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Spin orbit interaction in coupled quantum wells∗
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We theoretically investigate the spin–orbit interaction in GaAs/AlxGa1−xAs coupled quantum wells. We consider the
contribution of the interface-related Rashba term as well as the linear and cubic Dresselhaus terms to the spin splitting. For
the coupled quantum wells which bear an inherent structure inversion asymmetry, the same probability density distribution
of electrons in the two step quantum wells results in a large spin splitting from the interface term. If the widths of the two
step quantum wells are different, the electron probability density in the wider step quantum well is considerably higher than
that in the narrower one, resulting in the decrease of the spin splitting from the interface term. The results also show that
the spin splitting of the coupled quantum well is not significantly larger than that of a step quantum well.
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1. Introduction
Spin degree of freedom has attracted a great deal of in-

terest in theoretical and experimental investigations due to its
potential applications in spintronic devices and quantum com-
puting. The electron spin can be electrically controlled in the
presence of spin–orbit interaction (SOI).[1] One of the SOIs
is the Rashba SOI, which arises from the structure inversion
asymmetry (SIA), i.e., the inversion asymmetry of the confin-
ing potential in a low-dimensional system.[2] The spin field ef-
fect transistor (SFET), which was first proposed by Datta and
Das, utilizes the Rashba SOI to control the spin of electrons
passing through the SFET.[3] Recently, it has been found that
the Rashba SOI can give rise to a pure spin current, which is
formed by electrons and holes with the same spin polarization
moving along the same direction.[4] An interfacial spin Hall
current in a Josephson junction can also be induced by the
Rashba SOI.[5] The second SOI is the Dresselhaus SOI, which
is due to the inversion asymmetry of semiconductor crystal
called the bulk inversion asymmetry (BIA).[6] The interaction
between the two kinds of SOIs results in many macroscopic
effects.[7,8] If their strengths are the same, the electron spin
will not suffer from the DP spin relaxation, resulting in infi-
nite spin relaxation time.[9] Based on the interaction between
Rashba and Dresselhaus SOIs, many spintronic devices have
been designed.[10,11]

The spintronic devices are usually made up of quantum
wells (QWs). Much research has been done on the SOIs of dif-
ferent kinds of QWs, including an asymmetrically doped sin-
gle QW,[12] single QW with different right and left barriers,[13]

asymmetric QW with slope barrier,[14] step QW,[15] and cou-
pled QWs.[16] The coupled QWs are usually realized by sand-

wiching two single QWs between barriers. We have found that
the step QW is more suitable for spintronic devices than a sin-
gle QW. We wonder whether any new effect will appear in the
coupled QWs that are realized by sandwiching two step QWs
between barriers. So far, there has been no relevant report
about the spin–orbit interaction in such coupled QWs. So we
will carry out research on this subject. In this paper, we inves-
tigate the spin splitting resulting from the two kinds of SOIs of
two different coupled QWs, and explain the origin of the spin
splitting resulting from the interface-related Rashba SOI. The
results may help to control and manipulate the electron spin
via QW structure design.

2. Model and method
We consider two different double QWs grown along the

[001] direction. We choose axes X , Y , and Z to be along [100],
[010], and [001] directions, respectively. The first double QWs
(QWs-I) are realized by sandwiching two GaAs/Al0.3Ga0.7As
step QWs between AlAs barriers. The second double QWs
(QWs-II) are formed by sandwiching two opposite step QWs
(i.e., Al0.3Ga0.7As/GaAs and GaAs/Al0.3Ga0.7As) between
AlAs barriers. The schematic conduction energy band dia-
grams of QWs-I and QWs-II are shown in the insets of Figs. 1
and 6(a), respectively.

The spin splitting comes from the SIA and the BIA of the
QWs. In the absence of an external electric field, if the former
and the latter interfaces of an undoped QW cannot transform
into each other by a mirror reflection in the well plane, the QW
bears an inherent SIA. The Rashba SOI, called the interface-
related Rashba SOI in this paper, is localized at the interfaces.
The interface term has the form[15] HI = αI(σxky − σykx),
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where kx and ky are the wave vectors, σx and σy denote the
spin Pauli matrices, and αI is the interface-related Rashba co-
efficient. For an abrupt GaAs/AlxGa1−xAs interface, αI has
the form [15,17] αI = Pδ(z− z0), where z0 is the position of the
interface, and P is the interface parameter, which is related to
the difference of band parameters across the interface.[15] The
δ function at z = z0 shows that the Rashba SOI is localized
at the interface.[15,17] For the studied structures, each interface
contributes to the Rashba SOI, so the interface-related Rashba
coefficient can be written as αI = ∑i

ViL−ViR
V0

Pδ(z− zi), where
zi denotes the i-th interface, ViL and ViR are the band edges of
the material on the left and the right sides of the i-th interface,
respectively, and V0 is the band offset of AlAs and GaAs.

The BIA of III and V semiconductor crystal results in
the Dresselhaus SOI, which contains linear and cubic Dressel-
haus terms. The Dresselhaus SOI terms can be written as[18]

HD = γ〈k2
z 〉(σyky−σxkx)+ γ(σxkxk2

y −σykyk2
x), where 〈k2

z 〉 is
the squared operator (−i∂/∂ z) averaged over the ground state,
and γ is the cubic Dresselhaus coefficient. So the conduction
Hamiltonian can be written as H =− h̄2

2m∗∇
2+V (z)+HI+HD,

where m∗ is the electron effective mass, and V (z) is the poten-
tial of the double QWs. The Schrödinger equation is solved
by using the finite difference method. The present theoretical
approach is similar to that in Ref. [19].

3. Results and discussion
We numerically calculate the spin splitting resulting from

the interface term, and the linear and cubic Dresselhaus terms
of the two kinds of double QWs. Obviously, QWs-I is asym-
metric in the absence of external and built-in electric fields.
The inversion asymmetry (SIA and BIA) can be varied by
changing the geometry of the structure. Next, we will show
how and why the geometry of QWs-I changes the SIA, the
BIA, and the spin splitting.

Figure 1 displays the variations of spin splittings result-
ing from the interface term and the linear and the cubic Dres-
selhaus terms each as a function of the width of the central
AlAs barrier between two step QWs. The two step QWs are
the same, the width of the central barrier is changed. It is
observed that the spin splittings resulting from the interface
term and the linear Dresselhaus term both increase with the
increase of the width of central barrier, reaching maximum
values, and then decrease when the width of the central bar-
rier further increases. It has been demonstrated that the spin
splitting resulting from the linear Dresselhaus term is related
to the confinement of the QW potential, i.e., 〈k2

z 〉,[12] and the
spin splitting resulting from the interface term is related to the
electron probability density at each interface of the QW.[15] So

the width of the central AlAs barrier changes the spin split-
ting resulting from the interface term by changing the electron
probability density at each interface of the QW.
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Fig. 1. (color online) Variations of spin splittings resulting from the
interface term (ISS) and the linear (DK1SS) and the cubic (DK3SS)
Dresselhaus terms each as a function of the width of the central AlAs
barrier in QWs-I, where the two step QWs are both GaAs/Al0.3Ga0.7As
step QW. For each step-QW, the width of Al0.3Ga0.7As is 3.5 nm, the
total width of GaAs and Al0.3Ga0.7As is 5 nm. The inset shows the
schematic conduction energy band diagram of QWs-I.

We present the electron probability density of QWs-I in
Fig. 2. The two step QWs are also the same, the widths of the
central barrier are 1 nm, 2 nm, 5 nm, and 7 nm in Figs. 2(a),
2(b), 2(c), and 2(d), respectively. The center of the central bar-
rier is set to be the original point. It is clear from the figures
that as the width of the central barrier is narrow, the electron
probability densities in the two step QWs overlap, so QWs-I
is coupled QWs (CQW-I). When the width of the central bar-
rier is larger than 5 nm, the two step QWs are two independent
QWs, and the spin splitting of each step QW is the same as
that in Refs. [15] and [20]. By comparing Figs. 2(a) and 2(b),
we can find that the maxima of the electron probability densi-
ties in the two step QWs are different when the width of the
central barrier is 1 nm, and they are nearly the same when the
width is 2 nm. So the same probability density distribution of
electrons in the coupled two step QWs can result in a large
spin splitting from the interface term.

We compare the spin splittings of a step QW and CQW-I
in Fig. 3. The width of the central barrier of CQW-I is set to be
1 nm or 2 nm to ensure the two step QWs coupling. The spin
splittings of the step QW and the CQW-I with 2-nm-width cen-
tral barrier have little difference, whereas the spin splittings of
the step QW and the CQW-I with 1-nm-width central barrier
have obvious differences. This is because the spin splitting
of the CQW-I with 1-nm-width central barrier is significantly
smaller than that of the CQW-I with 2-nm-width central bar-
rier. So the spin splitting resulting from the three terms in
CQW-I is not significantly larger than that of a step QW.
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Fig. 2. Electron probability densities of QWs-I. The well structure is the same as that in Fig. 1, the widths of central AlAs barrier are
(a) 1 nm, (b) 2 nm, (c) 5 nm, and (d) 7 nm respectively.
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Fig. 3. (color online) The spin splittings (SS) resulting from (a) the interface term, (b) the linear and (c) the cubic Dresselhaus terms,
as well as (d) the total spin splitting including the contribution of the three terms of a step QW, CQW-I with 1-nm-width central AlAs
barrier (CQW-I 1) and CQW-I with 2-nm-width central AlAs barrier (CQW-I 2). The SW denotes the width of Al0.3Ga0.7As step. The
total width of GaAs and Al0.3Ga0.7As is 5 nm.
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Fig. 4. (color online) Variations of spin splittings resulting from the inter-
face term (ISS) and the linear (DK1SS) and the cubic (DK3SS) Dresselhaus
terms each as a function of the ratio of the widths of the two step QWs in
CQW-I, where the width of the central AlAs barrier is 2 nm, the widths of
GaAs and Al0.3Ga0.7As on the left side of the central barrier are both 2 nm,
and the widths of GaAs and Al0.3Ga0.7As on the right side of the central
barrier are proportional to those on the left side.

For the above CQW-I, the two step QWs are the same.
Next, we will show that the spin splitting of CQW-I in which

the material is the same but the widths are different. The width
of the central barrier is set to be 2 nm. The widths of GaAs
and Al0.3Ga0.7As on the left side of the central barrier are both
2 nm, and the widths of GaAs and Al0.3Ga0.7As on the right
side of the central barrier are proportional to those on the left
side. Figure 4 displays the variations of the spin splittings re-
sulting from the interface term and the linear and the cubic
Dresselhaus terms each as a function of the ratio of the widths
of the two step QWs. It is clear that the spin splittings resulting
from the interface term and the linear Dresselhaus term both
decrease with the increase of this ratio.

In order to explain the variation of the spin splitting re-
sulting from the interface term with this ratio, we plot the
wave function of CQW-I in Fig. 5. The ratios are 1, 1.5, 2,
and 4 in Fig. 5(a), 5(b), 5(c), and 5(d), respectively. The cen-
ter of the central barrier is set to be the original point. When
the ratio is 1, the electron energy level of the ground state
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is higher than the potential energy of the Al0.3Ga0.7As con-
duction band, so the two step QWs are coupled. The wave
functions are the same in the two step QWs, showing that the
probabilities of electrons appearing in the two step QWs are
the same. When the ratio is bigger than 1, the electron energy
level of the ground state decreases with the increase of width
of the right step QW. The probability of electrons appearing in
a wider step QW is higher, so electrons are mainly bound in the
wider step QW on the right side of the central barrier. On this

occasion, the narrower step QW on the left side of the central

barrier makes a small contribution to the spin splitting result-

ing from the interface term. So the whole CQW-I seems like

a wider step QW. The bigger the ratio, the wider the step QW.

It is known that the spin splitting resulting from the interface

term decreases with the increasing well width.[15] Therefore, it

is reasonable that the spin splitting resulting from the interface

term decreases with the increasing ratio.
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Fig. 5. Wave functions of CQW-I, where the width of the central AlAs barrier is 2 nm, the widths of GaAs and Al0.3Ga0.7As on the
left side of central barrier are both 2 nm. The widths of GaAs and Al0.3Ga0.7As on the right side of central barrier are (a) 1, (b) 1.5,
(c) 2, and (d) 4 times those on the left side. The dashed line denotes the electron energy level of the ground state.

We also calculate the spin splitting of QWs-II, which is
a symmetric structure in the absence of external and built-in
electric fields. Figure 6(a) shows that the spin splitting re-
sulting from the interface term is zero, which is because the
symmetric confinement potential cannot lead to the Rashba
SOI. The spin splitting resulting from the linear Dresselhaus
term increases to a maximum and then decreases with the in-
crease of the width of the central barrier. When the width of
the central barrier is greater than 6 nm, the two step QWs are
independent of each other. When it is less than 6 nm, QWs-II
is coupled QWs (CQW-II). This can be demonstrated by using
the electron probability density in Fig. 6(b). Different from
the electron probability density in Fig. 2, in which the electron
probability densities are asymmetric, the electron probability
densities in Fig. 6(b) are symmetric. Therefore, the results in
Fig. 6(b) are in good agreement with the spin splitting result-
ing from the interface term in Fig. 6(a).

The inversion symmetry of CQW-II can be broken
through a structure design. We point out two methods. (i)
If the well widths of the two step QWs are different, CQW-II
bears an inherent SIA in the absence of external and built-in
electric fields. The spin splitting resulting from the interface

term is nonzero, and decreases with the increase of the ratio of
the widths of the two step QWs, as shown in Fig. 6(c). (ii) The
SIA can also be introduced by changing the Al concentration
in Al0.3Ga0.7As/AlxGa1−xAs step QW on the left side of the
central barrier. The Al concentration is varied from 0 to 0.3,
the spin splitting resulting from the interface term increases
from 0 meV to 1.5 meV.

In the above figures, it seems that the spin splitting result-
ing from the cubic Dresselhaus term does not change with the
width of the central barrier, the ratio of the widths of the two
step QWs, or the Al concentration. In fact, the spin splitting
resulting from the cubic Dresselhaus term is not a constant.
Compared with the spin splittings resulting from the interface
term and the linear Dresselhaus term, it varies little with the
alternating quantities. The spin splitting resulting from the cu-
bic Dresselhaus term is proportional to Dresselhaus SOI co-
efficient |γ|, which falls with confinement energy E1e.

[21] In
Fig. 7, we plot the spin splitting resulting from the cubic Dres-
selhaus term as a function of E1e. Apparently, the spin splitting
resulting from the cubic Dresselhaus term decreases with the
increase of E1e. This result is in good agreement with experi-
mental results.[21]
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Fig. 6. (color online) (a) Variations of spin splittings resulting from the interface term (ISS) and the linear (DK1SS) and the cubic (DK3SS)
Dresselhaus terms each as a function of the width of the central AlAs barrier in QWs-II, where the two step QWs are Al0.3Ga0.7As/GaAs
step QW and GaAs/Al0.3Ga0.7As step QW. For each step QW, the width of Al0.3Ga0.7As is 3.5 nm, the total width of GaAs and Al0.3Ga0.7As
is 5 nm. (b) Electron probability densities of QWs-II. (c) Variations of spin splittings resulting from the interface term (ISS) and the linear
(DK1SS) and the cubic (DK3SS) Dresselhaus terms each as a function of the ratio of the widths of the two step QWs in CQW-II, where
the width of central AlAs barrier is 1 nm, the widths of GaAs and Al0.3Ga0.7As on the left side of central barrier are 1.5 nm and 3.5 nm,
respectively. The widths of GaAs and Al0.3Ga0.7As on the right side of central barrier are proportional to those on the left side. (d) Variations
of spin splittings resulting from the interface term (ISS) and the linear (DK1SS) and the cubic (DK3SS) Dresselhaus terms each as a function of
Al concentration x on the left Al0.3Ga0.7As/AlxGa1−xAs step QW. The inset in panel (a) shows the schematic conduction energy band diagram
of QWs-II.
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Fig. 7. (color online) The spin splitting (SS) resulting from the cubic
Dresselhaus term as a function of electron confinement energy E1e for
the step QW, CQW-I, and CQW-II.

4. Conclusion
We theoretically investigate the spin splittings of two dif-

ferent double QWs. The first bears an inherent SIA in the ab-
sence of external and built-in electric fields. When the width
of the central barrier is less than 5 nm, the double QWs are
CQW-I, and a suitable width of the central barrier results in
a large spin splitting resulting from the interface term. The
large spin splitting can be attributed to the same probability
density distribution of electrons in the two step QWs of CQW-
I in which the two step QWs are the same. If the material of
the two step QWs is the same but the widths of them are differ-
ent, the electrons are mainly bound in the wider one of the two
step QWs, resulting in the decrease of the spin splitting from
the interface term. The second double QWs have a symmetric
structure in the absence of external and built-in electric fields.
The structure inversion symmetry can be broken by changing

its geometry or by changing the Al concentration. We hope
the results may be useful for the design of spintronic devices.
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