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Investigating mesoscopic circuits with
entangled state representations∗
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By employing the continuous parameter entangled state representations, we investigate the energy level and the wave
function for a capacitively and mutual-inductively coupled LC mesoscopic circuit. It is found that investigating the meso-
scopic circuit in such representations can bring us the following conveniences. Firstly, the dynamical equation is naturally
transformed into a single-variable differential equation. Secondly, the center-of-mass kinetic energy is included in the
energy level of the system. Thus it is instructive to introduce the entangled state representation into the investigation of
mesoscopic circuits.
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1. Introduction
Due to the rapid progress in quantum computation and

quantum information, a substantial interest has revived the
physical research on quantum systems.[1–7] Among all kinds
of possible schemes for quantum computation realization, the
small solid-state devices are promising because they can be
integrated easily to form large-scale circuits. So it is impor-
tant to investigate the mesoscopic circuit including elementary
components such as capacitance, inductance, and electric re-
sistance. The single inductance–capacitance (LC) nondissipa-
tive mesoscopic circuit is the fundamental cell in mesoscopic
circuits. It is constructive to investigate such a fundamental
circuit. Its quantization and quantum effects were first dis-
cussed by Louisell,[8] and some further progresses have been
made in this field in recent years.[9–13] To deal with those prob-
lems, one often chooses a suitable representation to simplify
the calculation according to the Hamiltonian operators. The
representation theory in quantum mechanics was invented by
Dirac.[14] Dirac emphasized that choosing an appropriate rep-
resentation for tackling definite dynamical problems can save
time and labor. Based on the idea of quantum entanglement of
Einstein, Podolsky, and Rosen,[15] Fan constructed the entan-
gled states, which have many applications in quantum optics
(see a review in Ref. [16]). In this work, we explain how to
introduce the entangled state representations into the investi-
gation of mesoscopic circuits by using the capacitively and
mutual-inductively coupled LC mesoscopic circuit as an ex-
ample and how to solve the dynamical problem by means of
such representations. The procedure is arranged as follows.
Firstly, for convenience, we introduce the entangled state rep-

resentation. Secondly, we give the Hamiltonian operator for
the mesoscopic circuit. Finally, we will obtain the energy level
and the wave function by means of the entangled state repre-
sentations.

2. Two entangled state representations
For two interaction particles with momentum operators

P̂1, P̂2 and the corresponding coordinate operators Q̂1, Q̂2,
in order to reduce the two-body problem, we introduce the
center-of-mass coordinate

Q̂cm = µ1Q̂1 +µ2Q̂2, (1)

and the mass-weighted relative momentum

P̂r = µ2P̂1−µ1P̂2, (2)

where µ1 + µ2 = 1, µ j = m j/M, M = m1 +m2, and m j is the
mass of the j-th particle. The Q̂ j, P̂j are related to Bose cre-
ation and annihilation operators by

Q̂ j =

√
h̄

2m jω j

(
â j + â†

j

)
, P̂j = i

√
m jω jh̄

2

(
â j− â†

j

)
, (3)

where [âl , â
†
j ] = δl j, and ω j is the vibration frequency of

the j-th particle. Due to the fact that operators Q̂cm and P̂r

are commutative, i.e.,
[
Q̂cm, P̂r

]
= 0, they have a common

eigenvector[16]

|ξ 〉 = exp
{
− 1

2
|ξ |2 + 1√

λ
[ξ +(µ1−µ2)ξ

∗] â†
1

+
1√
λ
[ξ ∗− (µ1−µ2)ξ ] â†

2

+
1
λ
[(µ1−µ2)(â

†2
1 − â†2

2 )−4µ1µ2â†
1â†

2]

}
|00〉 , (4)
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where |00〉 is the two-mode vacuum state, ξ is complex, ξ =

ξ1 + iξ2, and λ = 2
(
µ2

1 +µ2
2
)
. Particularly, when m1 = m2,

|ξ 〉 will degenerate to the following form:

|ξ 〉= exp
(
− 1

2
|ξ |2 +ξ â†

1 +ξ
∗â†

2− â†
1â†

2

)
|00〉 , (5)

which is the common eigenvector of operators Q̂1 + Q̂2 and
P̂1− P̂2. From Eqs. (1)–(5), the eigenvector equations can be
obtained as

Q̂cm |ξ 〉=
√

λ

2
ξ1 |ξ 〉=

√
µ2

1 +µ2
2 ξ1 |ξ 〉 , (6)

P̂r |ξ 〉=
√

λ

2
ξ2 |ξ 〉=

√
µ2

1 +µ2
2 ξ2 |ξ 〉 . (7)

By using the technique of integration within an ordered prod-
uct (IWOP) of operators,[17,18] the following completeness re-
lation can be proved:∫ d2ξ

π
|ξ 〉〈ξ |= 1, d2

ξ = dξ1dξ2. (8)

On the other hand, for two particles’ relative position opera-
tor Q̂r = Q̂1− Q̂2 and total momentum operator P̂ = P̂1 + P̂2,
based on the idea of quantum entanglement of Einstein, Podol-
sky, and Rosen,[15] who firstly noticed the fact that [Q̂r, P̂] = 0,
their common eigenstate can be constructed as[17,18]

|η〉= exp

(
−|η |

2

2
+η â†

1−η
∗â†

2 + â†
1â†

2

)
|00〉 , (9)

where η is a complex, η = η1 + iη2, and |η〉 obeys the com-
pleteness relation∫ d2η

π
|η〉〈η |= 1, d2

η = dη1 dη2. (10)

The eigenvector equations are

P̂ |η〉=
√

2η2 |η〉 , (11)

Q̂r |η〉=
√

2η1 |η〉 . (12)

The internal product between |η〉 and |ξ 〉 can be also calcu-
lated by virtue of Eqs. (4) and (9)

〈η |ξ 〉 =
√

λ

4
exp{i[(µ1−µ2)(η1η2−ξ1ξ2)

+
√

λ (η1ξ2−η2ξ1)]}. (13)

From Eqs. (1), (2), and (6)–(9), we can deduce

〈η | P̂r = 〈η | p̂r

∫ d2ξ

π
|ξ 〉〈ξ |=

∫ d2ξ

π

√
λ

2
ξ1 〈η | ξ 〉〈ξ |

= − 1√
2

[
i

∂

∂η1
+(µ1−µ2)η2

]
〈η | , (14)

〈η | Q̂cm =
1√
2

[
i

∂

∂η2
+(µ1−µ2)η1

]
〈η | . (15)

Similarly, we have

〈ξ | P̂ =

√
2
λ

[
−i

∂

∂ξ1
− (µ1−µ2)ξ2

]
〈ξ | , (16)

〈ξ | Q̂r =

√
2
λ

[
i

∂

∂ξ2
+(µ1−µ2)ξ1

]
〈ξ | . (17)

In the following, we will investigate the capacitively and
inductively-coupled LC mesoscopic circuit by means of the
above relations.

3. Hamilton dynamical analysis for the capac-
itively and mutual-inductively coupled LC
mesoscopic circuit

For the mesoscopic capacitively and mutual-inductively
coupled LC circuit shown in Fig. 1, if using the branch charge
Q j ( j = 1,2) as the generalized coordinate, the potential en-
ergy of the system is given by

V =
(Q1−Q2)

2

2C
, (18)

where C is the coupling capacitance. On the other hand, the
kinetic energy related to q̇i is

T =
1
2

L1Q̇2
1 +

1
2

L2Q̇2
2 +MQ̇1Q̇2, (19)

where M = k
√

L1L2 represents the mutual-inductance between
the two inductors. Thus the Lagrangian of the system is

L=T −V . (20)

C

L1

L2

Fig. 1. Mesoscopic LC circuit coupled capacitively and mutual-
inductively.

From Eq. (20), we can calculate the generalized momenta con-
jugated to qi

P1 ≡
∂L

∂ q̇1
= L1Q̇1 +MQ̇2, P2 ≡

∂L

∂ Q̇2
= L2Q̇2 +MQ̇1. (21)

We notice that Pj is the magnetic flux through the j-th ( j =
1,2) inductor. Via the Legendre transformation and Eqs. (20)
and (21), we can obtain the Hamiltonian of the system

H =
P2

1
2γ1

+
P2

2
2γ2

+ τP1P2 +ν(Q1−Q2)
2, (22)

where γ j = L j(1− k2), τ = k√
L1L2(1−k2)

, and ν = 1
2C . Equa-

tion (22) implies that the system is equivalent to two charged
particles coupled by a spring with elastic constant ν . From the
point of view of molecular dynamics, the term ν(Q1−Q2)

2

represents the internal bond potential, and the term τP1P2 is the
kinetic coupling energy, which represents the current–current
magnetic interaction since the motion of charged particles pro-
duces the electric current. Accoding to the standard canonical
quantization principle,[14] a pair of conjugate quantities Q j and
Pj are associated with a pair of Hermitian operators Q̂ j and P̂j,
and they satisfy the commutation relation [Q̂ j, P̂j] = ih̄. Thus
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the Hamilton operator of the system is

Ĥ =
P̂2

1
2γ1

+
P̂2

2
2γ2

+ τP̂1P̂2 +ν(Q̂1− Q̂2)
2. (23)

4. Energy level and wave function of the system

In order to deal with the system in the entangled state
representation, the Hamilton operator Ĥ needs to be trans-
formed. Noting

Q̂1− Q̂2 ≡ Q̂r, P̂1 + P̂2 ≡ P̂, [Q̂r, P̂] = 0,

µ1Q̂1 +µ2Q̂2 ≡ Q̂c, µ2P̂1−µ1P̂2 ≡ P̂r, [Q̂c, P̂r] = 0, (24)

where γ = γ1 + γ2 is the total mass, µ = γ1γ2/γ is the reduced
mass, and µ j = γ j/γ, we have

Q̂1 = Q̂c +µ2Q̂r, Q̂2 = Q̂c−µ1Q̂r,

P̂1 = P̂r +µ1P̂, P̂2 = µ2P̂− P̂r,

[Q̂r, P̂r] = ih̄, [Q̂c, p̂] = ih̄. (25)

Substituting Eq. (25) into Eq. (23) leads to

Ĥ =

(
1
2γ

+ τµ1µ2

)
P̂2 +

(
1

2µ
− τ

)
P̂2

r

+τ(µ2−µ1)P̂P̂r +νQ̂2
r . (26)

We introduce a double-mode Fock space, in which â†
j , â j and

Q̂ j, P̂j satisfies

Q̂ j =

√
h̄

2γ jω j

(
â j + â†

j

)
, P̂j = i

√
γ jω jh̄

2

(
â j− â†

j

)
, (27)

where ω j =
√

2ν/γ j is the vibration frequency of the j-th
charged particle. Next, we investigate the system by virtue
of eigenvector |ξ 〉 corresponding to {Q̂cm, P̂r} and |η〉 corre-
sponding to {Q̂r, P̂}. Here, we consider |En〉 as the eigenstate
and En as the eigenvalue of Hamilton Ĥ . Using Eqs. (11),
(12), and (14), we have

〈η |Ĥ |En〉

= En〈η |En〉=
{

1
2

(
τ− 1

2µ

)[
∂

∂η1
− i (µ1−µ2)η2

]2

− iη2τ(µ2−µ1)

[
∂

∂η1
− i (µ1−µ2)η2

]
+

[(
1
γ
+2τµ1µ2

)
η

2
2 +2νη

2
1

]}
〈η |En〉 , (28)

from which we can see that the dynamical problem of the more
complicate two-body system can be solved by employing si-
multaneous 〈η | and 〈ξ | representations. Suppose that, in the
〈η | representation, the wave function of energy eigenstate |En〉
takes the form

〈η |En〉= exp[i (µ1−µ2)η1η2]ψn, (29)

where ψn is undetermined. From the following operator rela-
tion:

exp[−i (µ1−µ2)η1η2]

[
∂

∂η1
− i (µ1−µ2)η2

]

× exp[i (µ1−µ2)η1η2] =
∂

∂η1
, (30)

the differential equation about ψn can be obtained{
1
2

(
τ− 1

2µ

)
∂ 2

∂η2
1
− iη2τ(µ2−µ1)

∂

∂η1

+

[(
1
γ
+2τµ1µ2

)
η

2
2 +2νη

2
1 −En

]}
ψn = 0. (31)

Letting ψn take the form

ψn = exp[2iη1η2τ(µ1−µ2)µ/(1−2µτ)]ϕn ≡ e iη1ρ
ϕn, (32)

where ρ = 2η2τµ(µ1−µ2)/(1−2µτ), and making use of the
relation

e−iη1ρ ∂

∂η1
e iη1ρ =

∂

∂η1
+ iρ, (33)

we can obtain the differential equation about ϕn from Eq. (31){
− 1

2

(
1

2µ
− τ

)
∂ 2

∂η2
1
+

1− τ2µγ

γ(1−2µτ)
η

2
2

+2νη
2
1 −En

}
ϕn = 0. (34)

Comparing the above equation with the stationary-state equa-
tion of the standard harmonic oscillator

− h̄2

2µ

d2ϕn

dη2
1
+

1
2

µω
2
η

2
1 ϕn = Enϕn, (35)

where En = (n+ 1
2 )h̄ω (n = 0,1,2, . . .) and ω = 2

√
ν/µ, the

eigenenergy belonging to Eq. (34) is

En =
1− τ2µγ

1−2µτ

η2
2

γ
+

(
n+

1
2

)
h̄

√
1−2µτ

2
ω, (36)

which implies that because of the existence of mutual-
inductance coupling term τP̂1P̂2, not only the center-of-mass
kinetic eneygy is included in the energy level of the system,
but also the frequency of the energy-level transition varies. In
order to obtain the solution, comparing Eq. (34) with the stan-
dard Hermite equation whose solution is known, we have

ϕn = Nn exp
(
− 1

2
α

2
η

2
1

)
Hn(αη1), (37)

where

α
2 = (2/h̄)

√
2µν/(1−2µτ), Nn =

√
α/
√

π2nn!

represents the normalization constant, and Hn(αη1) is the
Hermitian polynomial. Combining Eqs. (32) and (37) with
Eq. (29), we deduce the wave function of energy eigenstate
|En〉 in the 〈η | representation

〈η |En〉 = Nn exp
{

iη1[(µ1−µ2)η2 +ρ]

− 1
2

α
2
η

2
1

}
Hn(αη1). (38)

In order to evaluate 〈η |En〉 intuitively, we give an exam-
ple by choosing the following mesoscopic parameters: L1 =

L2 = 10−8 H, C = 5× 10−9 F, and coupling coefficient k =

0.3 between the two inductors, which can be easily archived
with present-day technologies. Based on the above param-
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eters, we show respectively 〈η |En〉 (here, we take the real
part Re[〈η |En〉]) and the corresponding probability density
| 〈η |En〉 |2 as a function of η1 for different quantum number n,
which corresponds to different wave functions (see Figs. 2 and
3). Combining Fig. 2 with Fig. 3, we can draw the conclusion
that Re[〈η |En〉]−η1 intersects n times with the η1 axis in a fi-
nite η1 range. That is to say, the equation Re[〈η |En〉] = 0 has
n solutions, or Re[〈η |En〉] possesses n nodes. When n takes

a smaller quantum number, which means a lower energy of
the system, in some quantum states for different η1, the prob-
ability of finding particles (here, electrons) is different distinc-
tively. This just shows that the system exhibits strong quantum
characters in the lower energy state. But with n increasing, the
width of the single peak becomes narrow, which tells us that
the probability tends to be equal. The classical characters pre-
vail against the quantum ones gradually.
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Fig. 2. Re[〈η |En〉] as a function of η1 for (a) n = 0, (b) n = 1, (c) n = 2, and (d) n = 3.
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Fig. 3. The | 〈η |En〉 |2 as a function of η1 for (a) n = 0, (b) n = 1, (c) n = 2, and (d) n = 3.
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5. Conclusion
In summary, by employing the continuous parameter en-

tangled state representations, we investigate the energy level
and the wave function for the capacitively and inductively-
coupled LC mesoscopic circuit. We find that investigating the
mesoscopic circuit problem in such representations can bring
us the following conveniences. Firstly, the dynamical equa-
tion is naturally transformed into a single-variable differen-
tial equation by denoting the other variable as a parameter.
Secondly, the center-of-mass kinetic energy is included in the
energy-level of the system. Thus it is instructive to introduce
the entangled state representation to the investigation of meso-
scopic circuits.

References
[1] Fan H Y and Pan X Y 1998 Chin. Phys. Lett. 15 625
[2] Vandersypen L M K, Steffen M, Breyta G, Yannoni C S, Sherwood M

H and Chuang I L 2001 Nature 414 883
[3] Gulde S, Riebe M, Lancaster G P T, Becher C, Eschner J, Häffner H,
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