Chin. Phys. B Vol. 22, No. 10 (2013) 100202

Approximate derivative-dependent functional variable separation
for quasi-linear diffusion equations with a weak source*
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By using the approximate derivative-dependent functional variable separation approach, we study the quasi-linear
diffusion equations with a weak source u; = (A(u)uy)x + €B(u,uy). A complete classification of these perturbed equations
which admit approximate derivative-dependent functional separable solutions is listed. As a consequence, some approxi-
mate solutions to the resulting perturbed equations are constructed via examples.
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1. Introduction

It is well known that the symmetric method plays a sig-
nificant role in reducing and constructing exact solutions of
nonlinear partial differential equations (NPDEs).[!=%! Over the
past decades, there have been several methods proposed to
seek exact solutions of NPDEs, for example, the nonclas-
sical method, the generalized conditional symmetry (GCS)
method, the nonlocal symmetry method, the potential sym-
metry method,”-1% etc. Moreover, much progress has been
made in the study on variable separation for NPDEs. Some
scholars employed several methods to construct exact solu-
tions, such as the classical method, R matrices method, dif-
ferential geometry method, the ansatz-based method, the for-
mal variable separation approach, and the multi-linear vari-
able separation approach.!!'=1¢1 On the scope of the symmetry
group and the ansatz of the solution form, two types of ap-
proaches based on GCS were presented. They are respectively
the functional variable separation approach (FVSA) and the
derivative-dependent functional variable separation approach
(DDFVSA), and the latter is the extension of the former.!!7-1°]
Both methods are widely used to classify and solve exact so-
lutions for several wide classes of evolution equations.

Another vital fact, with the development of modern sci-
ence, technology, and engineering, the study of NPDEs with
perturbation is becoming more and more important. The nu-
merical and perturbation methods were used to deal with them
in the beginning.”?”! During the past decades, some approxi-
mate methods based on symmetry group theory and perturba-
tion theory were presented so as to seek approximate solutions
and to investigate the properties of perturbed equations, for
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instance, the approximate symmetry method, the approximate
conditional symmetry method, the approximate potential sym-
metry method, the approximate generalized conditional sym-
metry method (AGCS), and the approximate homotopy sym-
metry method. >1-30]

Recently, we defined a new concept of the approxi-
mate functional separable solutions (AFSSs), and presented
the approximate functional variable separation approach
(AFVSA) based on AGCS, which was applied to the porous
medium equation with a perturbed nonlinear source.*!! Mean-
while, the approximate derivative-dependent functional vari-
able separation approach (ADDFVSA) was established, and
was applied to the generalized diffusion equations with
perturbation.3?! In the present paper, we apply ADDFVSA
to the perturbed equations

U = (A(”)ux)x+63(”a ”x)v (D

where A(u) and B(u,u,) are respectively the diffusion coeffi-
cient and the source term. They are smooth functions of the
indicated variables, € is a small parameter.

In the case that Eq. (1) with e = 1 and B(u,u,) = B(u),
has a wide range of applications in combustion theory, plasma
physics, biology, chemical reactions, and mechanics of porous
media. A number of methods have been used to construct its
exact solutions and find its symmetry reductions.!’~1°!

The layout of the paper is organized as follows. In
Section 2, we present a complete classification to the quasi-
linear diffusion equations with weak source which admit ap-
proximate derivative-dependent functional separable solutions
(ADDFSSs). In Section 3, some ADDFSSs to the resulting
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perturbed equations are obtained by examples. Section 4 is

devoted to the conclusions and discussion.

2. Classification of Eq. (1) which admits the
ADDFSSs

Consider a k-th-order differential system [E], which is

perturbed up to the first order in the small parameter ¢, viz.

Eﬁ(x,u,u(l),...,u(k);e)
= Eg(x,u,u(]),...7u(k))+6E{3(x,u7u(]>,...,
u(k)):07 ﬁ:17"'7Qa (2)

1,2 2

where x = (x!,x%, ..., x"), u= (u',u 7...,u’"),Eiﬁ are smooth

functions in their arguments, € is a small parameter, u; (i =

1,...,k) is the collection of the i-th-order partial derivatives,
and
d L9 40
D1:ﬁ+ulm+uljm+, l—],.. ,n,
J

denotes the operator of the total derivative with respect to x'.
Let

d d
V:nﬂzn(x,t,u;e)ﬂ 3)

be an evolutionary vector field and 1 its characteristic.
Definition 1 The approximate solution u = u(x,;¢) of
Eq. (2) is said to be an ADDFSS if it satisfies Eq. (2) and the

ansatz

Sy ux) + €g(u, uy)
= Y(0) +9(1) +e(@(x) +6(1) +0(e), ©)
where f(u,u,) and g(u,u,) are smooth functions of u and u,,
and y(x), ¢(7), ®(x), and 6(z) are some functions of x and 7.
If f(u,uy) and g(u,uy) are independent of u, in Eq. (4),
the approximate solution is the following AFSS

() + eg(u) = y(x) +9 (1) +e(@(x) + (1)) + O(€%).

In particular, with regard to any perturbed (1+1)-dimen-
sional nonlinear evolution equations, we have a definition as
follows:

Definition 2 The evolutionary vector field (3) is said to
be an AGCS of the perturbed nonlinear evolution equation

uy = K(x,t,u;5¢€) 5)
if and only if
V) (u, — K (x,t,u3€)) [wy ey = O(€7), (6)

whenever i, = K(x,t,u;€), where V(*) denotes the k-th-order
prolongation to Eq. (3), K and n are differentiable functions

., [W] indicates the set of all differ-
ential consequences of 11 = O(e?) with respect to x, that is,
Din=0(?), j=0,1,2,..., and [E] denotes the solution man-
ifold of Eq. (5).

Considering to the results in Ref. [32], we have the fol-

of t, x, and u, uy, Uy, ..

lowing theorem.
Theorem 1 Equation (5) possesses an ADDFSS (4) if
and only if it admits the AGCS

d

= [((fuu + 6guu)ut + (fuux + Eguux)uxt) Ux
+ ((fruy + €Quuey )t + (frouy + €&uuy )t ) Ui

d
+(fux +€gttx)uxxt+ (fu+€gu)uxt] )

5

Now we apply the ADDFVS approach to deal with the
classification problem of Eq. (1) that admits AGCS Eq. (3).
By Definition 2 and Theorem 1, we know that the classifica-
tion of Eq. (1), which possesses the ADDFSSs, is equivalent
to obtaining the AGCS of Eq. (3) satisfying

V(= (A()r)x — eB(u, 1)) |winiey
= DM —n(A"i2 +A'uy +€B,)
— Dy 24Uy + €By,) — ADIN] | wie) ®)

where the prime denotes the corresponding order derivative
with respect to u.

Using expressions Din =0, i =0,1,2,..., and Eq. (1),
and excluding the higher order derivative of u in Eq. (8), we
obtain an expression of the independent derivative of u, which
is

Diniwne)
= E[(hluxx + h2)u)2¢xx + (h3u;x + h4u)2cx + hsuy + h6)uxxx
+ hyud 4 hgid, + hou?, + hottg, + b1
+ (h1ottex + hi3) iy,
+ (14wl + hisicg, + higee + h17) e
+ hlS”ix + /’l]guix + hzol/tjzcx + hotutyy + hoo

= 0(¢?), ©))
where
hi = hi(u,uy) = O(e), i=1,...,11,
hj = hj(u,u) = O(e%), j=12,...,22. (10
Since the decomposing expressions for ; (i = 1,...,22) are

very complicated, we omit them here.
By solving the over-determined system of differential

equations (10), we obtain the classification theorem as follows:
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Theorem 2 Suppose A(u) # 0 and B(u,u,) # constant,

the perturbed equation

uy = (A(u)uy)x + eB(u, uy)

admits the ADDFSS of Eq. (4) if and only if it is equivalent to

one of the following equations, up to the first order in e:

D
uy = (A(u)uy)x + €B(u,uy),
f(l/l,l/lx) :b, b#O,
g(u,uy) # constant;
2)
ur = (A(u)uy)x + €B(u, uy),
f(“’”x) :f(u)a
g(uaux) - F] (I/l),
3) ¢ 0,
uy = (A(u)uy)x + €B(u,uy),
f(uaux) = f(u)7
g(u,uy) = c1f (u) /A uy + F>(u);
4) acicp #0,
2H// o 2
U = AUyt € [a(cl (;) CSCZ)u)ZC
cic2
+ C4MX+C514—|—06},
flu,uy) = crux+ cou+c7,
1 ciH' (u
glu,uy) = =c3u’ + (1() +Cg) uy+ H(u);
2 )
5) cica #0,
= — 2% é Cﬂhqm+mﬁ+%07
u u 2 o
1 )
f(u,uy) = —1n (czu > + cq,
Cl Uy
cou? crc3U
g(u,ux):—cﬂn( 2 >+ 273 +cg;
Uy Uy
6) acy # 0,

1
U = AUy, + € <2H(u)u§ +C1ux+6‘2bt+6‘3> ,

) == 2 [ O | s

c4
1 u ceU +C7

5o [ HE)aE+

acy Ux

+ cgln(uy) + co;

g(u,ux) =

Y
12)
13)

(14)
15)
(16)

a7
(18)
19)

(20)
21

(22)

(23)

(24)

(25)

(26)

@7

(28)

7) acy #0,
H o 2
u,:auxx—ke{acl( () C4)ux+65ux+c6u—|—07,
cou—+c3
29
1
f(u7ux) = —?IH(MX+CZM+C3) +C8, (30)
1
“cy —H'(E) H (u)
uuy) = | ——Fdg+——""——
sl = [ Bag g
+ coln(uy + cou+c3) +c1o; (3D

where Fj(u), F>(u), f(u), and H(u) are arbitrary differen-

tiable functions of u, K'(u) = d
d’H(u)/du?, and a,b,c; (i €
their sets of definition when not

K(u)/du (K= f,H

), H" (u) =
N) are arbitrary constants in
specified, and i = v/—1.

3. Construction of ADDFSSs for the resulting

equations

By utilizing the ADDFVSA, we construct some ADDF-
SSs of the resulting equations via the following two examples.
Example 1 Since it is difficult to obtain ADDFSSs from

Egs. (14), (15), and (16) for general A(u),

Fi(u), we take
A(u) =a, f(u)

1
B(u,uy) = E(M—FC] )ui

Fl(u) = —

B(u,uy), f(u), and

=k ln(u) + ki,

+uy+u(esln(u) — ),

1 ky [u2 +3ciu+ (c? + 12aC4)u_1]

12
+ k3 ln(u) + kq,

a

then equation (14) enjoys the following ADDFSSs

- (<>+¢<>>

A

( +kz>() ))

+ 3c1exp (

[ 2(0(x) +6(1) -

kl))ﬂ%]

k3 (y(x) + (1)) — kaka + ki k3]

(Wx) +9() -
X exp ( i

where y(x), ¢(z),
(1) ad >0

At
7+k7a

o) =1
ak3 o (x) +

+ kafes(y(x)

1037Lt2 7Ll
6(1‘)—5 k +(k2+63k7
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+ [a (2k 0 (x) — k3 ¥/ (x)) + k%] v (x)
— kl) -‘rCzkz] —
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ak3 0" (x) + [a (2k2 0 (x) — k3y/'(x)) +k%] v (x)
+kales(w(x) —ki) +c2ko] — 41 =0,
_ 1037Lt2 4 (ll

= — ky |t+k
2 k%+c3 7) + K3,

6(1)

where a, A, A1, ¢, and k; (i=1,...,4,j=1,...,8) are arbi-
trary constants when not specified.
Similarly, we take

c coul
A(u) = —1, B(u,uy) = 2= +c3,
u Uy

S(w) =soIn(u)+s1, Fi(u) = s31n(u) + s4,

then equation (14) has the following ADDFSSs

u = exp (W(X)—HP(I)_SI) +s%[S2(w(x)+6(t))

52 5
—53(W(x) + (1)) — 5254 + 5153
X eXp (W(x) +:;(t) —4 ) )

where y(x), ¢(t), @(x), and O(r) satisfy
() = 5;1n [2; (tanhz <\W+6)) _ 1)] ,

26‘1S2
8(t) = sa1n ["‘(’t”] ,

)
5 [(c10"(x) +c3s2) W' (x) + czsﬂ e (51-¥())/52

— [(s20(x) — s3W(x) — 5254+ 5153) + ]y’ (x) = 0,
— ol p(r+s7)\ Hat +s2s5
9([) =53 |:1 <S% > 1] + —

sop(t+s7)’
where u, 1y, ¢i,and s; (i=1,...,4,j=1,...,8) are arbitrary
constants, and cjcasassi # 0.
Example 2 For simplicity, choosing H(u) = 0 in
Egs. (29), (30), and (31), we obtain the following two cases.
Casel ¢, #0

2
U = AUy, + € (_(lClC‘zﬂzlx +05ux+C6M+C7> , a#0, (32)
couU+c3
1
flu,u) = —C—ln(ux—i—c‘gu—i—q) ~+cg, c1 #0, (33)
1
caln(cou—+c
glutug) = SITE) et equtes) +enn: (34)

&)
Case 2 0220,037&0

acq C4u)26

u,zauxx+e<— +C5ux+C61/l+C7> , a#£0, (35)

1
f(”;”x) = 7?1n(ux+c3) +C87 Cl 7é 07 (36)
1
c
guyuy) = C—4u—|—09 In(uy +c3) +co. 37
3

By the ADDFVSA, some special ADDFSSs of Egs. (32)
and (35) are given.

When ¢3 = ¢4 = ¢7 =0 in Case 1, we get the following
ADDFSSs of Eq. (32)

u = explei(cs — 0(1)) — cax) / e V() dx | R(1)e "
N [cl exp(ci(cg — (1)) — cox)

X ( / w(x) ef2x—cl y(x) dx+cco / l[/(x) eC2x ¢l y(x) dx
+ (c1c90(1) + 6(1) — c1egco — c10)
X / eIV dx) —K(t) 6_62)‘] ,

where y(x), ¢(z), R(t), ®(x), 6(¢), and K(¢) satisfy
i) a#0

Cl(CllI/(X) +C2)602X*01‘I/(X) _ OC/ eczxfclq/(x) dx—i—ﬁ —0,

o) = @Dy,
R([) _ eac%t |:b2 . ﬁexp<_at ';Cl (CS — bl)):| ’

2 <ac1 o' (x) —acicyco — Cs) ecx—c1y(x)
+cre2B(creoy(x) + @(x))
— [erc2a(cicop(x) + o(x)) — cz(clcgc%a +cac5 —cg)

+y]/eczx—c1lll(x)dx+qc2a[/w(x)eczx—cllll(x)dx

Jrclcg/l//(x)ecz"_c”"(") dx]

—c1c2B(cregco +co+c10) +u =0,
14

0(t) = —— +bs,
Cc1C2
K(t) = By —cicaco(acs — a))exp(—at +ci(cs — b))
[6X04
By [ cabiB p
paleacs 66)>t+ <02a2 L
_ B(cacs —C6+61C9(ac%—b1c1a_a))>
o2

xexp(—at+ci(cg —by)) +b4} e,

i) =0
1 2acy 7
= 1 v d)  n =
v(x) o { n (eZCz(x—fh) ,B) —|—62x}, 0(r) oo +ds,
2
o(r)= _aat +dy, R(t) =B ecl(cs—sz)t+d3}eacg,’
C1
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o(x) =

1 BI 2acH 1
at-a) g\ P\ e —§ ) T idaa
X [(3aclc309 —cec2 —c5c3—y)In(B e —202(x—dy)

—1)e?20=d) _(acieocd +eres +csc3+ )

p2e2(—d) [ %2
6262(

x—dy) -B

+ ceCr — 6‘56‘% +7)x— aCIC%(4C1C8C9ﬁ + ¢y

> +2€2ﬁ(6‘1€9€%(l

+ 4C]0B —4dy 6262(X7d1)) + ﬁ(cz% + '}’)

+ C%(4au+csl3)} }

(1) = e [ﬁ e (3™ (acicoc3 — es3 + cacs — V)1
K =e
262

B ( 601(08*’12)(6162[5(6'109‘12+d5) _‘u)

2

+ds(cacs — CG)>t+d6:| ,

where o, B, 1, v, bj,and d; (i=1,...,4,j=1,...,6) are ar-

bitrary constants.
If ¢ = 0 in Case 2, the ADDFSSs to Eq. (35) are explic-
itly given by

u = ecl(cg_q’(’))/e‘ch(X)dx7C3x+R(t)

2cq(cg—
Jre{clc“el(gm/e—clll/(x)</e—flll/(x)dx) dx
3

e Kclc9(¢(t) —cs) = 0(1) +co+ C4R3( )>

x/e’c“”(x)dx—C4/xe*”“"(x)dx
- y(x }

—clcg/l//(x —av) gy — /(u
« ec1lcs— ¢())—|—K(I)},

where y(x), ¢(1), R(t), o(x), 0(t), and K(¢) satisfy

a) L#0

acie YOy (x) —l/e*"l V¥ dx4+p =0,

¢() E-ﬁ-kl, ():_pexp(—Mch(Cg—kl))

c3(acio (x) —acicy —cs)e VW 4eiesp(creoy(x)

+ OJ(X)+C4X)+C]C37L <clc9/w(x)eclw(x)dx

+ / —ayl d)c—i—C4/xe7"1 l"’(">d)c)
—cilesr(creoy(x) + 0(x) + cax) + V]
X / eVl gy — crezp(ciegeg +cg+cio) + =0,

+k27

1
9( ) L+k3,
_ creap?exp(2(—At+ci(cs — k1))
K(t) B 2632.2
c1p((c3cod + V)t — cakp) —
_|_
C3)~
ClP(C3C97L(Clk1 +1)+c3k3A+v)
c3A?
X exp(—lt—l—cl (Cg —kl))
- ((ZC1C3C4 “+asc3 — C7)l + k4.
b) A=0,p#0
1 a
v = it 00 =
_ vt
R(t) =pet ™) 453, 0(t) = — +5,
c3
a)(x)——cln[ a ]—i— ! [VXS
- p(x+s1) x+ 51 | 6acs

(c151V +c3¢5)x% C5S1 u
e e
2acics cia cie3p

+ c1c8¢9 +c451 + ClO>x —C9s1 + 54} ;

c1p(cap e2c1(cg—s2) _ vecl(csﬂz))ﬂ
2c3
+ (5 (c1peass + 1) — cIsapeo — c1pss)

w eC1(cg—s2)

K(t) =

—acjeqcs — c3cs +cq)t + 6,

where A, p, 4, v, ki, and s; (i=1,...,4,j=1,...,6) are ar-

bitrary constant.

4. Conclusion and discussion

In summary, by using the ADDFVSA, we have classi-
fied the quasi-linear diffusion equations with a weak source
which admit ADDFSSs. The ADDFSSs of some resulting
equations are derived. In general, these approximate results
Other
types of perturbed NPDEs will be investigated by means of

cannot be obtained by other approximate methods.

the ADDFVSA soon, and some new results will be presented.

There are still two interesting questions to be investigated
later:

(I) How can the ADDFVSA be applied to other types
of evolution equations, such as higher dimensional equations,
and the nonlinear system of equations with perturbation?

(IT) How can the ADDFVSA be extended so as to obtain

more accurate approximate solutions?
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