥∥∥D
∂ f (Cyi(t))

∂yi(t)

∥∥∥∥= 0.72

and β = −3/2+ clii + 0.72+ 0.54 are obtained. Now by us-
ing Theorem 1, when β < 0, system (5) can achieve synchro-
nization. From lii < 0, we get c > 0.24/lii. Generally we
choose lii = min{lii} = −4, (i = 1,2, . . . ,5), then c > −0.06.
However, according to the definition of c which stands for the
coupling strength, so we only choose c > 0. Then the cou-
pled system (5) can realize global synchronization. It follows
from Remark 3 that, the synchronization region is not relevant
to the initial state, so the initial states of the system (5) are
taken randomly. Without loss of generality, in this simulation,
we choose them as in Ref. [14]. Now let x1 = (0.6,−0.5)T,
x2 = (0.2,0.2)T, x3 = (−0.5,0.5)T, x4 = (0.8,−1)T, x5 =

(−0.3,0.6)T, c = 1(> 0), and τ = 2, the state behaviors of
the system are shown in Figs. 1 and 2. The error trajectories
are shown in Fig. 3. From Figs. 1–3, we can know that the
system (5) is globally asymptotically synchronized.
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Fig. 1. State responses of xi1(t) (i = 1,2, . . . ,5).
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Fig. 2. State responses of xi2(t) (i = 1,2, . . . ,5).
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Fig. 3. The errors between different nodes, eik = xik− x1k , i = 2, . . . , 5,
k = 1, 2.

Example 2 Now consider a chaotic Chua’s system which
consists of three identical coupled nodes with the following
parameters

A =

−2.57 9 0
1 −1 1
0 −14.28 0

 , B =

−0.01 0 0
−0.01 0 0
0.02 0 −0.01

 ,

L =

−3 1 2
1 −2 1
2 1 −3

 ,

f (xi(t)) = (1.93(|xi1(t)+1|− |xi1(t)−1|) ,0,0)T,

g(xi(t− τ)) = (−0.02sin(0.1xi1(t− τ)),0,0)T,

C = D = E = F = G =

 1 0 0
0 1 0
0 0 1

 ,τ = 1.

Just as in Example 1, we can get

A+ cliiG =

−2.57+ clii 9 0
1 −1+ clii 1
0 −14.28 clii

 ,

µ(A+ cliiG)≈ 7.43+ clii, ‖B‖= 0.0259,∥∥∥∥D
∂ f (Cyi(t))

∂yi(t)

∥∥∥∥= ∥∥∥∥DC
∂ f
∂σ

∥∥∥∥=
∥∥∥∥∥∥
N1 0 0

0 0 0
0 0 0

∥∥∥∥∥∥= N1,∥∥∥∥F
∂g(Eyi(t− τ))

∂yi(t− τ)

∥∥∥∥= ∥∥∥∥FE
∂g

∂ σ̃(t− τ)

∥∥∥∥
=

∥∥∥∥∥∥
−0.02cos(0.1xi1(t− τ)) 0 0

0 0 0
0 0 0

∥∥∥∥∥∥
= N2.

From the definitions of the function f (xi(t)) and g(xi(t− τ)),
we have 0 ≤ N1 ≤ 1.93× 2, 0 ≤ N2 ≤ 0.002, so β = clii +
7.43+0.0259+3.86+0.002. Different from Example 1, now
we take lii = max{lii}=−2, then c > 5.66 can ensure β < 0.
Therefore when c > 5.66, system (5) will be globally asymp-
totically synchronized. With c = 6, figures 4–6 depict the sim-
ulation results of the system (5) in which nodes are coupled
in Chua’s circuits. Figure 4 describes the chaotic attractor of
the Chua’s system. Figure 5 shows different state trajectories
of x1(t) in Chua’s system. And the synchronization errors be-
tween different nodes are presented in Fig. 6.

In all simulation experiments, the initial conditions
are selected randomly as x1 = (0.1,0.2,0.1)T, x2 =

(−0.1,0.15,0.2)T, x3 = (−0.1,−0.4,0.2)T.
Remark 4 From the simulations, we can find that the

system in Example 1 is stable, since the final states of the cou-
pled Lurie network converge to stable state. And the system in
Example 2 is oscillatory, but both of them are synchronized,
since the errors between any two nodes converge to 0.
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Fig. 4. The chaotic attractor of the Chua’s system.
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Fig. 6. Synchronization errors between different nodes, eik = xik− x1k ,
i = 2, 3, k = 1, 2, 3.

Remark 5 In Examples 1 and 2, the selection of lii is dif-
ferent. In Example 1, we get c > 0.24/lii, while in Example 2,
we get c > −11.3179/lii. Hence, the value of lii depends on
the symbol of the right inequality.

Example 3 Consider the system (12) with the following
parameters

A =

(
−1.5 0.1
0.1 −1.5

)
, B =

(
0.1 0.08
0.09 0.05

)
,

D =

(
2 −0.1
−5 3

)
, F =

(
−1.5 −0.1
−0.2 −2.5

)
,

C = E =

(
1 0
0 1

)
, L =

−3 1 2
1 −2 1
2 1 −3

 ,

G1 =

(
4 0
0 4

)
, G2 =

(
0.25 0

0 0.25

)
,

τ(t) = 0.65+0.45sin(10t)+0.05cos2(100t),

0.2≤ τ(t)≤ 1.15, τ̇(t)≤ 9.5 <+∞,

fi(xi) = tanh(xi),gi(xi) = |xi +1|+ |xi−1|.

Based on Theorem 2, the corresponding coefficients of the vir-
tual system (15) are shown as follows:

Ã = I6⊗A, B̃ = I6⊗B, D̃ = (I6⊗D)Ñ1, F̃ = (I6⊗F)Ñ2,

G̃1 =



−12 0 0 0 0 0

0 −12 0 0 0 0

0 0 −8 0 0 0

0 0 0 −8 0 0

0 0 0 0 −12 0

0 0 0 0 0 −12


,

G̃2 =



−0.75 0 0.25 0 0.5 0

0 −0.75 0 0.25 0 0.5

0.25 0 −0.5 0 0.25 0

0 0.25 0 −0.5 0 0.25

0.5 0 0.25 0 −0.75 0

0 0.5 0 0.25 0 −0.75


,

where Ñ1 = sech2(xi(t)), Ñ2 = ∂g/∂xi(t− τ(t)). Then

M = Ã+ cG̃1 =


−1.5−12c 0.1 0 0 0 0

0.1 −1.5−12c 0 0 0 0
0 0 −1.5−8c 0.1 0 0
0 0 0.1 −1.5−8c 0 0
0 0 0 0 −1.5−12c 0.1
0 0 0 0 0.1 −1.5−12c

 .

It is easy to calculate that λmax(M+MT) =−2.8−16c, so

µ(Ã+ cG̃1) =−1.4−8c.

At the same time, after calculation, we can get ‖cG̃2‖= 1.25c,
‖B̃‖= 0.1638, ‖D̃‖= 6.0989, ‖F̃‖= 5.0453. To make sure

β̃ = µ(Ã+ cG̃1)+‖cG̃2‖+‖B̃‖+‖D̃‖+‖F̃‖< 0,

we have c > 1.47. So when c > 1.47, system (12) will achieve
global asymptotic synchronization. Take c = 3, figure 7 shows
behaviors about the dynamical system (12), figure 8 shows the
time responses of synchronization error. In this experiment,
initial conditions are taken randomly as x1 = (0.4,−0.2)T,
x2 = (−0.2,5)T, x3 = (1,−4)T. Thus the simulation results
in Figs. 7 and 8 can illustrate the efficiency of our theorem.
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Fig. 8. Time responses of synchronization error.

5. Conclusion
In this paper, the synchronization problem of complex dy-

namical Lurie networks has been addressed. Some new con-
ditions based on contraction analysis have been proposed. No
matter the constant time delay case or the time-varying de-
lay case, these delay-independent conditions can ensure the

global synchronization of the system. Finally three examples
are given to validate the effectiveness of the proposed results.
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