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On certain new exact solutions of the Einstein equations for
axisymmetric rotating fields
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We investigate the Einstein field equations corresponding to the Weyl-Lewis—Papapetrou form for an axisymmetric
rotating field by using the classical symmetry method. Using the invariance group properties of the governing system
of partial differential equations (PDEs) and admitting a Lie group of point transformations with commuting infinitesimal
generators, we obtain exact solutions to the system of PDEs describing the Einstein field equations. Some appropriate
canonical variables are characterized that transform the equations at hand to an equivalent system of ordinary differential
equations and some physically important analytic solutions of field equations are constructed. Also, the class of axially

symmetric solutions of Einstein field equations including the Papapetrou solution as a particular case has been found.
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1. Introduction

From the beginning of the theory of general relativity,
there has been a sustained search for new exact solutions to
Einstein’s equations. The exact solutions to Einstein’s field
equations play very important roles in the discussion of phys-
ical problems. The literature abounds with the many different
techniques that have been invoked in an effort to obtain new
exact solutions to Einstein’s field equations.!!

Here, we consider the Weyl-Lewis—Papapetrou form for

an axisymmetric rotating field as
ds? = fdr® —2kdgdr — [d@> —exp(u)(dp® +dz2), (1)

where f,k,l
nates P, z, and ¢ corresponds to cylinderical polar coordinates.

, and u are all functions of p and z and the coordi-

The external gravitational field is described by the symmetric
Ricci tensor R,y which obeys the exterior Einstein vacuum
equations

Ryy =0. )

We label the coordinates as before: (x°,x!,x%,x3) = (t,p,2,0).
Three of Eq. (2) can be written as follows:

D™ 'Roo = (D" fp)p + (D7 £2):
+D 7 f(folp + filo+ kg + k) =0,
“'Ros = (D7 'kp)p + (D7)
+D*3k(fplp +le +hy+k2) =0,
—2exp(u)D™ 'Ry = (D7'p)p +(D7'L,);
+D 7 U(fplp + il + ko +K2) =

2exp(u)

—2exp(u)D

0, 3

where D = fI1+k?.
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From Eq. (3) one gets the following equation
D '(IRyo — 2kRo3 — fR33)

Thus the function D satisfies the two-dimensional Laplace

exp(U) =Dpp+D;=0. 4

equation in the variables p and z. It follows that D can be
considered as the real part of an analytic function X(p +1z) of
(p +1z). Let E be the imaginary part of X(p +1z), that is,

Z(p+1z) =D(p,2) +1E(p,z). Q)
The Cauchy-Riemann equations imply
Dp = EZ? DZ == 7Ep. (6)

Consider now the transformation from (p, z) to (p,Zz) given by

p=D(p,z), Z=E(p,2). )
Because of Eq. (6) we have
(dp)*+(dz2)* = (D} +D?)(dp*+ d2?). )

Equation (8) shows that the form of the metric (1) is unaltered
by the transformation (7), since we can define a new function
[l given by

exp(it) = expi(Dp* +Ep’) . ©)

We can assume that all the functions f,k,/, i have been ex-
pressed in terms of the variables (p,Z) obtained by substituting
for (p,z) after solving for the latter from Eq. (7). Having ex-
pressed all functions in terms of (p,Z), we can drop the bars so
that because of Eq. (7) we are left with the following algebraic
relation in f,k, and [ as

D? = fl+k* =p?. (10)
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The above procedure was first used by Weyl (1917) for the ax-
ially symmetric static metric (with kK = 0) and generalized to
the present case by Lewis (1932). We drop the bar from f; as
well, so that the rest of the nontrivial Einstein equations (with
the use of Eq. (10)) can be written as follows:

2Ry = —Mpp — Mz +P o +p (folp +k’2)) =0,
_ 1 _
2Rz = p et 5P (fple+ filp + 2kphs) =0,
2Ry = —fhpp —Mzz— P Hp+p A(fil: k) =0. (11)

Because of Eq. (10), only two of Eq. (11) are independent. It
is more convenient to use the function u and v instead of f and
k respectively defined by u = f~! and v = f~'k. By eliminat-
ing [ and k from Eq. (3), the Einstein field equations reduce to
the following system of equations

2, .2

u vy +v
u(upp +uzz+5p) —up — 1l — (szz) =0, (12)
u(vpp + v — VFP) —2upvp —2uzv, =0, (13)

Loz, aw

1
u2wp:uup+§p(u§—uf)—$ b —Vz

1
uzwz:uuz—i—pupuz—gvpvz. (15)

So, we have four equations (12)—(15) for the determination of
three unknowns u, v, and w. Thus, we solve Egs. (12) and (13)
for u and v and w can be obtained trivially from Egs. (14) and
(15), once u and v are known.

Symmetries in general relativity have been the subject of
much study in recent years, partly because of the consider-
able simplification of Einstein’s equations resulting from the
assumption of one or more symmetries, partly because of the
interest in the geometric significance of the symmetries, which
are described by vector fields of certain geometrical objects
on the manifold, and partly because of the possible physical
significance of the existence of these symmetries. We will ex-
amine the symmetries of Einstein equations (12) and (13) by
using the Lie classical method!>>! and explore the reduction
by using symmetries.

The detailed plan of the paper is as follows: Section 2 is
devoted to generating various symmetries of the Einstein equa-
tion by the Lie classical method and an optimal system com-
prising basic vector fields is identified. Section 3 contains the
reduced ordinary differential equations (ODEs) and their ex-
act solutions. In Section 4, the extension of Papapetrou class
of solutions is obtained. Some conclusions are drawn in Sec-
tion 5.

2. Symmetry analysis

In this section, we will perform Lie group method for

Egs. (12) and (13). For a detailed study of Lie group theory

the interested reader is referred to the well-known books. 2]

Once one has determined the symmetry group of a system
of differential equations, a number of applications become
available. Some important recent contributions for exact so-
lutions of partial differential equations with the help of the
well-known Lie classical method are presented in Refs. [6]-
[16].

Firstly, let us consider a one-parameter Lie group of in-
finitesimal transformation:

p*=p+e&(X,5)+0(e?),

& =z+e1(X,56) +0(£?),

' =G+¢0(X,0)+0(e?), (16)
where X = (p,z), 6 = (u,v), ¢ = (n,¢), which leaves

Egs. (12) and (13) invariant. The vector field associated with
the above group of transformations can be written as follows:

d d
V= é(pvzauav)%+f(pazvu,v)87z

0 d
+77(PaZ>M7V)$+¢(P717”7V)(7V- (17)

Here, we will obtain the symmetry groups of Egs. (12) and
(13) by using the Lie classical method. We obtained that the
symmetries under which the Eqgs. (12) and (13) are invariant
can be spanned by the following five linearly independent in-
finitesimal generators

B d RN R d _d
V1—2uv$+(v +p u )57 V2—M%+V$7 V3_$7
d d d d

It is easy to verify that V;, j = 1,2,3,4,5 is closed under the
Lie bracket.

We classify the symmetry algebra of system into conju-
gacy inequivalent subalgebra under the adjoint action of the
symmetry group. Based on the adjoint representations of the
vector fields, we obtain the optimal system!*! of Egs. (12) and
(13) as follows:

(i) Vs,

(ii) Vg,

(iii) V3 +AVy,

(iv) Vo+ uVy,

) Vi +aVs+ Vs, (19)

where A, i, a, and 8 are arbitrary constants.

3. Group-invariant solutions

One of the main purposes for calculating symmetries of
a differential equation is to use them for obtaining symme-
try reductions and finding exact solutions. In the next sec-
tion, we will obtain the vector fields and the optimal system of
Egs. (12) and (13). In this section, the primary focus is on the
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reductions associated with the vector fields (19) and attempt to
find some exact solutions.

Casel Vs

Corresponding to this vector field, the form of the simi-
larity variable and similarity solution is as follows:

E=p, ulp,z) =F(E), v(p,z) = G(E).

On using these in Egs. (12) and (13), the following system of
reduced ODE:s is obtained

(F +I;)F F’Z—CZI;—O,
(G”— ?)F—2F’G’ —0. (20)

The solution of the reduced system of ODEs (20) are obtained
and and reverting back to the original variables, the solution of
system equations (12) and (13) is deduced as:

u<p7z) :pC1627 V(Paz) =3, (21)
and
2
c
u(p,z) ==+ ! )
Ino —
_Cﬂﬁp(umh(yfgzﬁgeggeg))
v/ 1 V/
€23 —&-tanh(c4 ZC]CZ — n(p)2 Clcz)m
V(p,Z) |: e :|7
(22)

where ¢y, ¢, ¢3, and ¢4 are arbitrary constants.

By making substitutions of these expressions (21) and
(22) for u(p,z) and v(p,z) in Egs. (14) and (15) and solving
for w(p,z), we get

1
w(p,2) = 5¢iin(p) +eiln(p) +es,

and ! 1o
w(p,z) = 3 In(p) + K In(p) + ce,
where c¢s and c¢ are arbitrary constants.
Case2 V,

For this vector field, the form of the similarity variable
and similarity solution are as follows:

¢=2, up="5), 6(0)

Corresponding to these similarity variables, the reduced sys-

v(p,z) -

tem of ODEs are as follows:

[F”(1+C2)+F’<é

C(~F'C—F)? G’2<€2+1) 0,

+4C) +2F]F—F’2

[@"(1+¢?) +G’<—z +2¢)|F-2F'G

+2(G/(~F'¢ —F)=0. (23)

We can obtain the solution of the system (23) and, further by
back substitution to original variables, the exact solution of

Egs. (12) and (13) is given by
+er1 (&%4
y V(p,Z) =c1+ ;
Vpr+z? Vpr+z2

where ¢ and ¢ are arbitrary constants.

u(p,z) = (24)

Using the above expressions for u(p,z) and v(p,z) in
Egs. (14) and (15) and solving, we get

1
—EIH(P2+12)+C3>

where c3 is an arbitrary constant.

Case3 V3 + AV,

w(p,z) =

For this vector field, the similarity variable and the form

of the similarity solution are as follows:

¢=2, up.)="5 o= 10 +6(0)

On using these in Eqs. (12) and (13), the system of reduced
ODEs is given by
" 2 ! 1 ”
(F (1+¢ )—I—F(Z—|—4C)+2F)F—F
G/Z 1 \2
Sy A R A _
(F¢—F) ( GUC) 0,
(G”(1+Cz)+6/(——+2§ fI)F—ZF’G’

1
—2(—§G’+I)(—F'§—F) 0. 25)
After solving this system of ODEs (25), we obtain the solution
of Egs. (12) and (13) as follows:

S )
Jz) )
NP2 ’

C1Z

1
v(p,z) = IIH(P) - W
z
+———— arctanh | ———
) 2+Z arctan ( s

where ¢ and ¢, are arbitrary constants.

+1 (arctanh(

u(p,z) =

J+e o)

w(p,z) is given by:
(P2 +22> (mctanh(ﬁ) - Cll)

+ / { —(p*+7%) ( - arctanh(ﬁ) + CM)

X / {2\/;)274—12p2z(arctanh<\/p§7+zz))2

—p? (41\/[)27+zzcll+z2+p2)arctanh(\/p§7+zz>

2)W+pZC1l(P2+ZZ)]

)+c1/l> - (p2+2%) " dz

Consequently,

(odz—zarctanh( )+ p? Jrzz) dz

W(p,Z):

+2((2e?A* +1)p* +2

X (— arctanh (

Z
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+arctanh(ﬁ)p2+ \/ P2+ —pzcll}

izz)—Fcll)zdp

x (p2+22) "' ( — arctanh
(0*+2)( (p+

+c3,
where c3 is an arbitrary constant.
Cased Vo +uvy

The similarity variable and the form of similarity solution
are as follows:
p -
§=7 ulp:2) = F(Q) WM, v(p,z) = 2'HG(E).

The reduced ODE:s in this case is as follows:

{F”(l +C2)+F’[% +2¢ - 2&_:(1‘1—“)] +rd ;2”)2
)
(o) =0

[G”(l +C2)+G’<—%+2 —~ 25) +G(% - %)}F

ot + O (e Y g -
2( §G+u)( FErF— ) 2F'G' =0, (27)
For u =1, we get final solution of Egs. (12) and (13) as

u(p,z) =c arctan( >+cz,

_
[—p2— 22
v(p,z) = c1y/p?+2%, (28)

where c¢; and c; are arbitrary constants.

Making substitutions of these expressions for u(p,z) and

v(p,z) in Egs. (14) and (15) and solving for w(p,z), we get

ﬁ)q +C2} +c3,

where c3 is an arbitrary constant.
Case5 Vi+aV3+ BV,
Corresponding to this case, the following form of the sim-

w(p,z) =In [arctan(

ilarity variable and similarity solution is found
v(p,z) 1
, v(p,2) == :
Z1n(p) + In(G({))

Substituting these in Egs. (12) and (13), the reduced ODE is
given by

u(p,z):i

—G"GL+(G? -G G-GG"3—20°G'G+G*E*=0. (29)

Solving Eq. (29) and reverting back to the original variables,
we thus get the following exact solution of the Eqgs. (12) and
(13)

u(P Z) - — p 1 anh 2
) 2111( ) ) |
<7 C) —C1 arct. (p7+2>>
L(F ’ Z) = _7 2111(13) c)—C1 aICtanh(izZ) | ( )
+ 2 p2 +
and

—1
w(p,z) = —-In(p) +cs,

where ¢y, ¢, and c¢3 are arbitrary constants.
Also, by using the transformation v(p,z) = +pu(p,z), in
Egs. (12) and (13), we get

u(up,,—%”wzz) —ud - =0, (31)

Thus, the solution to Eqs. (12) and (13) is finally given by

ks (—J1(v/=ksp)Yo(v/=ksp) +Jo(v/=ksp)Y1(v/=ksp))

P2 = o (VRsP) — ke Yo(v/—Fop)) (ks sin(Fsz) — ks cos( )
—tksp (=11 (vV=Fsp) Yo(v/—=ksp) +Jo(v—Fsp) Y1 (vV—k5p))

v(p,z) == . ; (32)
( ) (kllo(\/—k5p)—ng()(\/—ik\sp))(/Q 51n(\/k5z)—k4cos(\/k5z))
where ki, ky, k3, k4, and ks are arbitrary constants. ‘as
Using Egs. (14) and (15), corresponding to these expres- v(p,z) =kpop, (34)
sions of u(p,z) and v(p,z), we obtain
| where k is a constant.
w(p,z) = ~3 In(p) + ks, By using Eq. (34), equation (33) can be written as
where kg is an arbitrary constant. Oppp + Opzz + (p_1 Gp)p =0. (35)
Integrating Eq. (35), we get
4. Extension of Papapetrou class of solutions oy
Opp + 0. + ? = 0(2). 36)

Following to the approach given in Ref. [17], one can se-

lect the function v(p,z) satisfying the equation Therefore, we introduced an arbitrary function 6 = 6(z). In

the case of 6(z) = 0, equation (36) becomes a Laplace equa-

Yo
Vop + Ve = ; =0 (33) tion, which is similar to the expression given in Ref. [17].
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However, for 0(z) # 0, we have Poisson-like equation (36) for
the function 6. By using Eq. (34) for the v(p,z) and Eq. (33),

equation (13) becomes
_MP(GZZ_ 9) +uzc)-pz =0. (37)

From Egs. (36) and (37), the general solution for the metric
function u takes the following form

u=u(5), (38)

where 6 = 0, — [ 0(z)dz and ' = du/d&. Therefore, we can
rewrite the derivatives of the metric functions u in the follow-

ing ways

! /"2 ! !
Up = U Opg, Upp =U Op +U Oppz, U= (0z—0(2)),

Uz = M//(Gzz - G(Z))z + u/(o-zzz - G(Z)Z)' (39)
Using Egs. (39) and (36), we get
u
Upp + gz + FP = ”//(ng + (02 — 9)2)’
uy +uZ =u?(0y, + (0 — 0)?),
vp+v: = I2p* (0, + (0. — 6)%). (40)

Finally, after inserting the derived expressions into Eq. (12),
we obtain

uu//_MIZ_kZ :0’ (41)

which look like the extension of the Papapetrou class of solu-
tions

u(p,z) = ocosh (c&—/@(z)dz)

+ B sinh <GZ—/9(Z)dZ) ,

where the functions 6 and o satisfy Eq. (36) and k> = o — B2.
Here the parameters o and § have the same meaning as these

(42)

in the Papapetrou solutions. As a particular case, in the limit
0(z) = 0, the solutions (42) reduce to Papapetrou solutions.

In the case of the Papapetrou solutions in the Newtonian
limit, that is, at large arguments r = \/p2+z2 — oo, the
asymptotics look like

u(p,2) = a*1(1+%+0(f2)), (43)

and does not contain a term proportional to r~'. We expect
that in the general case when 6 # 0, it would be possible to
construct a solution, which gives flat asymptotics at infinity
for massive sources. As an example, one of the possible solu-
tions could be obtained in the following way. Assume that the
function 6(p,z) = f1(p)f2(z) could be taken as a product of
two functions f| and f>. Then from Eq. (36) one can get

fafipp +f1f2zz+%f1pf2= 0(z). (44)

Taking the solution for the function f, in the form f> = fo,, =
0(z), with 6(z) = Cy(exp(z) —exp(—z)), for the function fi,

we have the following equation

1
glppJFglJFEglp:O, (45)

where f1 = 1+ g1 and Cj is constant.
The last equation (45) is the Bessel one and f; = 1 +
Jo(p), where Jo(p) is the zero-rank Bessel function. Finally

o(p,z) = Co(1+Jo(p))(exp(z) —exp(=z)),  (46)

and hence

6 = Colo(p)(exp(z) +exp(—2)), @7

which takes the simple form & = 2CpJy(p) at the plane z = 0.
For the large arguments p — oo, the zero-rank Bessel func-
tion has the following asymptotic behavior

. 2 T
Jin o) = [ Z (o),

and consequently

Ol=0 = 2C0\/gcos (p — g) = \/Ecos (p — g) =x, (49)

where we put, for the simplification Cyp = /7/2 /2. Using
asymptotic properties of hyperbolic functions one could write

o) =1+ 35 (eos(o 7))+ g0 - 7))’

(43)

+0(p7?),
sinh(x) = P71/2 (Cos(p — g)) + ép*B/z (COS(p B g))3
+0(p7?). .

Substituting the obtained asymptotic expressions (50) in solu-
tion (42), we can write the asymptotics of function u(p,z), at
the plane z = 0 when p — oo, in the following form

ph_f)nm”k:o = {lJr%p_l +%p_1 sin(2p)
o) B o)
Lo eolo-5)) vow ]

We can see from the asymptotics (51) that in contrast to the
1

D

Papapetrou one (43) there is a term that is proportional to p~
and at the same time we have an asymptotically flat solution at
the z = 0 plane.

5. Concluding remarks

We analyze the underlying system of nonlinear partial dif-
ferential equations which arises in the study of Einstein field
equations corresponding to the Weyl-Lewis—Papapetrou form
for an axisymmetric rotating field. Our interest in this system
lies in discussing new solutions that can be found by means of
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Lie point symmetries. Firstly, the Lie classical method is uti-
lized for the purpose of obtaining the group infinitesimals. The
basic fields of the optimal system lead to reductions that are in-
equivalent with respect to the symmetry transformations. Sev-
eral new families of exact solutions are found explicitly. We
also obtained solution (42), which is an extension of the well-
known Papapetrou class of solutions, which can be applied
to the physical systems, presenting rotating bounded nonzero
masses. We have constructed the solution for the particular
function 0(z), which in some sense demonstrates the existence
of p~! term in asymptotics.
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