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Quantum correlation of a three-particle 𝑊 -class state under
quantum decoherence∗
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We investigate the quantum characteristics of a three-particle W -class state and reveal the relationship between quan-
tum discord and quantum entanglement under decoherence. We can also identify the state for which discord takes a maximal
value for a given decoherence factor, and present a strong bound on quantum entanglement–quantum discord. In contrast,
a striking result will be obtained that the quantum discord is not always stronger than the entanglement of formation in the
case of decoherence. Furthermore, we also theoretically study the variation trend of the monogamy of quantum correla-
tions for the three-particle W -class state under the phase flip channel, and find that the three-particle W -class state could
transform from polygamous into monogamous, owing to the decoherence.
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1. Introduction
As is well known, quantum entanglement (QE), found at

the beginning of the 20th century, has already been recognized
as the principal feature of quantum mechanics, which is uti-
lized as a crucial resource for communication and computa-
tion. QE is one of the most intriguing aspects of quantum
mechanics, and has entered into the limelight of quantum in-
formation theoretical research[1] with the advent of quantum
computing. The origin of quantum correlation research or,
more precisely, the study of quantum entanglement can date
back to the literature[2] published in 1935, and nowadays there
is no doubt that quantum correlations in quantum states due
to entanglement are necessary in the quantum computation to
provide exponential speedups over its classical counterpart.[3]

However, recently, it has been found that many tasks, e.g.,
quantum nonlocality without quantum entanglement,[4–6] can
be carried out with quantum correlations other than entangle-
ment. To be able to study the quantum correlations in a sys-
tem, it is important to quantify them. Unlike quantum entan-
glement, quantum correlations can be created via local opera-
tions and classical communication (LOCC), however this does
not exist in the classical setting. One method suitable for a
pure state[7,8] involves calculating the entropy of the reduced
density matrix of the system, which is also known as the en-
tanglement of formation (EOF). To some extent, quantum
entanglement for a mixed state is defined to be equal to the
weighted sum of the mixed state, which is minimized over
all decompositions.[9–11] In fact, almost all quantum states
possess nonclassical correlations.[12] It is, therefore, not sur-

prising that for some systems as they reach a certain level
of mixture, quantum entanglement is completely lost, a phe-
nomenon which in the study of state dynamics is commonly
known as entanglement sudden death (ESD).[13] Recently,
many authors have proposed a variety of computable measures
to characterize quantum correlations in the composite state:
quantum discord (QD),[14,15] geometric discord (GD),[16–18]

measurement-induced disturbance (MID),[19] measurement-
induced non-locality (MIN),[20] ameliorated MID,[21] etc.
One of the major reasons for the aroused interest[22–34] in this
novel correlation is that as shown in Ref. [35], even when en-
tanglement is zero in a system, quantum discord can still be
finite. This leads to the hope that by using quantum discord
instead of quantum entanglement as a resource, in the fields
of quantum information processing, more abundant research
content may be found and more efficient computations may
be made. In Ref. [34], quantum discord was characterized
in the deterministic quantum computation with 1 bit (DQC1)
model[14] for experimental verifications of its power, which
was demonstrated in Ref. [33]. For an important family of
two-qubit states, the so-called X states,[35] an algorithm has
been proposed to calculate their quantum discord, with min-
imization taken over only a few simple cases.[25] The quan-
tum discord is always non-negative.[14] As a result, much
more new discussion on quantum-correlation can be found in
Refs. [35]–[42].

As is well known, an entangled quantum system is in-
evitably immersed in an environment and interacts with it in
some way, which usually degrades the entanglement of the
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system.[43] Furthermore, “quantumness” is very fragile and its
survival over long distance and time is subtly interconnected to
the amount of noise coupling into the quantum system through
its unavoidable interaction with the classical environment. In
this paper, we look for the relationship between quantum dis-
cord and quantum entanglement to investigate the connection
between these quantities exposed to the case of decoherence.
We focus on the study of a three-particle W -class state using
general density matrices representing tripartite systems under
the phase flip channel. Since there is no analytic expression
for quantum discord for the three-particle W -class state, the
heart of the work is numeric in nature, involving optimization
over all possible measurements that can be performed on one
of the subsystems under study. Our numerical work facilitates
the principal results presented here: the analytic form of the
state under decoherence for which the discord takes extreme
values. As will be shown, one can place definite boundaries
on the relationships between quantum entanglement and quan-
tum discord. As we all know, in a multipartite system, shar-
ing quantum entanglement among several parities is restricted
by the monogamy of quantum entanglement. As a result, in
contrast to the monogamy of the quantum correlations in the
ideal channel we take over the conception of monogamy to
the three-particle W -class state under the decoherence envi-
ronment. Such a result is very different from the one obtained
through that without decoherence situation.

2. Quantum discord and quantum entanglement
for a two-level bipartite system
Consider a bipartite system, which is composed of sub-

systems A and B, both of which are two-level quantum sys-
tems. Let ρAB denote the density operator of the composite
bipartite system, and ρA(B) = TrB(A)(ρ

AB) denote the reduced
density operator of the partition A(B). The quantum mutual
information is defined as

I(ρAB) = S(ρA)−S(ρA ∣∣ρB ), (1)

where S(ρ) =−Tr(ρ log2 ρ) is the Von Neumann entropy and

S
(
ρ

A ∣∣ρB )= S
(
ρ

AB)−S
(
ρ

B) (2)

is the entropy of A conditional on B. For instance, S(ρA) =

−Tr(ρA log2 ρA) is the Von Neumann entropy for A.
It is shown that quantum mutual information is the

information-theoretic measure of the total correlation in a bi-
partite quantum state. In order to determine quantum discord,
Ollivier and Zurek used a measurement-based conditional den-
sity operator to generalize the classical mutual information. If
a complete set of Von Neumann measurements

{
Π A

k

}
is per-

formed on subsystem A, an alternative version of quantum mu-
tual information conditional on this measurement yields

I(ρ
∣∣{Π

A
k
}
) = S(ρB)−S(ρ

∣∣{Π
A
k
}
)

= S(ρB)−∑
k

PkS(ρB
k ), (3)

with Pk = Tr(ρABΠ A
k ) and ρB

k = TrA(Π
A
k ρABΠ A

k )/Pk. In or-
der to eliminate the dependence on specific measurement, one
takes the optimization procedure to obtain

J(ρ) = max
{ΠA

k }
I(ρ
∣∣{Π

A
k
}
). (4)

The discrepancy between the original quantum mutual infor-
mation I and the measurement-induced quantum mutual infor-
mation J is defined as quantum discord

DA(ρ) = I(ρ)− J(ρ) = S(ρA)−S(ρAB)

+ min
{ΠA

k }
∑
k

PkS(ρB
k ). (5)

The EOF is a measure of quantum entanglement. For
a given density matrix ρ , the EOF is given in terms of
concurrence[44] by Wootters. In this case, it can be calculated
as

E(ρ) = H
(

1+
√

1−C2(ρ)

2

)
, (6)

and the concurrence is given by

C(ρ) = max
{

0,
√

λ1−
√

λ2−
√

λ3−
√

λ4

}
, (7)

where λi are the eigenvalues, in decreasing order, of the matrix
ρρ̃ . The ρ̃ is the time-reversed density operator

ρ̃ = (σy⊗σy)ρ
∗(σy⊗σy), (8)

where σy is the Pauli matrix.

3. Quantum correlations of a three-particle W -
class state under decoherence
Suppose that a tripartite system |W 〉123 shared among

three parties referred to as Alice, Bob, and Charlie, the state
can be given by

|W 〉123 =
1√
3
(α |001〉+β |010〉+ γ |100〉) , (9)

where α , β , γ > 0, and they satisfy the uniformization α2 +

β 2+γ2 = 3. Tracing over Charlie’s system yields the bipartite
state

ρ
12 = Tr3

(
|W 〉123 〈W |

)
, (10)

shared by Alice and Bob.
Then Eq. (9) can be equivalently characterized by

ρ
123 =

1
3



0 0 0 0
0 α2 αβ 0
0 αβ β 2 0
0 0 0 0

0 0 0 0
αγ 0 0 0
βγ 0 0 0
0 0 0 0

0 αγ βγ 0
0 0 0 0
0 0 0 0
0 0 0 0

γ2 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


. (11)
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Here, we take the scenario of three qubits under a local
phase flip channel,[14,45] and in the operator-sum representa-
tion the evolved state of such a system under decoherence can
be written as[46]

ε(ρAB) = ∑
i, j,k

Γ
(A)

i Γ
(B)
j Γ

(C)
k ρABΓ

(C)
k +Γ

(B)+
j Γ

(A)+
i , (12)

where Γ
(K)

i (K = A,B,C) are Kraus operators of describing
the phase flip channel A, B, and C. For this channel, the Kraus
operators can be represented as

Γ
(A)

1 =
√

PAI⊗ IB⊗ IC,

Γ
(A)

2 =
√

1−PAσz⊗ IB⊗ IC,

Γ
(B)

1 = IA⊗
√

PBI⊗ IC,

Γ
(B)

2 = IA⊗
√

1−PBσz⊗ IC,

Γ
(C)

1 = IA⊗ IB⊗
√

PCI,

Γ
(C)

2 = IA⊗ IB⊗
√

1−PCσz, (13)

in which IA(IB, IC) is the identity matrix of one-qubit Hilbert
space, and σz is the Pauli matrix. In addition, we adopt

PA = PB = PC = P = 1− exp(−κt)

and PA(B) (0 ≤ PA(B,C) ≤ 1) as parametrized time in channel
A(B,C), where κ is the decay rate.[47]

Considering the dynamical evolution of the system under
the decoherence channel, the density matrix ρ123 under multi-
mode noise channel evolves into

ε
(
ρ

123)= 1
3



0 0 0 0
0 α2 αβ (2p−1)2 0
0 αβ (2p−1)2

β 2 0
0 0 0 0

0 0 0 0
αγ (2p−1)2 0 0 0
βγ (2p−1)2 0 0 0

0 0 0 0
0 αγ (2p−1)2

βγ (2p−1)2 0
0 0 0 0
0 0 0 0
0 0 0 0

γ2 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


. (14)

As it is the same as other quantum discords between any two qubits, we just take the D
(
ε
(
ρ12
))

as an example. So the quantum
discord between two qubits (Here, we take the qubit 1 and qubit 2 for example.) under phase flip channel can be written as

D
(
ε
(
ρ

12)) = −1
3
(
α

2 + γ
2) log2

1
3
(
α

2 + γ
2)− 1

3
β

2 log2
1
3

β
2− 1

3
α

2 log2
α2

α2 + γ2 −
1
3

γ
2 log2

γ2

α2 + γ2 +
1
3

α
2 log2

1
3

α
2

+
1
2

1
3
(
β

2 + γ
2)−

√(
1
3

β 2 +
1
3

γ2

)2

− 4
9

β 2γ2
[
1− (2p−1)4

]
× log2

1
2

1
3
(
β

2 + γ
2)−

√(
1
3

β 2 +
1
3

γ2

)2

− 4
9

β 2γ2
[
1− (2p−1)4

]
+

1
2

1
3
(
β

2 + γ
2)+

√(
1
3

β 2 +
1
3

γ2

)2

− 4
9

β 2γ2
[
1− (2p−1)4

]
× log2

1
2

1
3
(
β

2 + γ
2)+

√(
1
3

β 2 +
1
3

γ2

)2

− 4
9

β 2γ2
[
1− (2p−1)4

] , (15)

where α2 +β 2 + γ2 = 3 and p ∈ (0,1).
The discord is a function of coefficient α , β , γ , and p. For

a number of random states, we note that when α , β , γ each
have a determined value, the quantum discord decreases as
p ∈ (0,0.5) increases. To one’s surprise, with the existence of
the decoherence, the quantum discord vanishes suddenly. With
a number of states chosen, more surprisingly, the quantum

discord could re-emerge and further increase as p ∈ (0.5,1)
increases. In brief, the quantum discord first decreases as p
increases from 0 to 0.5, and then increases with p increasing
from 0.5 to 1. The critical point for the quantum discord of
the three-particle W -class state under phase flip channel can
be obtained when p is 0.5. The quantum discords of three
random three-particle states are shown in Fig. 1.
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Fig. 1. (color online) Evolutions of the quantum discord versus p in
terms of different α , β , γ in the three-particle W -class state.

For the given density matrix ε(ρ123), the EOF(ε(ρ12)) is
given in terms of concurrence C(ε(ρ12)),

EOF
(
ε
(
ρ

12))
= −1

2

1+

√
1−
[

2
3

βγ (2p−1)2
]2


× log2
1
2

1+

√
1−
[

2
3

βγ (2p−1)2
]2


− 1
2

1−

√
1−
[

2
3

βγ (2p−1)2
]2


× log2
1
2

1−

√
1−
[

2
3

βγ (2p−1)2
]2
 , (16)

where β , γ ∈ (0,1) and P ∈ (0,1).
The EOF also depends on the relation of the coefficient

β , γ , and the parametrized p. The same as the quantum discord
is that the entanglement is sometimes completely lost with the
parametrized p, the phenomena in the study of state dynamic
are commonly known as entanglement sudden death (ESD).
After an abundant calculation during the generic W states, the
minimum of the EOF is obtained with p = 0.5. The detailed
information about the evolutions of EOF versus p for different
values of coefficients β and γ is shown in Fig. 2.

After our investigation on some three-particle W -class
states, the most distinct difference is that the quantum discord
is not always larger than the EOF for the three-particle W -
class state under the phase flip channel. As a contrast, in Fig. 3
we find that in an ideal environment, the quantum discord is
greater than or equal to the EOF invariably. The relation be-
tween quantum discord and EOF under decoherence is shown
in Fig. 4.

In short, and not investigated in the past, the quantum
discord that we find is not always larger than the EOF un-
der the decoherence environment. Here, we have to state that
sometimes the quantum discord disappears abruptly and the
entanglement suddenly dies in the decoherence channel, and
one could easily find in Figs. 1 and 2 as the decoherence fac-
tor p increases. As the quantum correlations are fundamen-
tal resource for the quantum communication protocols and the

quantum computation tasks, how to quantify the quantum cor-
relations in the ideal or decoherence environment and how to
well use them play an important role in the development of
quantum information science.
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Fig. 2. (color online) Evolutions of EOF versus p for values of different
values of α , β , and γ .
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Fig. 3. (color online) Plot of ∆ versus θ and φ , where
∆ is the difference between the quantum discord and the
EOF

(
∆ = D

(
ε
(
ρ12))−EOF

(
ε
(
ρ12))) under the perfect

environment. To see the relation between the D
(
ε
(
ρ12))

and EOF
(
ε
(
ρ12)) during as many generic states as possi-

ble, we set that α/
√

3 = cosθ , β/
√

3 = sinθ sinφ , γ/
√

3 =

sinθ cosφ , and the θ ∈ (0,π/2) ,φ ∈ (0,2π). Here, one could
easily obtain that the quantum discord could not be less than
the EOF .
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Fig. 4. (color online) Relations between quantum discord (red line) and
EOF (green line) for three random three-particle W -class states with
different values of p.

4. Monogamy of quantum correlations for the
three-particle WWW -class state under decoher-
ence
In order to use quantum correlations as a resource, we are

faced with the problem of their distribution through a multipar-
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tite state. In a multipartite setting, an important property for
quantum entanglement is monogamy. The monogamy means
that in multiparty quantum states, if two subsystems are highly
entangled, then they would not share a substantial amount
of quantum entanglement with other subsystems.[48–55] Due
to the interest aroused by the monogamy of quantum entan-
glement, several quantum phenomena have been discovered
that the generalized Greenberger–Horne–Zeilinger (GHZ)
states[56] always meet the monogamy of quantum discord,
while the generalized W states[57] always infringe it. Here
we give a multipartite state ρ12···n shared among N parties,
the monogamy condition in the multipartite state could be ex-
pressed as the following inequality

D(ρ12)+D(ρ13)+ · · ·+D(ρ1n)≤ D(ρ1:23···n) . (17)

Here ρ12 = tr34···n ρ12···n. On the right-hand side of the above
inequality, the quantity D(ρ1:23···n) is the same quantum corre-
lation measures as those obtained in the bipartition 1 : 23 · · ·n
of the N parties.

Besides the above work, particularly, we want to inves-
tigate whether the monogamy inequality for the three-particle
W -class class state will be satisfied. For the tripartite system
|W 〉123, the monogamy inequality is

D
(
ρ

12)+D
(
ρ

13)≤ D
(
ρ

1:23) . (18)

As is well known, generalized W states under the ideal
channel do not follow the monogamy. Interestingly, we
find that the quantum discord of the three-particle W -class
states under the phase flip channel could invariably satisfy the
monogamy. In order to illustrate it in more detail, we calcu-
late a crowd of ecumenical W -class states and choose some
random states in Fig. 5.

0.2 0.4 0.6 0.8 1.0

p

-1.0

-0.5

0.5

1.0

δ
M

Fig. 5. (color online) Monogamy of quantum discord for the three-particle
W -class state. Here δM

(
ρ
(
W 123)) = D

(
ρ12)+D

(
ρ13)−D

(
ρ1:23). For

sets of {αW ,βW ,γW }, we obtained that quantum discord of the three-qubit
W -class states obeys the monogamy for cases of phase flip. Different curves
illustrate the monogamy of quantum discord for the various W states deter-
mined by the disparate α , β , γ versus p.

Monogamy is an intrinsic property for quantum discord,
and we have described the monogamy of the quantum discord
for a three-particle W -class state under the decoherence envi-
ronment. The monogamy shows that in the tripartite W -class
states, if two subsystems are highly associated, then they can-
not share a substantial amount of quantum correlation with the
other subsystem freely considering the effect of environment.

5. Conclusions
In this paper, we study the various quantum correlations

for three-particle W -class states, given by the entanglement of
formation and QD, between arbitrary two atoms. We find an
interesting phenomenon between the QD and the EOF under
the decoherence, given by two atoms, and also find that the
QD is not always larger than the entanglement and the phe-
nomenon may affect the use of the quantum correlations. In
our analysis, the critical point appearing wherein the quantum
correlations of two atoms is at a maximum under the phase flip
channel. For the three-particle W -class states, we also find that
when only atom 1 is in the decoherence channel, D

(
ρ12
)

and
D
(
ρ13
)

are affected by the decoherence parameter p, and the
D
(
ρ23
)

is impervious. It is similar to atom 2 and atom 3. If
atom 1 and atom 2 are both in the phase flip channel, the influ-
ence on the D

(
ρ12
)

outweighs the D
(
ρ13
)

and D
(
ρ23
)
. The

D
(
ρ12
)
, D
(
ρ13
)
, and D

(
ρ23
)

have the same influence by the
decoherence with considering all the three atoms to be in the
decoherence environment. On the other hand, we show that
the critical coefficient can be one that makes the loss of entan-
glement in the Werner state. Monogamy as an important as-
pect of quantum entanglement means that this “invaluable” re-
source could not be freely sharable. Inspired by this, we study
the monogamy of the W -class states in the phase flip channel,
which always satisfies the monogamy. One of the major obsta-
cles to building an efficient quantum computer is the presence
of errors introduced by the environment. In short, we know
more characteristics about the different quantum correlations,
and we could use them better. We hope and will make sure
that more and more work associated with this will be done in
the future.
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