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Theoretical prediction of ion conductivity in solid state HfO2
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A theoretical prediction of ion conductivity for solid state HfO2 is carried out in analogy to ZrO2 based on the density
functional calculation. Geometric and electronic structures of pure bulks exhibit similarity for the two materials. Negative
formation enthalpy and negative vacancy formation energy are found for YSH (yttria-stabilized hafnia) and YSZ (yttria-
stabilized zirconia), suggesting the stability of both materials. Low activation energies (below 0.7 eV) of diffusion are
found in both materials, and YSH’s is a little higher than that of YSZ. In addition, for both HfO2 and ZrO2, the supercells
with native oxygen vacancies are also studied. The so-called defect states are observed in the supercells with neutral and
+1 charge native vacancy but not in the +2 charge one. It can give an explanation to the relatively lower activation energies
of yttria-doped oxides and +2 charge vacancy supercells. A brief discussion is presented to explain the different YSH
ion conductivities in the experiment and obtained by us, and we attribute this to the different ion vibrations at different
temperatures.
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1. Introduction
Zirconia, a widely used ceramics material, has drawn

much attention of both theoretical and experimental
studies[1–10] for its special properties. When doped by some
oxides, especially Y2O3, cubic phase ZrO2 is stabilized at
room temperature as the YSZ (yttria-stabilized zirconia) with
oxygen vacancies forming. As a result, the ion diffusion can
easily take place, which makes the doped zirconia a fast-ion
conductor.[11]

However, Hf, which is in the same column as Zr in the
periodic table, was ignored until wide investigations in recent
ten years. HfO2, which possesses a fluorite structure, the same
as the cubic ZrO2 at high temperature, is surprisingly similar
to ZrO2 in many physical and chemical properties.[12,13] Much
attention has been paid to its nanoscaled or film structure in
the existing applications and experiments of HfO2.[14–19] How-
ever, it is reported by Guo[20] that one can hardly achieve
significantly higher conductivity in the nanostructured ZrO2,
which reminds us to consider the conductivity in solid state
HfO2. Though the conductivity of nanoscaled or film HfO2 is
considerable high, how will it be in solid state HfO2? By anal-
ogy to ZrO2, it is natural to suppose that HfO2 may show the
same ion conductivity. Is this assumption correct? However,
to our best knowledge, few theoretical investigations have fo-
cused on the ion conductivity of solid state HfO2 with a com-
parison to ZrO2. Trubelja and Stubican[21] have reported that
the ion conductivity of HfO2 is 1.5–2.2 times lower than that
of ZrO2. It is necessary to re-study this topic.

In the present work, we carry out a thermodynamic simu-
lation of ion diffusion for both HfO2 and ZrO2 systems using
density functional theory (DFT) calculation. The native oxy-
gen vacancy and its diffusion are also considered to have a
comparison with the doped oxides (YSZ and YSH). Forma-
tion energy, coupling with diffusion, and activation energy are
discussed in detail. The difference between the previous ex-
periment and the present work is discussed. It is found that the
ion vibration influenced by temperature is responsible for the
difference.

2. Computational method
All the DFT calculations were performed using the Vi-

enna ab initio simulation package (VASP)[22,23] working in
a plane-wave basis set. The electron–ion interaction was de-
scribed using the projector augmented wave method[24,25] with
plane waves up to the energies of 500 eV and 520 eV for
ZrO2 and HfO2, respectively. The exchange–correlation func-
tional proposed by Perdew–Burke–Ernzerhof (PBE)[26] was
used, and the generalized gradient approximation (GGA) was
applied.[27] The unit bulk cell shown in Fig. 1(a), containing
4 M (M = Hf, Zr) and 8 O, was selected in order to main-
tain the cubic symmetry and the periodic boundary condi-
tion. A fundamental structure with lattice constants (af = a0,
bf = a0/

√
2, cf = a0/

√
2) corresponding to the unit bulk cell

was chosen. The 2×2×2 pure supercell shown in Fig. 1(b),
containing 16 M and 32 O, was used to simulate the process of
diffusion, where as = 2a0, bs =

√
2a0, and cs =

√
2a0. The
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Brillouin-zone sampling was performed on a dense k-point
mesh of 9×9×9 points. However, for the other supercells dis-
cussed in this paper, we used 3×5×5 points in order to con-
verge the total energy to within 10 meV.

a0
as

bs

cs

b0

c0

(b)(a)

Fig. 1. Models of MO2 (M=Hf, Zr) for (a) pure bulk and (b) supercell;
small dark spheres represent O atoms; big gray spheres respresent M
(M=Hf, Zr) atoms.

3. Pure HfO2 & ZrO2

The lattice of bulk is optimized to fit the Murnaghan equa-
tion of state. The total energy of each material as a function of
volume is illustrated in Fig. 2. The calculated lattice constants
and other structure information are also listed in Table 1, and
the available results of the previous calculation and experi-
mental studies[28,29] are also shown. The total density of states
(DOS) is displayed in Fig. 3. It is obvious that HfO2 and ZrO2

have similar DOS structures, especially for the valence elec-
trons. The band gaps (Eg) of HfO2 and ZrO2 are 3.8 eV and
3.2 eV, respectively. Though the calculated band gap of ZrO2

is smaller than the experimental value (4.6 eV),[30] this under-
estimation is common in DFT simulations. All these similar
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Fig. 2. Volume dependences of total energy for HfO2 (left) and ZrO2
(right).

Table 1. Lattice constants a0 and bulk moduli B obtained in the present
work, other calculation work, and experiments for MO2 (M=Hf, Zr).

Reference Method a0/Å B/ GPa
HfO2

exp. 5.08a)

Ref. [12] LDA 5.26 280
Present GGA 5.08 246.7
ZrO2

exp. 5.09b) 194–254c)

Ref. [12] LDA 5.07 267
Present GGA 5.15 246.5

a) Ref. [28], b) Ref. [1], c)Ref. [29]

results give us a primary understanding that pure MO2 (M=Hf,
Zr) has almost the same geometric and electronic behaviors.
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Fig. 3. Total densities of states (DOS) for pure (a) HfO2 and (b) ZrO2.

4. Native defects and diffusion
4.1. Stability

Before doping with yttrium, we consider the native oxy-
gen vacancies and the oxygen ion diffusion in order to have a
better understanding of the ion conduction mechanism. The
oxygen atom at the fractional coordination of (0.375, 0.25,
0.5) is moved out to form an oxygen vacancy (expressed as
Vq

O in the following). The supercells after moving out an O
are set to carry 0, +1, and +2 charge and expressed as VO,
V1+

O , and V2+
O , respectively The ions occupying the first and

the second nearest neighbor (NN) positions to Vq
O are allowed

to relax in the calculation, while the others are fixed. The for-
mation energy (EF)[31–36] is defined as

EF(Vq
O) = Etot(MnO2n−1)−Etot(MnO2n)+µO +qEF, (1)

where Etot(MnO2n−1) is the total energy of a supercell contain-
ing one oxygen vacancy in the charge state q, and Etot(MnO2n)

is the total energy of a MO2 perfect crystal in the same su-
percell. The effect of removing one oxygen atom is expressed
by its chemical potential µO, and we use the half energy of the
oxygen molecule as the chemical potential of O. If the vacancy
is charged, the formation energy depends further on the Fermi
level (EF), ranging from 0 to band gap (Eg) of MO2, which is
the energy of the reservoir for electrons.[37] We define EF

min as
the formation energy when EF = 0, while EF

max is considered
when EF = Eg. The calculated results for charged vacancies
are given in Table 2. A similar trend found in another work[13]

demonstrates that V2+
O is more easily to form because of the

smallest formation energy. In addition, the densities of states
of all three supercells with vacancies are shown in Figs. 4 and
5 for HfO2 and ZrO2, respectively, which will be used in the
further analysis.
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Table 2. Maximum and minimum formation energies EF
max and EF

min,
and activation energies Ea of ion diffusion for native defected MO2
(M=Hf, Zr); maximum and minimum formation energies EF

max and
EF

min, formation enthalpy ∆H, minimum activation energy Ea, and av-
erage activation energy among all the configurations for YSM (M=Hf,
Zr). The quantities are given in units of eV.

Native vacancy YSM
0 +1 +2 Min. Average

HfO2 EF
max 6.062 3.336 –0.492 3.954 4.029

EF
min –0.554 –8.272 –5.016 –4.941

∆H –0.23 –0.15
Ea 1.657 0.749 0.435 0.503 0.550

ZrO2 EF
max 6.597 2.879 –0.818 2.264 2.484

EF
min –0.271 –7.118 –6.706 –6.506

∆H –0.25 –0.14
Ea 1.213 0.702 0.424 0.495 0.536
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Fig. 4. Total densities of states (DOS) for native oxygen vacancy of
HfO2 with charge (a) 0, (b) +1, and (c) +2.
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Fig. 5. Total densities of states (DOS) for native oxygen vacancy of
ZrO2 with charge (a) 0, (b) +1, and (c) +2.

4.2. Diffusion

To explore the ion diffusion, we consider one of the O
ions nearest to the vacancy that migrates towards the vacancy.
The static estimation of activation energy is performed by fix-
ing the selected mobile O atom at several positions along the
pathway. The total energies of these configurations are calcu-
lated to draw the potential energy surface of diffusion. The
activation energy Ea is defined as the energy difference be-
tween the saddle point and the initial (or final) point of the

potential surface along the pathway. We have selected differ-
ent pathways for the O anion, such as along the directions of
〈100〉, 〈110〉, and 〈111〉. It turns out that the 〈100〉 direction
(see sketch in the left of Fig. 6(a)) is the most possible pathway
with a relatively smaller Ea, so the other pathways will not be
discussed. In Table 2, we list the calculated values of Ea for
supercells in different charge states. The HfO2 and ZrO2 have
nearly the same activation energy, especially for V2+

O , which
are 0.435 eV and 0.424 eV, respectively. It is found that V2+

O
exhibites the smallest activation energy. The total energy as a
function of the fractional coordination along the 〈100〉 direc-
tion is shown in Fig. 6(b).
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Fig. 6. (a) Left: sketch of diffusion pathway and direction along 〈100〉
for an oxygen ion, the ideal oxygen sublattice is shown. Black spheres
are O atoms and the white sphere is an O vacancy. Right: sketch of the
circumstance in which the O ion (black sphere) passes across the M–M
(M=Hf, Zr; white sphere) edge of metal tetrahedron along the pathway.
(b) Coordination dependence of total energy along the pathway for +2
charged supercell of native vacancy.

From the DOS figures, we find almost the same electronic
structures for HfO2 and ZrO2. We can see that the most ob-
vious difference between V2+

O and VO (or V1+
O ) for both two

materials is the electronic occupation (pointed out by the ar-
rows in figures) between the valence-band maximum (VBM)
and the conduction-band minimum (CBM). It is the so-called
defect state (or level), in which electrons are trapped around
the vacancy and the charge density is relatively higher. When
the O ion moves towards the vacancy, it will experience extra
repulsion from the electrons in the defect state, making the ac-
tivation energy larger. While in the V2+

O supercell, no defect
state is found in the DOS, which explains the smaller Ea than
that of the former two supercells.

5. Y-doped oxides and diffusion
5.1. Model description

For Y doped oxides, in the supercell of each material,
we substitute two Hf or Zr by Y. The oxygen atom at po-
sition (0.375, 0.25, 0.5), which is the position of the native
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vacancy, is moved out to maintain the systems neutrality. Ac-
cordingly, the mol percentage of Y2O3 is about 6.7%, which is
a little lower than the experimental value 8–40% in Ref. [38].
We have considered various relative vacancy positions and Y
atoms in the doped structures. As reported in Refs. [3] and [5],
in agreement with experiments, the Y ions prefer to occupy the
2nd NN position to V q

O. In order to confirm it, we have sim-
ulated several different configurations: (i) two Y atoms in the
1st NN positions, (ii) one in the 1st NN position & one in the
2nd NN position, and (ii) two Y atoms in the 2nd NN positions
to oxygen vacancy. Our results support the conclusion above,
which enables us to exclude the configurations with Y ions in
the 3rd NN positions to V q

O. In this section, we allow all the
atoms to relax in all the calculations to obtain better results.
The total densities of states (DOS) of both YSH and YSZ are
shown in Fig. 7 in order to compare with that of the native
vacancy.

D
O

S
/
e
V

-
1

100

50

0

-20 -15 -10 -5 0 5

Energy/eV

 (a) 

 (b) 100

50

0

Fig. 7. Total densities of states (DOS) for (a) YSH and (b) YSZ.

5.2. Stability

The stabilities of YSH and YSZ are firstly assumed by the
reaction

MnO2n +2Y→Mn−2Y2O2n−1 +O+2M, (2)

and the formation energy is similar to that given in Eq. (1)

EF = Etot(Mn−2Y2O2n−1)−Etot(MnO2n)

+µO +2µM−2µY, (3)

where µO adopts the same value used in the native vacancies.
Chemical potential µM is calculated as the single atom energy
in the M crystal. For µY, the energy of yttrium ranging from
−1.98 eV (free atom) to−6.47 eV (crystal) is considered. The
minimum and the maximum of EF (EF

min and EF
max) are listed

in Table 2. It should be noted that we do not show EF
min and

EF
max for all configurations. Instead, the quantities of configu-

rations with the lowest total energy are picked out to display
in the Min. column, and the Average column lists the aver-
age values of all configurations. Compared to those of VO

and V1+
O , the formation energies (minimum) of YSM (M=Hf,

Zr) and V2+
O are more negative, ranging approximately from

−5.0 eV to −8.2 eV, which indicates the stability of the oxy-
gen vacancy in YSM.

We also use the formation enthalpy ∆H deduced from
Ref. [4], which is defined as

∆H = E(Mn−2Y2O2n−1)− (n−2)E(MO2)+E(Y2O3), (4)

where x is the mol percentage of Y2O3. Here, we take the
same method as described above to calculate the total energy
of Y2O3. The unit cell of Y2O3 used here has a bixbyite struc-
ture containing 80 atoms. The lowest values of ∆H for all
configurations of YSH and YSZ are listed in Table 2, which
are about −0.23 eV and −0.25 eV, respectively. The negative
∆H demonstrates that the cubic MO2 is stabilized by doping
Y2O3.

5.3. Diffusion and conductivity

We select the same pathway and initial position for the
mobile oxygen ion as those in the native vacancy. The O
ion passes from the M–M (M=Hf, Zr) edge of metal tetra-
hedron along the pathway. The sketch is shown in the right
of Fig. 6(a), where the gray spheres represent the M atoms.
With the same method adopted for the native vacancy, we cal-
culate the diffusion barrier Ea, as listed in Table 2. The data
of Ea are processed under the same principle used for the for-
mation energy EF and shown in Min. and Average columns.
Since the curves of the position dependence of total energy
have similar trend with that of the native vacancy, we do not
show them here. The minimum Ea for both materials is about
0.5 eV, which is not much lower than the average value. We
then estimate the conductivity using the average value.

Since the oxygen ion is assumed to move on the anion
sublattice by exchanging with the oxygen vacancy on the near-
est neighbor site with a distance d, it is regarded as a hop. In
this hopping process, the O ion passes across the M–M edge of
metal tetrahedron along the 〈100〉 direction. Using the Boltz-
mann relationship and treating the process as Brownian move-
ment, we finally obtain the ion conductivity

σ = (n0q2/kBT )v0d2 exp(−Ea/kBT ), (5)

where n0 is the number of vacancies per unit volume. Since the
other parameters are the same for YSH and YSZ, the values of
ionic conductivity for both materials are of little difference for
close Ea. Accordingly, at 1000 K, the ion conductivity will
be 4.5 Ω−1·m−1 approximately, which is higher than that of
many other ionic crystals.

For all the similar properties mentioned above, especially
the high ion conductivity, it is reasonable to predict that HfO2

(or YSH) can possibly behave as a fast-ion conductor such as
ZrO2 or YSZ.
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5.4. Discussion

It is noted that there are several similar properties between
V2+

O and YSM (M=Hf, Zr), including the number of electrons,
DOS, and activation energy. Obviously, there is no defect state
found in the figures of DOS. This means that the diffusion
barrier is much weaker without the repulsion from electrons
trapped around the vacancy. As a result, V2+

O and YSM have
similar activation energies, though Ea of YSM is a little higher
because of the stronger repulsion from the Y ions than that
from the Zr ions, which is due to the larger radius of Y ions.

We only consider the situation that the O ion passes across
the M–M (M=Hf, Zr) edge rather than M–Y and Y–Y edges,
because it is reported in Ref. [10] that the M–M edge is much
more easy for the O ion to pass compared to M–Y and Y–Y
edges. In addition, if the mobile O ion takes the other two
pathways, there must be a Y ion in the 1st NN postion to
V q

O, which is not likely to be stable in thermodynamics.[4,5]

It is confirmed again in the present work by calculating the
YSM supercell with two Y ions in the1st NN positions to Vq

O.
The formation energy is −6.0 eV, which is larger than that of
the lowest EF supercell presented above. In addition, for both
YSH and YSZ, when O moves across the Y–Y edge, the cal-
culated barriers are around 1.1 eV, which is as large as that in
YSZ presented in Ref. [10]. Hence, the probability for the O
ion to pass across M–Y and Y–Y edges is much smaller, which
can be ignored.

The ion conductivity estimated by us also needs to be ana-
lyzed and discussed. Molecular dynamics simulations of YSZ
have been performed by authors in Refs. [6]–[9], and only the
exact values of conductivity are found in Ref. [6]. The con-
ductivities at 1759 K presented in Ref. [6] (0.7 Ω−1·cm−1)

and obtained in the present work (0.37 Ω−1·cm−1) match the
experimental value (0.9 Ω−1·cm−1)[39] in the same order of
magnitude. The difference in temperature is responsible for
the different conductivities of our calculation and the experi-
ment. Since the activation energy decreases with the increas-
ing temperature, it is normal that the conductivity computed
by us is lower than that obtained at the high temperature ex-
periment, as the DFT simulation is performed at 0 K.

The ion conductivity of HfO2 obtained in experiment[21]

is 1.5–2.2 times lower than that of ZrO2. The difference of
ionic conductivity of YZH may be attributed to the following
reasons. The jumps of O ions require a relative large space.
Since the Hf ion is heavier (in mass) than the Zr ion, the Hf
ion vibrates with smaller displacements. This leads to a lower
probability to create suitable spaces for mobile O ions. The
influence from the ion mass decreases as the temperature goes
higher than 1000 K in the experiment. At higher tempera-
tures, like 1500 K or even higher, the vibration states of Hf

and Zr ions are similar, then YSH and YSZ should show simi-
lar ionic conductivity. However, in our quasi-static simulation,
Hf and Zr ions show not much difference in diffusion process,
resulting in similar conductivities. Thus, our prediction fits the
situation at higher temperature.

6. Conclusion
A theoretical study of ion conductivity of solid state HfO2

has been performed in analogy to ZrO2. The geometric and the
electronic structures show similar properties for both systems.
In all supercells of HfO2 and ZrO2, yttria-doped oxides and
+2 charge vacancies are most stable with the most negative
formation energies. The diffusion of native oxygen vacancy
and the yttrium doped models of HfO2 and ZrO2 have been
studied by quasi-static simulations. Similar activation ener-
gies are found in YSH and YSZ, resulting in the similarity of
ionic conductivity. The ion conductivity estimated is in agree-
ment with the experimental value for YSZ. In addition, the
native vacancy model with +2 charge has relatively low acti-
vation energies as YSZ and YSH, whose diffusion mechanism
can be primarily explained by the electronic distribution from
DOS. A lower ion conductivity of YSH than that of YSZ is re-
ported in experiment, we explain that different vibrations of Hf
and Zr cations at different temperatures are responsible for the
difference. Accordingly, we predict that at high temperature,
HfO2 will show higher ionic conductivity and could possibly
be a fast-ion conductor.
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