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Transport dynamics of an interacting binary Bose Einstein
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We investigate the transport dynamics of an interacting binary Bose–Einstein condensate in an incommensurate optical
lattice and predict a novel splitting of a matter wavepacket induced by disorder potential and inter-species interaction. The
effect of atomic interaction on the dynamics of the mobile and localized atoms are also studied in detail. We also discuss
the behavior of the balanced and inbalanced mixtures in the incommensurate optical lattice.
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In 1958, Anderson predicted the localization and the ab-
sence of diffusion of non-interacting quantum particles in the
context of transport of electrons in dirty crystals.[1] Anderson
localization (AL) can be understood as a ubiquitous interfer-
ence phenomenon of multiple reflections of a plane wave by
disorder. As a single-particle effect, it can be proven that
any wavefunction with arbitrary energy is exponentially lo-
calized in one-dimensional (1D) cases when it is subjected
to disorder.[2,3] In two-dimensional (2D) cases, the situa-
tion is similar, but the interference effects are weaker, and a
crossover from extended to localized states is shown in finite-
size systems.[4] The situation is greatly different in three-
dimensional (3D) casse where the Anderson transition occurs
at the so-called mobility edge.[5,6] Different from the case of
true disorder, there is a metal–insulator transition in 1D cases
when an incommensurate lattice is used to mimic disorder.[7,8]

AL has been reported in a variety of physical systems, such
as light in diffusive media[9,10] and photonic crystals,[11,12]

microwaves[13] and sound waves.[14] In recent years, new ap-
proaches to the issue came from ultracold atoms confined in
disordered potentials. In the context of disordered quantum
gases, controllable disorder can be realized with laser speckles
and incommensurate optical lattice.[15,16] Therefore the inter-
play between disorder and interaction can be investigated in
detail with unprecedented versatility, tunability, and measure-
ment possibilities.[17] After the milestone of observing AL in a
non-interacting matter wave,[18,19] it has been experimentally
studied in weak/strong interacting Bose and Fermi gases.[17]

Very recently, three-dimensional AL of a non-interacting ul-

tracold atomic gas in a disordered optical speckle potential has
been investigated.[20,21]

Nowadays, techniques for producing a binary Bose–
Einstein condensate (bBEC) are mature and easy which could
be two different hyperfine states of the same species[22] or
two different species.[23] Scientists can precisely control scat-
tering length between atoms by Feshbach resonance, which
can bring the system into strong interaction regime.[24] Since
inter-species interaction is introduced and has a great in-
fluence on the dynamics of the matter wave, a bBEC ex-
hibits more novel dynamical features and macroscopic quan-
tum phenomena in contrast to a conventional BEC,[25–29]

which has already attracted intensive studies theoretically
and experimentally.[30–33] In addition, the effects of temporal
and spatial nonlinearities have also been investigated in this
context.[34]

In this work, we focus on the transport dynamics of a
two-species Bose gas imposed by a state-dependent incom-
mensurate optical lattice which plays a role of disordered po-
tential. As expected, one species of the bBEC subjected to dis-
order tends to localization, and another disorder-free species
exhibits an intriguing splitting of the wavepacket. Unexpect-
edly, we also demonstrate that, when inter-species interaction
is strong enough, a few mobile atoms tend to coexist with lo-
calized atoms of the other species. The results presented here
show that both disorder and inter-species interaction are of
great importance to the transport of the mobile and localized
atoms after the trap is turned off.

Now we start from 3D two-species coupled Gross–
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Pitaevskii (GP) equations given by

ih̄∂tΨA =

(
− h̄2
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2m
+Vtrap +Vdis

+ gA|ΨA|2 +gAB|ΨB|2
)

ΨA,

ih̄∂tΨB =

(
− h̄2
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2m
+Vtrap +gAB|ΨA|2 +gB|ΨB|2

)
ΨB, (1)

where ΨA,B are the macroscopic wavefunctions of two species,
Vtrap = m

(
ω2
⊥r2 +ω2

z z2
)
/2 and Vdis are the magnetic trap and

the incommensurate optical lattice, respectively. The intra-
and inter-species interaction strengths gii = 4π h̄2aii/m, (i =
A,B) and gAB = 4π h̄2aAB/m are characterized by intra- and
inter-species scattering lengths aii and aAB, respectively. Here
we have assumed that only the atoms of the species 𝐴 are dis-
turbed by the incommensurate optical lattice and both atoms
are trapped in a harmonic oscillator potential with the same
trap frequencies. Furthermore, we assume that the atoms expe-
rience a strong transverse confinement (i.e., λ = ωz/ω⊥� 1),
and one can simplify Eq. (1) into a 1D GP equation

ih̄∂tϕA =

(
−

h̄2
∂ 2

z

2m
+Vz +Vdis(z)

+ g̃A|ϕA|2 + g̃AB|ϕB|2
)

ϕA,

ih̄∂tϕB =

(
−

h̄2
∂ 2

z

2m
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)
ϕB, (2)

with the axial harmonic trap Vz = mω2
⊥λ 2z2/2, the reduced

1D effective interaction strengths g̃ii = gii/(2πl2
⊥) and g̃AB =

gAB/(2πl2
⊥) (l⊥ =

√
h̄/(mω⊥) is the oscillation length in the

transverse plane). Furthermore, when the units of length, en-
ergy, and time are chosen as l⊥, h̄ω⊥, and ω

−1
⊥ , respectively,

one can investigate the wavepacket dynamics in 1D using the
following dimensionless GP equations

i∂tϕA =
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2
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2z2 +µAB|ϕA|2 +µB|ϕB|2

)
ϕB, (3)

where µii = 2Naii/l⊥ and µAB = 2NaAB/l⊥ are dimensionless
1D effective intra- and inter-species interaction strengths, re-
spectively. In addition, the density of each component is nor-
malized to the ratio of its atom number to the total number Ntot.
The incommensurate optical lattice Vdis(z) = s1 sin2(k1z) +
s2β 2 sin2(k2z) is used to mimic disorder, where s1,2 are the
lattice depths and β = k1/k2, k1 and k2 are the wavenumbers
of the primary and secondary lattices, respectively. The above
equations can be solved numerically by the split-step spectral

method.[35] We firstly obtain a ground state by solving Eq. (3)
without Vdis, then turn off the axial harmonic trap and propa-
gate this wavepacket in the incommensurate optical lattice.

Now we turn to present numerical results and discuss the
behavior of the wavepackets in the incommensurate optical
lattice. Initially, we only consider a balanced mixture with
equal atom numbers, here, i.e., NA = NB = 5×104. The trans-
verse and axial trap frequencies are ω⊥ = 2π × 100 Hz and
ωz = 2π × 5 Hz, respectively. Thus the tight confinement in
x and y directions ensures a cigar-shaped quasi-1D BEC. The
wavelengths of the primary and secondary lattices are 1032 nm
and 862 nm,[18] respectively, and the primary lattice depth
s1 = 10Er is fixed (Er is the photon recoil energy of the pri-
mary lattice). Thus one can control the disorder strength only
by adjusting the depth of the secondary lattice. Because we
are interested in the effect of AL on the diffusion of the mat-
ter wavepacket, we will choose appropriate parameters for the
appearance of the localization of the species 𝐴 in our calcula-
tions.

We plot the transport process of the weakly interacting
binary BEC in a natural symmetric case with identical atomic
interaction strengths µA = µB = µAB = 1 in Fig. 1. In this
special case, the initial density profiles of both species are
the same because of the identical scattering lengths between
atoms. In the situation of no incommensurate optical lattice
and inter-species interaction, they will spread freely simul-
taneously. However, one can observe remarkably the local-
ization of the wavepacket of the species 𝐴 after adiabatically
loading the disordered potential in 100 ms. After that moment,
the atoms of the species 𝐴 are localized in distinct lattice sites
around the center of the initial BEC (see Figs. 1(a) and 1(b)),
which exhibits a clear signature of localization. Here we have
chosen an appropriate value of lattice depth of the secondary
lattice which is favorable to the localization. The incommen-
surate optical lattice plays an important role as disorder in the
diffusion of the localized atoms. The wavefunction of the
species 𝐴 is scattered by the incommensurate optical lattice
and the scattered waves interfere destructively from each other.
Finally the diffusion of the wavefunction is terminated and the
atoms are localized in distinct sites. Since the spatial range of
the ground-state wavefunction is much larger than the lattice
constant of the primary lattice, many localized states appear in
this situation.[16,36]

Interestingly, we also find a striking splitting of the
wavepacket of the species 𝐵 as clearly shown in Fig. 1(c),
which happens after 100 ms. The atom number decreases
rapidly and few atoms occupy in the sites around the center
at last. It indicates that the localized atoms of the species 𝐴

push out the mobile atoms of the species 𝐵. When we look
at the final profiles of both species (see Figs. 1(b) and 1(d)),
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Fig. 1. (color online) Transport dynamics and final density profiles of a binary BEC. Upper panels (a) and (b): the localized species 𝐴, lower panels (c) and
(d): the mobile species 𝐵. We have set µA = µB = µAB = 1 and s2 = 3Er.

we find sharp peaks in the distribution of the species 𝐴 in a
small region around the center and a symmetric double-hump
of the species 𝐵, which illustrates definitely the localization
and splitting of the respective wavefunctions.

It should be noted that it is not a coincidence that the lo-
calization and the splitting happen simultaneously. Intuitively,
one can understand the physics as follows. At first, both
species begin to spread along the z direction when the trap is
turned off, and then the atoms of the species 𝐴 experience the
incommensurate optical lattice until they are completely local-
ized after 100 ms. Because of repulsive interaction between
the atoms of different species, the mobile species at the center
will be repelled by the localized atoms, which results in the
final splitting with a double-hump profile. Another important
feature is the irregular shape of each hump. In fact, during the
expansion of the atoms, the interaction energy translates to ki-
netic energy that determines the velocity of the diffusing atoms
and density distribution of the atomic wavepacket. At the cen-
ter, repelled by the localized atoms nearby, the mobile atoms
with strong interaction energy translate to kinetic energy that
will contribute rapid expansion toward the two wings. On the
contrary, few localized atoms interacted with the mobile atoms
in both wings, and then the interaction energy contributes lit-
tle. Therefore the mobile atoms in the central zone diffuse
more rapidly than those on the edge of the hump, and finally
the humps have a steep slope close to the center.

In the above discussion we have interpreted splitting of
a disorder-free species’ wavepacket qualitatively, now let us

give a quantitative analysis on the novel splitting. In fact,
the diffusion of the spreading atomic clouds can be char-
acterized by its spatial extension (root-mean-size, RMS)

∆rA,B =
√∫ +∞

−∞
z2|ϕA,B|2 dz and positive average momen-

tum p̄B =
∫ +∞

0 p|ϕB|2 d p. We also introduce central fraction
f A,B
c =

∫ z0
−z0
|ϕi|2 dz and peak-to-peak distance d to describe the

escape of the atoms from the center and the departing humps.
Because of the symmetric distribution of the wavepacket, only
the component in the positive direction should be considered.
Here we have defined the central fraction as the ratio of the
atom number in the zone with 1/e width (z0) of the initial
BEC to the total atom number. As shown in Figs. 2(a) and
2(b), one can observe that f (A)c decreases slightly to a con-
stant and ∆rA remains unchanged after a rapidly increase in
a short time, which indicates the appearance of the localiza-
tion. The other species exhibits different behavior that cannot
be roughly explained by the localization or ballistic expan-
sion. The RMS of the species 𝐵 is different from that of
the localized one and it increases linearly during the evolu-
tion as shown in Fig. 2(b). However, the mobile atoms do
not experience ballistic expansion because its central fraction
reduces to nearly zero that indicates the escape of the mobile
atoms along the z direction. During the expansion, the ex-
ternal potential and intrinsic interaction energies experienced
by the mobile atoms will translate to their kinetic energy and
results in the acceleration of the disorder-free atoms (see also
Fig. 3(c)). Besides that, the peak-to-peak distance d can also
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Fig. 2. (color online) (a) Central fraction, (b) RMS, (c) positive average momentum, and (d) peak-to-peak distance (the initial stage is highlighted in the
inset). The values are distracted from Fig. 1.
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Fig. 3. (color online) (a) Final density profiles of the species 𝐵 corresponding to different inter-species interaction strengths at 700 ms (the inset shows
the density in the center at µAB = 100). (b) Transport dynamics of the wavepacket of the mobile species for inter-species interaction strengths µ = 100
during the evolution time t = 700 ms. (c) Central fraction of species 𝐵 (the evolution after 100 ms is presented in the inset). (d) Peak-to-peak distance. The
parameters are the same as that in Fig. 2 except the inter-species interaction.

illustrate the wavepacket splitting of the mobile species (see

also Fig. 2(d)). Initially, all the atoms expand after turning off

the trap and d remains zero. Once the atoms in the state 𝐴 are

localized when the disorder potential is completely loaded, the

atoms in the disorder-free state 𝐵 around the center are accel-

erated due to the repulsion by the localized atoms. Specially,
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there is an abrupt jump when we look at the time evolution
of the peak-to-peak distance, which implies the starting point
of the wavepacket splitting. After that moment, the peak-to-
peak distance increases linearly that means two humps of the
wavepacket depart from each other.

So far, we have demonstrated that the splitting of the
disorder-free species appears after the localization of the
species experienced by the incommensurate optical lattice. We
can hereby say that the incommensurate optical lattice plays
an indispensable role in the transport dynamics of the binary
BEC. It has been reported in our previous work that the local-
ized atoms can occupy more sites when interaction becomes
strong.[37] Now we are in position to explore the effect of the
inter-species interaction on this novel disorder-induced split-
ting. In Fig. 3, the diffusion dynamics of the species 𝐵 is
shown at different inter-species interaction strength. For com-
parison, we also provide the result of the non-interacting gas
in Fig. 3(a), which indicates ballistic expansion as expected.
Even in the situation of weak inter-species interaction, a per-
fect splitting can be realized when the whole wavepacket is
split into two separated wings. One can also find that a strong
inter-species interaction aggravates the separation remarkably.
This result is expected because strong repulsive interaction
energy will be translated to kinetic energy greatly and con-
tributes a rapid diffusion of the mobile species. It is strik-
ingly unexpected, however, in the strong interaction limit as
shown in Fig. 3(b), a certain amount of the flying atoms are
still trapped at the center. Since the species 𝐴 will be lo-
calized in a short time, we can regard it as a static compo-
nent approximately. Hence one can treat the interaction term
in the GP equation of the species 𝐵 (Eq. (3)) as a time-
independent effective potential similar to the external poten-
tial, i.e., µAB|ϕA(z, t)|2 −→ Veff(z).[38] Now we can explain
the coexistence of the mobile and localized species around the
center as follows. Remember that the quasi-static effective
potential Veff(z) should have the same comb-like structure as
the density distribution of the localized atoms (see Fig. 1(b)).
When µAB is large enough, Veff(z) can be regarded as a comb-
like barrier which can prohibit the spread of a small amount
of the atoms with decreasing kinetic energy and trap them in
the valleys in the central zone. That is why a few atoms al-
ways occupy the sites at the center in Figs. 3(a)–3(c) when
µAB = 100. Moreover, a stronger µAB results in a longer dis-
tance d between the peaks at the initial stage of the splitting,
and two humps of the wavepacket will be widely separated.
This is because more interaction energy is translated into the
kinetic energy.

In the above discussion, we only consider the balance
mixture, that is to say, the atom numbers of each species
are the same. Below we further investigate the situation of
inbalance mixture with special focus on the impact on the

wavepacket splitting of the disorder-free species. We choose
three cases of the mixture with NA/NB = 1 : 3,1 : 1,3 : 1 and
fix the total atom number Ntot = 105. The final density profiles
of the component 𝐵 are shown in Fig. 4(a). It should be noted
that the renormalized envelopes differ from each other because
the doping ratio is different. It is quite clear that the separation
of the two humps is strengthened when more localized atoms
join in the mixture. Similar to the balanced mixture, we also
use similar physical parameters to quantitatively analyze the
behavior of mobile species (see Figs. 4(b)–4(d)). The peak-to-
peak distance abruptly increases from zero to a certain value at
about 100 ms, which indicates the beginning of the splitting.
Subsequently the distance keeps the tendency of linear growth
no matter how many of the atoms 𝐴 are mixed. And our cal-
culation finds positive correlations between the slope of the
peak-to-peak distance and the number of the localized species,
which is consistent with the COM’s evolution in Fig. 4(d). In
addition, average positive momentum tends to a constant after
the appearance of the localization, although the final values of
p̄B is different. As is well known, once the trap is turned off,
the velocity of escaped atoms is determined by the interaction
energy when they are trapped. Assuming that the atoms 𝐴 are
almost static and trapped in the center zone, one can realize
that the inter-species interaction strengths and the number of
the localized species have a significant contribution to the to-
tal interaction energy of the flying atoms. Since aAB is fixed,
the number of the species 𝐴 is only related to the potential en-
ergy before the complete separation between two species. As
a consequence, after the localization of the species 𝐴 at about
100 ms, the flying atoms are repelled by the localized atoms
and the inter-species interaction energy subject to the atoms
𝐵 will translate to the kinetic energy. For a mixture with
more atoms of the species 𝐴, the mobile atoms are pushed
more heavily along to the propagation direction and will reach
a larger value of aAB. Once most of the flying atoms leave
the zone occupied by the localized atoms, the inter-species in-
teraction energy has little influence on their movement, the
mobile species will probably fly at a constant velocity. This
explains well the linear growth of d and zc and different final
values of these parameters.

In summary, we have described the transport of a binary
BEC in an incommensurate optical lattice, and predicted the
novel splitting of the disorder-free species with two separated
dumps. We attribute the separation to the inter-species scatter-
ing between the atoms of both species and the external incom-
mensurate optical lattice. The behavior of the bBEC has been
also analyzed in detail and relevant parameters are calculated,
such as peak-to-peak distance, central fraction, and so on. We
hope that this work may provide new insights on the dynamics
of multi-component disordered quantum gases.
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