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Consensus protocol for heterogeneous multi-agent systems:
A Markov chain approach∗
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This paper deals with the consensus problem for heterogeneous multi-agent systems. Different from most existing
consensus protocols, we consider the consensus seeking of two types of agents, namely, active agents and passive agents.
The objective is to directly control the active agents such that the states of all the agents would achieve consensus. In order
to obtain a computational approach, we subtly introduce an appropriate Markov chain to cast the heterogeneous systems
into a unified framework. Such a framework is helpful for tackling the constraints from passive agents. Furthermore, a
sufficient and necessary condition is established to guarantee the consensus in heterogeneous multi-agent systems. Finally,
simulation results are provided to verify the theoretical analysis and the effectiveness of the proposed protocol.
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1. Introduction
The consensus problem for multi-agent systems concerns

how a team of agents can reach agreement on a common value
by negotiating with their neighbors.[1] It arises in civilian and
military applications including air traffic control, sensor net-
works, mobile robots, social networks, and so on. Recently, it
has received considerable research interest from different ar-
eas such as communications, control, and mechanics.[2–14]

The theoretical framework for posing and solving con-
sensus problems was introduced by Olfati-Saber and Murray
in Ref. [1], where a consensus problem was studied under
strongly connected fixed topology. The results were then ex-
tended to more general topologies with a spanning tree[2] and
even disconnected ones.[9] Recently, there have been many
works with close ties to consensus problems, to name a few,
formation control, flocking, and so on.[3–7,11,12] For example,
Lin[3] considered the formation control of kinematic unicycles.
Stabilization of point formation, line formation and any geo-
metric formation were explored. Luo et al.[7] investigated the
leader-following formation control of mobile agents by using
distributed observer techniques. Furthermore, communication
delay between agents was considered. Chen and Zhang[11]

studied the circular motion control of nonholonomic vehicles.
It was shown that collective circular motion can be formed
provided that the topology is jointly connected. In Ref. [12],
Li et al. proposed a distributed observer-type consensus pro-
tocol under fixed topology, which put the consensus problem
and synchronization of complex networks in a unified frame-

work.
In all the aforementioned references, the agent dynamics

is the same for all agents, which means that all the agents have
the same capability. They are considered as homogeneous
multi-agent systems. However, in the real world, multi-agent
systems most likely consist of different types of agents with
different capabilities.[13] In Ref. [15], Yang et al. considered
the consensus problem of mobile agents with different com-
munication capabilities. Simulation results showed that the
communication capability heterogeneity do benefit the con-
sensus. Yan et al.[8] studied the cooperative pursuit problem of
multiple agents by using a frequency domain approach. Suf-
ficient condition to guarantee the stability of the multi-agent
system was given. However, it is hard to check the stability
conditions for practical multi-agent systems and the conditions
are not intuitional. In Ref. [16], we proposed a distributed es-
timator based on consensus protocols for heterogeneous sen-
sor networks by taking the computational heterogeneity of two
types of sensors into account.

Motivated by some previous works,[8,13,15,16] we consider
in this paper a consensus problem of multi-agent systems with
two types of agents, namely, active agents and passive agents.
Only the active agents can be directly incented to control ac-
tion, while the states of the passive agents are determined by
that of the active agents directly or indirectly. As a result,
the dynamics of these two types of agents are significantly
different, which cannot be treated in a unified framework as
in homogeneous multi-agent systems.[2–14] It makes protocol
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design quite difficult since the constraints from passive agents
confine the controllability of active agents and thus the achiev-
ability of consensus. To the best of our knowledge, few results
on the theoretical analysis of this kind of heterogeneous multi-
agent system have been reported in the literature. How to deal
with the heterogeneity of multi-agent systems remains largely
unexplored. The objective of this paper is to establish suffi-
cient and necessary conditions for the consensus of heteroge-
neous multi-agent systems.

2. Problem statement and consensus protocol
We consider a heterogeneous multi-agent system com-

posed of two types of agents: active agents are the directly
controlled agents and passive agents are the uncontrolled ones,
whose states are determined by the active agents. We as-
sume that all the agents have the same interaction range r,
i.e., both active and passive agents can interact with those ly-
ing in its range of r. We denote the set of active and passive
agents as I and I c, respectively. It is convenient to model
the interaction network of all agents as an undirected graph
G = (V ,E ), where V = I ∪I c = {1,2, . . . ,N} is the vertex
set consisting of all agents, N is the total number of agents, and
E ⊂ V ×V is the edge set of communication links between
neighboring agents. An edge of E is denoted by (i, j), which
means that the information can be exchanged between agents
i and j. Thus, the neighbors Ni of agent i can be expressed
as Ni = { j ∈ V : (i, j) ∈ E }=

{
j ∈ V : di j ≤ r

}
, where di j is

the distance between agents i and j. Furthermore, we denote
the active and passive neighbors of agent i as N a

i = Ni ∩I

and N p
i = Ni ∩I c, respectively. A vertex i is said to be

reachable from vertex j, if there exists a sequence of edges of
the form (i, i1),(i1, i2), . . . ,(ik, j). The vertex that is reachable
from every other vertex of G is called a globally reachable ver-
tex. Graph G is connected if any two vertices can be mutually
reachable.

In this paper, we consider the consensus control of all the
agents by only directly controlling the active agents. For an
active agent, the dynamics is described by a single integrator
of the form

ẋi(t) = ui, (i ∈I ), (1)

where xi ∈ ℜ is the state of agent i and ui ∈ ℜ is the control
input; while for each passive agent, its state is determined by
that of its neighbors, i.e.,

xi(t) = ∑
j∈Ni

γi jx j(t), (i ∈I c), (2)

where γi j is the nonnegative weight satisfying ∑
j∈Ni

γi j = 1.

In this paper, our goal is to directly control only the active
agents such that all the agents could achieve consensus, that is,
xi−x j→ 0, for i, j ∈ V . In order to enable the agents to reach

an agreement with respect to the states of N agents, we choose
the control law for active agent i as

ui = ∑
j∈Ni

ai j(x j(t)− xi(t)), (3)

where ai j is associated with the communication channel. Note
that if there are no passive agents, then Eq. (1) coupled with
Eq. (3) is the so-called consensus protocol widely used for
multi-agent systems in Refs. [1]–[4].

Remark 1 As can be seen from Eqs. (1) and (2), the be-
haviors of active and passive agents are significantly different.
The coexistence of two types of agents brings a challenge for
the theoretical analysis, since equations (1) and (2) cannot be
dealt with in a uniform framework as those in Refs. [1]– [5]
and [7]. This is the distinct feature between our proposed con-
sensus protocol and the existing ones.[1–5,7]

3. Analysis of consensus protocol
3.1. Markov chain based unified framework

Without loss of generality, we label the active agents in I

from 1 to m. In order to tackle the difficulty originating from
the heterogeneity of active and passive agents and get a com-
putable approach, we will adopt the Markov chain approach
following the next two steps to define a Markov chain M .

1) Let the state xi of passive agent i correspond to the state
of M for all i ∈I c, and introduce an additional state z0. De-
note the set {xi, i∈I c} by {xs1 ,xs2 , . . . ,xsN−m}. Then the state
zk of M can be expressed as

zk =

{
z0, (k = 0),
xsk , (k = 1,2, . . . ,N−m).

2) In order to define pi j from state z j to state zi, we con-
sider two cases: i) i 6= 0, and ii) i = 0. For case i), let

pi j =


0, (i = j),
0, (i 6= j, i 6∈N p

j ),

γi j, (i 6= j, i ∈N p
j ),

while for case ii), we set pi j to be

p0 j =

1, ( j = 0),
1− ∑

k∈N p
j

γk j, ( j 6= 0).

Then, for every state z j, we have
N−m
∑

k=0
pk j = 1.

Remark 2 The introduction of Markov chain M

aims to present a computational treatment of the algebraic
constraint (2). Without the transformation of M , we need
to compute a complex matrix inverse to achieve consensus.
Moreover, it is sometimes impossible due to the information
locality of each passive agent.

As for Markov chain M , we can obtain the following im-
portant result.
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Lemma 1 If graph G is connected and the weights sat-
isfy 0 < γk j ≤ 1, ∀k, j = m,m+1, . . . ,N, then 𝐼−𝛶 is a non-
singular matrix, where 𝛶 = [ϒi j] ∈ ℜ(N−m)×(N−m) with ele-
ments

ϒi j =

{
0, ( j = i),
γ(m+i)(m+ j), ( j 6= i).

(4)

Proof It suffices to show that ρ(ϒ ) < 1, where ρ(·) is
the spectral radius of a matrix.

Based on the construction of Markov chain M , the tran-
sition probability matrix 𝑃 = [pi j] ∈ ℜ(N−m+1)×(N−m+1) can
be expressed as

𝑃 =

[
1 𝑝T

0
0 𝛶

]
, (5)

where 𝑝0 = [p0(m+1) , . . . , p0N ]
T and 0 is a zero matrix with

appropriate dimensions.
We claim that z0 is a globally reachable state, namely, z0

can be reached from all the other states in M in finite steps
with positive probabilities.

We prove the claim by contradiction. Suppose on the con-
trary that there exist two sets V1 and V2 such that the states of
V1 can be reached from z0 and that of V2 are not reachable
from z0. Then for each state zk1 ∈ V1, it is not reachable from
any state in V2 with probability 1. If this is not the case, then
z0 can be reached from some state zk2 ∈ V2 with nonzero prob-
ability, which is a contradiction to the definition of V2. Since
graph G is undirected, this means that γi j 6= 0 if and only if
γ ji 6= 0. It thus follows that for any two states zk1 ∈ V1 and
zk2 ∈ V2, they are not reachable from each other with nonzero
probability. As a result, there exists a permutation matrix P

such that 𝑃 in Eq. (5) has the form

PTPP =

 1 p̃T
0 0

0 𝛶V1 0
0 0 𝛶V2

 ,
where 𝑝̃0 is the stacked vector of p0i, for all zi ∈ V1.

By the assumption, graph G is connected, then every two
vertices k ∈I c and i ∈I are reachable mutually, where k is
the vertex associated with the state zk ∈ V2. Noting that as the
states of Markov chain M , zk ∈ V2 is not reachable from any
state in V1. In consequence, there must be some vertex i′ ∈I

and vertex k′ ∈I c such that i′ and k′ are adjacent in graph G ,
i.e., γki′ 6= 0. According to the definition of V2 and the one-
step transition probability of M , for state zk′ ∈ V2, we have
p0k′ = 0, i.e., ∑

j∈N p
k′

γ jk′ = 1. This is a contradiction.

Based on the above discussion, z0 is a globally reachable
state. Then it follows Theorem 2.1 in Ref. [2] that there is
only one closed strong component in the Markov chain M .
Furthermore, since 𝑃 is a stochastic matrix, we can show that
ρ(𝛶 ) < 1 according to Theorem 2.7 in Ref. [2]. The proof is
thus complete.

Stacking xi (i ∈ V ) into vectors 𝑥a = [x1,x2, . . . ,xm]
T and

𝑥p = [xm+1,xm+2, . . . ,xN ]
T, respectively, then using Lemma 1,

we can obtain from Eq. (2) that

𝑥p(t) = (I−𝛶 )−1𝛶̃ xa(t), (6)

where 𝛶̃ = [ϒ̃i j] ∈ℜ(N−m)×m with elements

ϒ̃i j =

{
0, ( j 6∈Ni ),

γ(m+i) j, ( j ∈Ni ).
(7)

Since Ni = N a
i ∪N p

i , it then follows from Eqs. (1) and
(3) that

ẋi(t) = ∑
j∈N a

i

ai j(x j(t)− xi(t))+ ∑
j∈N p

i

ai j(x j(t)− xi(t)). (8)

Writing Eq. (8) in the vector form yields

𝑥̇a(t) =−(𝐿a +𝐷)𝑥a(t)+ 𝐴̃𝑥p(t), (9)

where 𝐿a = [la
i j] ∈ℜm×m is the Laplacian matrix correspond-

ing to the subgraph Gsub induced by all active agents defined
by

la
i j =

{
∑ j∈N a

i
ai j, ( j = i),

−ai j, ( j 6= i),

and

𝐷=


∑

j∈N p
1

a1 j

. . .
∑

j∈N p
m

am j

, 𝐴̃=

 a1(m+1) · · · a1N
...

. . .
...

am(m+1) · · · amN

. (10)

Substituting Eq. (6) into Eq.( 9), we obtain

𝑥̇a(t) =−
(
𝐿a +𝐷− 𝐴̃(𝐼−𝛶 )−1𝛶̃

)
xa(t). (11)

Remark 3 Although graph G is undirected, La +D−
Ã(I −ϒ )−1ϒ̃ is generally asymmetric, since there are two
types of agents in the network and we do not assume that
ai j = a ji, ∀i ∈I , and γi j = γ ji, ∀i ∈I c.

3.2. Stability analysis

Now we investigate the convergence property of the trans-
formed consensus protocol (11). We have the following theo-
rem, which establishes a necessary and sufficient condition for
consensus of states among all active and passive agents.

Theorem 1 With a time-invariant topology G and con-
stant weights ai j, ∀i ∈I and γi j, ∀i ∈I c, under the consen-
sus protocol (1) and (2) with control law (3), all the agents can
achieve consensus asymptotically as t→∞ if and only if graph
G is connected.

Proof of sufficiency Since ∑
j∈Ni

γi j = 1, for all i ∈I c by

the assumption, it follows from the definition of matrix 𝛶 in
Eq. (4) and matrix 𝛶̃ in Eq. (7) that (𝛶 + 𝛶̃ )1 = 1, where 1 is
the column vector with all ones. Note that G is connected. As
a result, we obtain from Lemma 1 that (𝐼−𝛶 )−1𝛶̃ 1 = 1. In
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view of the definition of matrices D and Ã, we thus obtain

𝐷1 = 𝐴̃(𝐼−𝛶 )−1𝛶̃ 1. (12)

Since 𝐿a is the Laplacian matrix corresponding to the sub-
graph induced by I composed of all active agents, one has
𝐿a1 = 1. This fact together with Eq. (12) implies that(

𝐿a +𝐷− 𝐴̃(𝐼−𝛶 )−1𝛶̃
)
1 = 0.

This means that zero is the eigenvalue of matrix 𝐿a +𝐷−
𝐴̃(𝐼 −𝛶 )𝛶̃ associated with the eigenvector 1. By virtue of
Gersgorin disc theorem,[17] we know that all the other eigen-
values are located in the open right half plane. In order to fin-
ish this proof, we only need to check the algebraic multiplicity
of the zero eigenvalue.

Denote 𝐿̃=𝐿a +𝐷−𝐴̃(𝐼−𝛶 )𝛶̃ and the graph associ-
ated with 𝐿̃ as G̃ . Obviously, G̃ is a graph based on the set I .
Furthermore, since 𝐿a is the Laplacian matrix corresponding
to the subgraph Gsub induced by I , G̃ can be regarded as the
graph obtained by inserting some additional edges associated
with the entries of matrix 𝐷− 𝐴̃(𝐼−𝛶 )𝛶̃ to subgraph Gsub.
As a consequence, G̃ is connected in that G is connected by
the assumption. It thus follows from Theorem 1 in Ref. [1]
that rank (𝐿̃) = m− 1. This implies that 𝐿̃ has exactly one
zero eigenvalue.

The solution to Eq. (11) is given by xa(t) =

exp(−𝐿̃t)xa(0). We know from the properties of matrix 𝐿̃

that exp(−𝐿̃t) is a stochastic matrix. Therefore, in light of
Lemma 3.7 in Ref. [2], all the active agents could achieve con-
sensus asymptotically, that is,

xi(t)→
m

∑
i=1

νixi(0), (i = 1,2, . . . ,m),

as t→∞, where 𝜈 = [ν1,ν2, . . . ,νm]
T ≥ 0 is the eigenvector of

(exp(−𝐿̃))T, which is associated with the one eigenvalue and
satisfies 1Tν = 1. Since (𝐼 −𝛶 )−1𝛶̃ 1 = 1, it follows from
Eq. (6) that for all passive agents, we also have

xi(t)→
m

∑
i=1

νixi(0), (i = m+1,m+2, . . . ,N),

as t → ∞. Therefore, all the agents could achieve consensus
under the consensus protocol (1) and (2) with control law (3).

Proof of necessity If the graph G is not connected, then
there exist at least two separate connected subgraphs G1 and
G2. For these two subgraphs, from the sufficiency part, we
know that the agents in G1 and G2 could achieve consensus
respectively. However, there is no information exchange be-
tween agents in G1 and G2. Therefore, the consensus states
∑

i∈G1

ν
(1)
i xi(0) and ∑

i∈G2

ν
(2)
i xi(0) are in general different. Global

consensus is not expected in this case. This completes the
proof.

Remark 4 Theorem 1 claims that the consensus can be
achieved with connected interaction topology. It is noted that

the convergence rate for the homogeneous multi-agent systems
heavily depends on the structure of the topology.[1,3] As for the
heterogeneous system in this paper, it is characterized by not
only the second smallest eigenvalue of matrix 𝐿̃, but also the
numbers of active and passive agents.

4. Simulation results

In this section, we conduct the simulation studies to vali-
date the effectiveness of the proposed consensus protocol and
the theoretical results in the previous section.

The simulations are performed with a group of 20 agents,
consisting of 12 active agents and 8 passive agents, with the
topology shown in Fig. 1, where the agents are randomly dis-
tributed in the square [−20,20]× [−20,20].

-20 -10 0 10 20
-20

-10

0

10

20

X

Y

active agent

passive agent

Fig. 1. An example of a heterogeneous topology graph consisting
of two types of agents.

To enable the consensus control in Eq. (3), each agent i
should transmit its state xi to its neighbors in Ni via a wire-
less channel. It is known that wireless communication suf-
fers from path loss when a wireless signal propagates in the
environment.[18] In order to simulate the path loss, we set

the weight ai j in Eq. (3) to be ai j =
√

1/(dη

i j +1), where
di j represents the distance between agents i and j, and η

(typically 2 ≤ η ≤ 6) is the path loss exponent. Let γi j =

ai j/ ∑
j∈Ni

ai j, for passive agents, i ∈I c. Note that in this case,

ai j = a ji and γi j = γ ji. Thus, it can be shown that the matrix
𝐿a +𝐷− 𝐴̃(𝐼−𝛶 )−1𝛶̃ in Eq. (11) is symmetric.

According to Theorem 1, all the agents could achieve
consensus on their states. To see this, we randomly choose the
initial states xi(0)(i= 1,2, . . . ,12) of all the active agents from
the interval [−10,10], and depict the state trajectories of all the
active and passive agents in Fig. 2(a) in the case of η = 2.

In order to quantitatively measure the degree of consen-
sus of all the agents, we make use of the mean square deviation
among all agents defined by

MSD = N−1
N

∑
i=1
‖xi−Ave(x)‖2,
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where Ave(x) = N−1
N
∑

i=1
xi is the average of all states. The re-

sult of MSD is shown in Fig. 2(b), where the curve is obtained
by averaging 10 independent simulation results. From Fig. 2,
we can see that the proposed consensus control (3) can en-
sure the global consensus of all active and passive agents by
directly controlling only the active agents.
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Fig. 2. (color online) (a) Trajectories of the states of all the 20
agents. (b) The average MSD performance of the proposed con-
sensus protocol.
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Fig. 3. (color online) Average Dev of states of all agents for differ-
ent path loss exponent η .

Finally, we discuss the effect of path loss exponent η on
the consensus of the multi-agent systems. To quantify the con-
sensus of states of all agents, we consider the square root cri-
terion of MSD as

Dev =

√
N−1

N

∑
i=1
‖xi−Ave(x)‖.

For each simulation, Dev is averaged over the last half of sim-
ulation steps in order to avoid transient period. The simulation
result of the average Dev of 10 independent runs is shown in
Fig. 3. It can be observed that the path loss exponent has a
great impact on the convergence time of the consensus. For

Fig. 3, the simulation time is 400 sec. We can get much smaller
Dev with a longer running time. This is because the larger the
value of η is, the less influence is executed between neighbor-
ing agents. In the extreme case with infinite η = ∞, then no
agents could receive any information from the others. In this
case, consensus is absolutely not achieved. Therefore, in or-
der to guarantee a shorter convergence time of consensus, the
weights ai j and γi j should be carefully designed.

5. Conclusion
In this paper, a consensus problem of heterogeneous

multi-agent systems is investigated for a group of two types
of agents. A consensus protocol by directly controlling only
active agents is designed to enable all the agents to achieve
consensus of their states. In order to tackle the difficulty aris-
ing from the heterogeneity of different agents, we introduce an
appropriate Markov chain to cast the heterogeneous consensus
protocol into a homogeneous one. Furthermore, it is shown
that the states of all active and passive agents can achieve
consensus with the proposed protocol. Simulation results are
given to illustrate the effectiveness of the proposed heteroge-
neous consensus protocol.
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