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Interlayer transport of an electron in bilayer graphene with
phonon-induced lattice distortion in the presence of biased potential*
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The interlayer transport of an electron in bilayer graphene influenced by a phonon in the presence of a biased po-
tential is investigated using the tight-binding approach. The in-plane optical mode E2g and out-of-plane optical mode B1g
associated with the applied biased potential are considered to compute and discuss the interlayer transport probability of
an electron initially localized on the bottom layer at the Dirac point in the Brillouin zone. Without the biased potential,
the interlayer transport probability is equal to 0.5 regardless of the phonon displacement except for a few special cases.
Applying a biased potential to the layers, we find that in different phonon modes the function of the transport probability
with respect to the applied biased potential and phonon displacement is complex and various, but on the whole the transport
probability decreases with the increase in the absolute value of the applied biased potential. These phenomena are discussed
in detail in this paper.

Keywords: electronic transport, conductivity of specific materials

PACS: 72.10.Di, 72.80.–r DOI: 10.1088/1674-1056/22/1/017201

1. Introduction
Monolayer graphene and bilayer graphene have become

the most animated areas of research because of their novel
properties and potential applications in devices. Thus the
electronic transport properties of monolayer graphene have
been extensively studied.[1–4] However one of the major chal-
lenges in graphene-based electronics is that the conduction
cannot be simply switched off by means of gate voltages
because of the lack of a bandgap,[5] so it cannot be used
as a logic gate to manipulate information. However, the
bilayer graphene offers a solution to this problem with a
gate tunable bandgap due to its interlayer hopping or by
control with a gate voltage.[6–8] Recently, many researchers
have paid attention to the electronic structures and transport
properties of the bilayer graphene, such as hopping-resolved
electron–phonon coupling,[9,10] electron screening and exci-
tonic condensation,[11] correlation effects of Cooper pairing of
electrons and holes,[12] and quantum Hall effect in the pres-
ence of disorder.[13] The electron–phonon interactions play
an important role in the interaction between nearest neigh-
bor atom orbits, thereby modulating the nearest neighbor
hopping.[14,15] Based on the tight-binding models, the roles
of the phonon in electronic band structures of monolayer
graphene and bilayer graphene near the Dirac points were
studied by Cappelluti et al.[10] They evaluated quantitatively
the electron–phonon coupling associated with each hopping
using different optical phonon displacements within the con-
text of density functional theory. The energy splittings of the
Dirac point, which depend on the phonon displacements, in
the in-plane and the out-of-plane phonon modes were explored

respectively. It is well known that in a monolayer graphene,
the low-energy band is gapless and the electronic states are
found near two Dirac cones. Near them the intralayer trans-
port behavior of charge carriers (electrons and holes) has been
studied by using the Dirac equation.[16–18] But for the bilayer
graphene, the research work on the interlayer transport be-
havior, for which the Dirac equation is unavailable, has been
rarely reported. In the present paper, we investigate the in-
terlayer transport of the bilayer graphene with a lattice distor-
tion induced respectively by the in-plane and the out-of-plane
phonon modes.

2. Model
As described in Ref. [10], the hoppings in the tight-

binding model of a bilayer graphene with the typical Bernal
stacking are stipulated: γ0 denotes the nearest neighbor in-
plane hopping, γ1 denotes the nearest neighbor vertical hop-
ping, γ3 denotes the hopping between atoms A1 and B2, and γ4

describes the hopping between atom couples A1–A2 and B1–
B2 (see Fig. 1). The magnitudes of these hoppings are ruled
by the relative distances of the corresponding atoms, thus their
modulations induced by the lattice displacement determine the
electron–phonon interaction. From the viewpoint of energy,
the electron–phonon interaction is equipollent to a deforma-
tion potential, which recomposes the system’s Hamiltonian. In
the frozen-phonon approach[19] and with the linear supposition
of hoppings depending on the lattice distortion, the difference
∆γi of hopping γi due to the lattice distortion is proportional
to the displacement per atom u, that is, ∆γi ∝ u. As shown
Fig. 1, there are E2g and B1g optical phonon modes with lat-
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tice wavevector 𝑞 = 0. In these cases, there are relative move-
ments between atoms A and B. In the monolayer graphene,
E2g and B1g stand for in-plane and out-of-plane vibrations,
respectively. For convenience, the in-plane modes E2g1 and
E2g2 are chosen along x and y directions with 𝑢A1,x = ux𝑥

0

and 𝑢A1,y = uy𝑦
0, while the out-of-plane mode B1g is along

the z axis with 𝑢A1,z = uz𝑧
0. The displacements of the other

atoms are thus univocally determined by the components of
the wavevector of the phonon mode.
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Fig. 1. Sketches of hoppings for bilayer graphene with the typical
Bernal stacking and atomic displacements for the relevant phonon lat-
tice modes B1g and E2g.

Based on the Bloch sums of 𝑘 wavevector of monolayer
graphene built from 2pz orbitals of carbon atoms A and B in
the unit cell, ΦA j(𝑘) and ΦB j(𝑘) ( j = 1,2; where j = 1 stands
for the bottom layer, and j = 2 for the top layer), the low-
energy Hamiltonian of the bilayer graphene with the typical
Bernal stacking in the absence of lattice distortion reads

𝐻0 =


U γ0 f𝑘 γ4 f𝑘 γ3 f *𝑘

γ0 f *𝑘 δ +U γ1 γ4 f𝑘
γ4 f *𝑘 γ1 δ γ0 f𝑘
γ3 f𝑘 γ4 f *𝑘 γ0 f *𝑘 0

 , (1)

where f𝑘 = e−ikxa/
√

3 + 2e ikxa/2
√

3 cos(kya/2), and δ is the
difference of the crystal field probed by B1–A2 carbon atoms
in the bilayer structure with respect to A1–B2 atoms, which is
assumed not to be changed by the phonon for being tiny. The
U is a biased potential applied between the two layers (the
top with potential U and the bottom without potential). In-
troducing the phonon-induced distortion to such a bilayer, the
Hamiltonian involved the deformation potential determined by
the electron–phonon interaction becomes[10]

𝐻 =𝐻0 +ui


0 β𝑘(12) β𝑘(13) β𝑘(14)

β𝑘(12)* 0 β𝑘(23) β𝑘(24)
β𝑘(13)* β𝑘(23)* 0 β𝑘(34)
β𝑘(14)* β𝑘(24)* β𝑘(34)* 0

 , (2)

where i = 1,2,3 denote x, y, z directions, respectively,
the parameters {β𝑘} are coefficients for linearly determin-
ing the difference ∆γ j of hopping γ j in terms of ∆γ j ∝

ui, which are illuminated as follows. (i) In the case
of phonon mode B1g1 (𝑢A1,z = uz𝑧

0), β𝑘(23) = 2α1, the
other β𝑘 are naught. (ii) Under the E2g1 mode (𝑢A1,x =

ux𝑥
0), β𝑘(12) = β𝑘(23) = β𝑘(34) = 0, β𝑘(13) = β𝑘(24) =

α4g𝑘 cosθ , β𝑘(14) =−α3g*𝑘 cosθ . (iii) For E2g2 mode along
the x direction (𝑢A1,x = ux𝑥

0), β𝑘(13) = β𝑘(23) = β𝑘(24) =
0, β𝑘(12) = β𝑘(34) = α0g𝑘 , β𝑘(14) =−α3g*𝑘 cosθ . (iv) For
E2g2 mode along the y direction (𝑢A1,y = uy𝑦

0 ), β𝑘(13) =
β𝑘(23) = β𝑘(24) = 0, β𝑘(12) = β𝑘(34) = α0h𝑘, β𝑘(14) =
α3h*𝑘 cosθ . Here, g𝑘 = 2e−ikxa/

√
3 − 2e ikxa/2

√
3 cos(kya/2),

h𝑘 = i2
√

3e ikxa/2
√

3 sin(kya/2), and cosθ is a geometric fac-
tor accounting for the projection of the lattice displacement
along the direction of the γ3 hopping bond. The α0, α1, α3,
and α4 are electron–phonon couplings corresponding to hop-
pings γ0, γ1, γ3, and γ4, respectively.

In dealing with the movement of an electron in molecules
or solid matters, the vibrations of molecules or atoms are
frozen since they are much slower than the movement of
electrons. This is called the frozen-phonon approach. In
this approach, by diagonalizing the Hamiltonian 𝐻 given
in expression (2), the system’s exact eigenvalue ξl(𝑘) and
eigenvector ψl(𝑘) can be obtained, therefore the exact evolv-
ing state Ψ(𝑘, t) originating from an arbitrary initial state
Ψ(𝑘,0) = aΦA1(𝑘) + bΦB1(𝑘), where a2 + b2 = 1, is ob-
tained as Ψ(𝑘, t) = ∑l⟨ψl(𝑘)|Ψ(𝑘,0)⟩exp(−iξlt/h̄)|ψl(𝑘)⟩.
Consequently, the probability Ptop(t), with which the
electron initially localized on the bottom layer is found
on the top layer at time t, is given by Ptop(t) =

[∑l⟨ψl(𝑘)|Ψ(𝑘,0)⟩exp(−iξlt/h̄)⟨ΦA2(𝑘)|ψl(𝑘)⟩]2 +

[∑l⟨ψl(𝑘)|Ψ(𝑘,0)⟩exp(−iξlt/h̄)⟨ΦB2(𝑘)|ψ2(𝑘)⟩]2, and thus
the averaged probability over time t is

Ptop = ∑
l
(⟨ψl(𝑘)|Ψ(𝑘,0)⟩)2(⟨ΦA2(𝑘)|ψl(𝑘)⟩)2

+ ∑
l
(⟨ψl(𝑘)|Ψ(𝑘,0)⟩)2(⟨ΦB2(𝑘)|ψ2(𝑘)⟩)2. (3)

Using Eq. (3), we can study the interlayer transport probabil-
ity of an electron initially localized at the bottom layer with
wavevector 𝑘 by numeral simulation.

3. Simulation and discussion
For an isolated monolayer graphene, K-point (i.e., Dirac

point) in the Brillouin zone is at the Fermi surface. Therefore
the electronic conductivity and optical property of the mono-
layer graphene are closely correlated with electrons near the
Dirac point. The point 𝑘 = (2πa)(0,2/3) is one of the Dirac
points. Without loss of universality, here we investigate the
interlayer transport of an electron at this Dirac point in the
Brillouin zone from the bottom to the top with initial state
Ψ(t = 0) = ΦA1 or Ψ(t = 0) = ΦB1. In this case, f𝑘 = 0,
h𝑘 = 3i, and g𝑘 = 3 in expression (2). Note that all param-
eters for simulations are taken from Ref. [10], specialized as
follows: γ1 =−0.35 eV, δ =−0.0119 eV, α0 =−4.41 eV/Å,
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α1 =−0.68 eV/Å, α3 =−0.54 eV/Å, α4 =−0.32 eV/Å, and
cosθ = 0.39. To study the dependence of interlayer transport
of an electron on the applied potential U and the displacement
per atom u, we chose u from the interval [–0.05 Å, 0.05 Å] and
U from [–2 eV, 2 eV].

The influence of B1g mode phonon is considered first. In
this case, all carbon atoms vibrate vertically to the plane of
graphene along the z direction, and the Hamiltonian is

𝐻 =


U 0 0 0
0 U +δ γ1 +2α1uz 0
0 γ1 +2α1uz δ 0
0 0 0 0

 . (4)

From expression (4), we know that the electron located
initially at the bottom layer with initial state Ψ(t = 0) = ΦA1

does not transport to the top layer, since the wavefunction ΦA1

does not mix with the system’s eigenvectors and thus the term
⟨ψl | Ψ(0)⟩ = 0 in expression (3). For the electron with ini-
tial state Ψ(t = 0) = ΦB1, Fig. 2 shows its interlayer transport
probability from the bottom to the top as a function of the dis-
placement per atom uz and the applied biased potential U . The
function is approximately linear, i.e., roughly, Ptop depends lin-
early on uz for a fixed U , and for a given Ptop there approxi-
mately exists a linear relation between U and uz. Figure 2 also
reveals that the interlayer transport probabilities increase with
the increase of uz, while they decrease with the accretion in
absolute value of the applied potential U . It can be theoreti-
cally analyzed. Based on the eigenvalues and eigenvectors of
the Hamiltonian in expression (4), from Eq. (3), we have

Ptop = 4(γ1 +2α1uz)
2

{
(∆ −U)2

[4(γ1 +2α1uz)2 +(∆ −U)2]2

+
(∆ +U)2

[4(γ1 +2α1uz)2 +(∆ +U)2]2

}
, (5)

where ∆ =
√

U2 +4(γ1 +2α1uz)2. Subsequently, Ptop ≈ 0.5
for U ≈ 0; Ptop ≈ 0.1(γ1 +2α1uz)

2/U2 for U ≈ γ1; and Ptop ≈
(γ1 + 2α1uz)

2/U2 for U ≫ γ1. Therefore, ±U
√

10Ptop ≈
γ1+2α1uz for U ≈ γ1 and ±U

√
Ptop ≈ γ1+2α1uz for U ≫ γ1.

As exhibited in the inset of Fig. 1, this is consistent with the
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Fig. 2. Interlayer transport probability Ptop as a function of applied bi-
ased potential U and displacement per atom uz for an electron at initial
state Ψ(t = 0) = ΦB1. In the inset, Ptop is scaled in gray, and deep
gray corresponds to tiny probability. The circles give Ptop versus uz at
U =−1.0 eV.

linear relation of U and uz, and the changes of slope can be
interpreted as well. For a given U (with U ≫ γ1 or U ≈ γ1),
Ptop ∝ (γ1 + 2α1uz)

2/U2 ≈ γ2
1/U2 + 4α1γ1uz/U2, which ex-

plains the function of Ptop with respect to uz for a given U .
In E2g2 phonon mode, atoms vibrate in the plane of

graphene. The Hamiltonians of a system with E2g2 phonon
along x and y directions respectively are

𝐻 =


U 3α0ux 0 −3α3ux cosθ

3α0ux U +δ γ1 0
0 γ1 δ 3α0ux

−3α3ux cosθ 0 3α0ux 0

 , (6)

and

𝐻 =


U −i3α0uy 0 −i3α3uy cosθ

i3α0uy U +δ γ1 0
0 γ1 δ −i3α0uy

i3α3uy cosθ 0 i3α0uy 0

 .(7)

Figure 3 shows Ptop as a function of displacement per
atom and applied potential in these two cases for an electron
with initial state Ψ(t = 0) = ΦA1 and Ψ(t = 0) = ΦB1, re-
spectively, where Ptop is maximum (about 0.5) when U and
ux (uy) near the point (0, 0), but at which Ptop = 0 when
Ψ(t = 0) = ΦA1. This results from the Hamiltonian

𝐻 =


0 0 0 0
0 δ γ1 0
0 γ1 δ 0
0 0 0 0

 . (8)

As mentioned above, here the electron with initial state Ψ(t =
0) = ΦA1 does not transport to the top layer since ΦA1 does
not mix with the eigenvectors of Hamiltonian H. For Ψ(t =
0) = ΦB1, it is easily obtained Ptop = 0.5 from expressions (3)
and (8). For U ≫ 0 and ux(uy) ≈ 0, we have Ptop ≈ γ2

1/U2

based on expressions (3) and (7). This makes it clear why Ptop

in Fig. 3 is tiny when U ≫ 0 and ux(uy) ≈ 0. Figure 3 shows
that Ptop decreases with the increase of |U | although its depen-
dence on U and ux(uy) is variable. Similar to the discovery
in Ref. [10], the symmetry in E2g2 mode along the y direction
is also found by comparing carefully Fig. 3(c) with Fig. 3(d),
i.e., unlike the displacements along x, Ptop is symmetric with
respect to uy →−uy.

Finally, we consider the influence of E2g1 phonon mode
associated with the applied potential on the interlayer trans-
port. In this case, the Hamiltonian 𝐻 with the phonon along
the x direction is

𝐻

=


U 0 3α4ux cosθ −3α3ux cosθ

0 δ +U γ1 3α4ux cosθ

3α4ux cosθ γ1 δ 0
−3α3ux cosθ 3α4ux cosθ 0 0

 .

(9)

017201-3



Chin. Phys. B Vol. 22, No. 1 (2013) 017201

(d )(c)

(b)(a)

0

0.1

0.2

0.3

0.15

0.20

0.25

0.30
0

0.1

0.2

0.3

0.15

0.20

0.25

0.30

ux,uy

P
to
p

P
to
p

U

ux
↩0.04 0 0.04

↩2

↩1

0

1

2

U

ux
↩0.04 0 0.04

↩2

↩1

0

1

2

U

uz
↩0.04 0 0.04

↩2

↩1

0

1

2

U

uy
↩0.04 0 0.04

↩2

↩1

0

1

2

↩0.04 0 0.04 ↩0.04 0 0.04

Fig. 3. The Ptop as a function of displacement per atom and applied potential in the E2g2 mode along x and y directions, respectively: (a) for x direction with
Ψ(t = 0) = ΦB1, (b) for x direction with Ψ(t = 0) = ΦA1, (c) for y direction with Ψ(t = 0) = ΦB1, (d) for y direction with Ψ(t = 0) = ΦA1. The circles give
Ptop versus ux(uy) at U =−1.0 eV.

The Ptop as a function of U and ux is plotted in Figs. 4 and
5, which illuminate that it reduces with the accretion of U , and
reduces much more quickly in Fig. 5. In addition, Ptop changes
very little with the displacement ux when Ψ(t = 0) = ΦB1,
while for Ψ(t = 0) = ΦA1, Ptop is also found equal to naught
at the point (U = 0, ux = 0). To analyze theoretically these
phenomena, we rewrite the Hamiltonian as 𝐻 =𝐻0+𝐻 ′ and
assume U ≫ γ1, where

𝐻0 =


U 0 0 0
0 U +δ 0 0
0 0 δ 0
0 0 0 0

 , (10)

and 𝐻 ′ are considered to be a perturbation on 𝐻0, with

𝐻 ′

=


0 0 3α4ux cosθ −3α3ux cosθ

0 δ γ1 3α4ux cosθ

3α4ux cosθ γ1 δ 0
−3α3ux cosθ 3α4ux cosθ 0 0

 .

(11)

We know that γ1 is much larger than the other matrix
elements in expression (11). In terms of the first-order per-
turbation theory, the wavevector ΦB1 mixes into the eigen-
vectors of 𝐻 with probabilities (3α4ux cosθ/(U − δ ))2 and
(γ1/U)2, while the wavevector ΦB1 mixes with probabilities
(3α3ux cosθ/U)2 and (3α4ux cosθ/(U + δ ))2 into the eigen-
vectors of 𝐻 . In the case of Ψ(t = 0) = ΦB1, the interlayer
transport probability Ptop in expression (3) is dominated by

(γ1/U)2 since it is much larger than (3α4ux cosθ/(U − δ ))2.
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Fig. 4. The Ptop as a function of displacement per atom and ap-
plied potential in the E2g1 mode along the x direction with initial state
Ψ(t = 0) = ΦB1.
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Fig. 5. The Ptop as a function of displacement per atom and ap-
plied potential in the E2g1 mode along the x direction with initial state
Ψ(t = 0) = ΦA1.

017201-4



Chin. Phys. B Vol. 22, No. 1 (2013) 017201

This is why Ptop changes mainly depend on U regardless of the
change of ux in Fig. 4. At the same time, it explains why Ptop

reduces much more quickly with U when Ψ(t = 0) = ΦA1

than when Ψ(t = 0) = ΦB1. For Ptop = 0 at point (0, 0)
when Ψ(t = 0) = ΦA1, the explanation is the same as that for
Figs. 3(b) and 3(d). It is noted that similar to the E2g2 mode
along the y direction, Ptop of the E2g1 mode along the y di-
rection is very like that along the x direction, except for the
symmetry (uy →−uy) in the E2g1 mode along the y direction.

4. Conclusion
In this paper, we have studied the electronic interlayer

transport of bilayer graphene, which is influenced by a phonon
and applied biased potential. For a Dirac electron, the inter-
layer transport probability is banal with value of 0.5 or 0 re-
gardless of phonon’s movement. When a biased potential is
applied to the bilayer graphene, the dependence of the trans-
port probability on phonon is rich and various. We find that
the biased potential weakens the effect of the phonon on the
interlayer transport probability, that is, it decreases with the in-
crease of the absolute value of the biased potential. It is noted
that these results hold for electrons with wavevector 𝑘 very
near the Dirac point. As mentioned in the above sections, the
phonon not only works on the electronic interlayer transport
but also splits the Dirac cone, and consequently influences the
electronic intralayer transport. The biased potential or biased

voltage as a gate applied on the bilayer graphene thus can con-
trol the interlayer transport as well as the intralayer transport.
In this sense, our results associated with the detailed theoret-
ical analysis are useful for understanding the graphene-based
electronics.
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