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Shielding effect of a nano-circular inclusion acting on semi-infinite
wedge cracks∗
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The model of a screw dislocation near a semi-infinite wedge crack tip inside a nano-circular inclusion is proposed to
investigate the shielding effect of nano inclusions acting on cracks. Utilizing the complex function method, the closed-form
solutions of the stress fields in the matrix and the inclusion region are derived. The stress intensity factor, the image force, as
well as the critical loads for dislocation emission are discussed in detail. The results show that the nano inclusion not only
enhances the shielding effect exerted by the dislocation, but also provides a shielding effect itself. Moreover, dislocations
may be trapped in the nano inclusion even if the matrix is softer than the inclusion. This helps the dislocation shield crack,
and reduces the dislocation density within the matrix.
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1. Introduction
It is well known that dislocations in the vicinity of a crack

tip play an important role in fracture mechanics. Therefore,
the elastic interaction between dislocations and cracks has
been extensively studied by many theoretical and experimental
researchers.[1–10] The stress field, image force and strain en-
ergy of dislocation, and the stress intensity factor at the crack
tip are the major concerns in these investigations. When the
plastic deformation occurs around a crack tip, the stress field
in the vicinity of the tip changes. One of the mechanisms, the
dislocation emitted from the crack tip into the plastic zone,
can reduce the stress intensity factor at the crack tip. This phe-
nomenon is known as the dislocation shielding effect.[11] Rice
and Thomson[12] obtained a quantitative criterion for ductile
verse brittle behavior. Wang[13] analyzed dislocation nucle-
ation and emission with a slightly modified Rice framework.
The shielding effect and emission criterion of a screw disloca-
tion near an interfacial blunt crack have been studied by Song
et al.[14]

Furthermore, interface stresses, tension, and energies
have been widely used to study the elastic responses of
nanoscale structures and elastic fields caused by nanoscale
inhomogeneities due to the rapid development of nanotech-
nology. Studies based upon high resolution electron mi-
croscopy proved the occurence of dislocations in nanoscale
grains.[15,16] The full dislocations inside the very small grains
of nanocrystalline metals have been observed by Wu and
Ma.[17] The concept of interface stress in solids was first intro-
duced by Gibbs.[18] Gurtin and Murdoch[19] proposed a math-

ematical model for elastic isotropic solids incorporating sur-
face/interface stress. Fang and Liu[20] investigated the problem
of a screw dislocation inside an inhomogeneity with interface
stress.

However, the effect of nano inclusions acting on the in-
teraction between dislocations and cracks has not been studied
due to the complexity of the calculation. In the present paper,
the interaction between a screw dislocation and a semi-infinite
wedge crack with a nano-circular inclusion at the tip is inves-
tigated by using the complex variable method.

2. Problem statement and solution

Consider an infinite matrix containing a semi-infinite
wedge crack with a nano-circular inclusion at the tip, as shown
in Fig. 1(a). A positive screw dislocation of Burgers vector 𝑏z

is located at z0 inside the inclusion. The usual magnitude of
the Burgers vector of a screw dislocation is 1 nm, and the range
of the size of nano inclusion is R < 200 nm. The regions occu-
pied by the nano inclusion and the matrix will be denoted by
S+ and S−, respectively.

In previous works,[17–19] an interface region was approxi-
mated as a vanishing thickness adhering to the bulk solid with-
out slipping. The material constants of the interface are differ-
ent from the bulk materials. The equilibrium and constitutive
equations of the bulk solid are the same as those in the clas-
sical elasticity, but the presence of interface stress gives rise
to nonclassical boundary conditions. For the current problem,
the boundary conditions at the nano-inhomogeneity interface
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can be summarized as[19]

w+
1 = w−1 , (1)

τ
+
rz1− τ

−
rz2 =

µ0− τ0

Rµ1

∂τ
+
θz1

∂θ
, (2)

where µ0 denotes the interfacial elastic constant, τ0 is the
residual interface tension, and τrz and τθz are stress compo-
nents. Noting that the interface region is approximated as a
vanishing thickness, therefore the dimension of µ0 and τ0 are
N/m,[18] and the units at both sides of Eq. (2) are consistent.

The boundary conditions on the surface of the crack have
the form

τ⊥ = 0, (3)

where the subscript ⊥ means perpendicular to the surface.
The antiplane displacement w, shear stresses τrz, and τθz

can be written in terms of an analytical function f (z) as fol-
lows:

w = Re[ f (z)], (4)

τrz− iτθz = µ e iθ f ′(z), (5)

where µ is the shear modulus of the material. Thus, the dis-
placement and stress conditions in Eqs. (1)–(3) can be written
as

Re[ f1(z)]+ = Re[ f2(z)]−, (6)

µ1

[
e iθ f ′1(z)+ e−iθ f ′1(z)

]+
+

µ0− τ0

R

[
e iθ f ′1(z)

+Re2iθ f ′′1 (z)+ e−iθ f ′1(z)+Re−2iθ f ′′1 (z)
]+

= µ2

[
e iθ f ′2(z)+ e−iθ f ′2(z)

]−
, (7)

Im
[
µ e i(π−α/2) f ′(z)

]
= 0. (8)

The following transform function

w = ω(z) = z1/m, z = G(w) = wm, (9)

m =
2π−α

π
, (1 < m < 2), (10)

can map the half plane with a half-circular inclusion (with ra-

dius R′ = R1/m) in the w plane to a circular inclusion (with
radius R) with a semi-infinite wedge crack (with radian α) in
the z plane (see Fig. 1(b)). Herein, m is the parameter related
to the radian of the wedge crack.
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Fig. 1. (a) A screw dislocation near a nano-circular inclusion with
a semi-infinite wedge crack. (b) The w plane.

Consequently, the boundary conditions of Eqs. (6)–(8)
may be represented as

Re[ f1(w)]+ = Re[ f2(w)]−, (11)

Re
[
µ1 e iθ f ′1(z)

]+
+

µ0− τ0

R
Re
[

e iθ f ′1(z)+Re2iθ f ′′1 (z)
]+

= Re
[
µ2 e iθ f ′2(z)

]−
, (12)

Im
[
µ e i(π−α/2) f ′(w)

dw
dz

]
= 0. (13)

Equations (11)–(13) can be further simplified into

Re[ f1(w)]+ = Re[ f2(w)]−, (14)

Re
[
µ1w f ′1(w)

]+
+

µ0− τ0

Rm
Re
[
w f ′1(w)+w2 f ′′1 (w)

]+
= Re

[
µ2w f ′2(w)

]−
, (15)

Im
[
i f ′(w)

]
= 0. (16)

Now, the boundary conditions of Eqs. (14) and (15) are just
the same as the problem of a screw dislocation inside a circu-
lar nano inclusion,[17] if we replace R and µ0− τ0 with R1/m

and (µ0− τ0)R1/m/(Rm), respectively.
Thus, the solutions can be given by

f ′1(w) =
bz

2π i
1

w−w0
+

2µ2Γ

µ1 +µ2 +(µ0− τ0)/Rm
+

bz

2π i

∞

∑
k=0

[
µ1−µ2− (1+ k)(µ0− τ0)/Rm

]
(w̄0)

k+1[
µ1 +µ2 +(1+ k)(µ0− τ0)/Rm]R2(k+1)/m

wk, (17)

f ′2(w) =
bz

2π i
1

w−w0
+Γ +

[
µ1−µ2 +(µ0− τ0)/Rm

]
R2/mΓ̄[

µ1 +µ2 +(µ0− τ0)/Rm
]
w2

+
bz

2π i

∞

∑
k=0

[
µ1−µ2− (1+ k)(µ0− τ0)/Rm

]
(w0)

k+1[
µ1 +µ2 +(1+ k)(µ0− τ0)/Rm

]
wk+2

, (18)

where Γ =−iτ∞
yw/µ2.

Solutions (17) and (18) satisfy boundary conditions (14) and (15), but dissatisfy boundary condition (16). Therefore, an
image dislocation with Burgers vector −bz is put at −w̄0 to make the solution meet the third boundary condition, and the
locations of the real dislocation and the image dislocation are symmetric about the free surface.

Finally, the solutions satisfying all the three boundary conditions are

f ′1(w) =
bz

2π i
1

w−w0
+

2µ2Γ

µ1 +µ2 +(µ0− τ0)/Rm
+

bz

2π i

∞

∑
k=0

[
µ1−µ2− (1+ k)(µ0− τ0)/Rm

]
(w̄0)

k+1[
µ1 +µ2 +(1+ k)(µ0− τ0)/Rm

]
R2(k+1)/m

wk
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− bz

2π i
1

w+ w̄0
− bz

2π i

∞

∑
k=0

[
µ1−µ2− (1+ k)(µ0− τ0)/Rm

]
(−w0)

k+1[
µ1 +µ2 +(1+ k)(µ0− τ0)/Rm

]
R2(k+1)/m

wk, (19)

f ′2(w) =
bz

2π i
1

w−w0
− bz

2π i
1

w+ w̄0
+

bz

2π i

∞

∑
k=0

[
µ1−µ2− (1+ k)(µ0− τ0)/Rm

]
(w0)

k+1[
µ1 +µ2 +(1+ k)(µ0− τ0)/Rm

]
wk+2

− bz

2π i

∞

∑
k=0

[
µ1−µ2− (1+ k)(µ0− τ0)/Rm

]
(−w̄0)

k+1[
µ1 +µ2 +(1+ k)(µ0− τ0)/Rm

]
wk+2

+Γ +

[
µ1−µ2 +(µ0− τ0)/Rm

]
R2/mΓ̄[

µ1 +µ2 +(µ0− τ0)/Rm
]
w2

. (20)

With the aid of the mapping functions (9) and (10), the stress field at z due to a screw dislocation at z0 near a nano-circular
inclusion with a semi-infinite wedge crack can be obtained as follows:

τxz1(z)− iτyz1(z) =
µ1 d f1(z)

dz
=

µ1 d f1(w)
dw

dw
dz

=
w1−m

m
µ1bz

2π i

{( 1
w−w0

− 1
w+ w̄0

)
+

∞

∑
k=0

[
µ1−µ2− (1+ k)(µ0− τ0)/Rm

]
(w̄0)

k+1[
µ1 +µ2 +(1+ k)(µ0− τ0)/Rm

]
R2(k+1)/m

wk

−
∞

∑
k=0

[
µ1−µ2− (1+ k)(µ0− τ0)/Rm

]
(−w0)

k+1[
µ1 +µ2 +(1+ k)(µ0− τ0)/Rm

]
R2(k+1)/m

wk
}
+

w1−m

m
2µ1µ2Γ

µ1 +µ2 +(µ0− τ0)/Rm
, (21)

τxz2(z)− iτyz2(z) =
µ2 d f2(z)

dz
=

µ2 d f2(w)
dw

dw
dz

=
w1−m

m
µ2bz

2π i

{( 1
w−w0

− 1
w+ w̄0

)
+

∞

∑
k=0

[
µ1−µ2− (1+ k)(µ0− τ0)/Rm

]
(w0)

k+1[
µ1 +µ2 +(1+ k)(µ0− τ0)/Rm

]
wk+2

−
∞

∑
k=0

[
µ1−µ2− (1+ k)(µ0− τ0)/Rm

]
(−w̄0)

k+1[
µ1 +µ2 +(1+ k)(µ0− τ0)/Rm

]
wk+2

}

+
µ2w1−m

m

{
Γ +

[
µ1−µ2 +(µ0− τ0)/Rm

]
R2/mΓ̄[

µ1 +µ2 +(µ0− τ0)/Rm
]
w2

}
, (22)

where τxz and τyz are the perturbation stress components at the dislocation.

It is worth pointing out that for a semi-infinite wedge crack with infinite length, any regular remote loads will lead to an
infinite stress intensity factor (SIF). In order to make the SIF produced by the remote loads match the SIF produced by the
dislocation, the actual remote loads (Eq. 22) are weakened to τ∞

xz− iτ∞
yz = lim

z→∞
(µ2z(1−m)/mΓ )/m, where τ∞

xz and τ∞
yz are the remote

mechanical stress components.

3. Stress intensity factors

The stress intensity factor at the right tip of the wedge crack can be obtained by[21]

KIII = lim
z→0

√
2πz(1−1/m)

σyz1 =−Im
{

µ1bz

mi
√

2π

( 1
w−w0

− 1
w+ w̄0

)
+

∞

∑
k=0

[
µ1−µ2− (1+ k)(µ0− τ0)/Rm

]
(w̄0)

k+1[
µ1 +µ2 +(1+ k)(µ0− τ0)/Rm

]
R2(k+1)/m

wk

−
∞

∑
k=0

[
µ1−µ2− (1+ k)(µ0− τ0)/Rm

]
(−w0)

k+1[
µ1 +µ2 +(1+ k)(µ0− τ0)/Rm

]
R2(k+1)/m

wk
}
+

√
2π

m
2µ1µ2Γ

µ1 +µ2 +(µ0− τ0)/Rm
. (23)

The normalized stresses intensity factor produced by the
dislocation for different values of µ0 as a function of R is
shown in Fig. 2. It is seen that the stresses intensity factor
produced by the dislocation is always negative, which means
positive screw dislocations can reduce the SIF of the wedge
crack (shielding effect). The shielding effect increases with
the increase of µ0, but decreases with the increase of R. This
indicates that the shielding effect produced by the dislocation
is enhanced for considering the interface stress, and the size
dependence becomes significant when the radius is very small

The curves of variation of SIF produced by the remote
load with respect to R at different values of µ0 are shown in
Fig. 3. It is found that the SIF produced by the remote loading
is positive. The SIF decreases with the increase of µ0, but in-
creases with the increase of R, which means the nano inclusion
shields the wedge crack so as to consider the effect of the in-
terface stress. Thus, the nano inclusion not only enhances the
shielding effect produced by dislocations, but also provides a
shielding effect itself. This may be one of the reasons why
nano composites have much higher toughness.
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Fig. 2. Curves of normalized SIF versus R with µ2/µ1 = 2, α =
0.2π , bz = 0, and τ0 = 0.

Fig. 3. Curves of normalized SIF versus R with µ2/µ1 = 2, α =
0.2π , z0 = 9.8×10−8, τ0 = 0, and Γ = 0.

4. Image force
The image force acting on the screw dislocation can be written as

Fx− iFy = ibz
[
τxz(w0)− iτyz(w0)

]
, (24)

where τ̃xz(z0) and τ̃yz(z0) are the components of the perturbation stress, and Fx and Fy are the force components on the dislocation.
Substituting Eq. (21) into Eq. (24) yields

Fx− iFy =
w1−m

m
µ1b2

z

2π

{
− 1

w+ w̄0
+

∞

∑
k=0

[
µ1−µ2− (1+ k)(µ0− τ0)/Rm

]
(w̄0)

k+1[
µ1 +µ2 +(1+ k)(µ0− τ0)/Rm

]
R2(k+1)/m

wk

−
∞

∑
k=0

[
µ1−µ2− (1+ k)(µ0− τ0)/Rm

]
(−w0)

k+1[
µ1 +µ2 +(1+ k)(µ0− τ0)/Rm

]
R2(k+1)/m

wk
}
+

ibzw1−m

m
2µ1µ2Γ

µ1 +µ2 +(µ0− τ0)/Rm
. (25)

Figures 4 and 5 show the normalized image force Fx(2π/(µ1b2
z )) versus z0/R and R at different values of µ0, repectively.

It is seen that an additional repulsive force will act on the screw dislocation to consider the interface stress. Thus, dislocations
may be trapped in the nano inclusion even when the matrix is softer than the inclusion. This helps dislocation shields crack, and
reduces the dislocation density within the matrix.
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Fig. 4. Curves of normalized image force versus z0/R with
µ2/µ1 = 0.7, α = 0.2π , R = 10−7, τ0 = 0, and Γ = 0.

Fig. 5. Curves of normalized image force versus R with µ2/µ1 =
0.7, α = 0.2π , z0 = R−10−8, Γ = 0, and τ0 = 0.

5. Dislocation emission
For a screw dislocation slip on a plane denoted by the

angle θ , the slip force acting on the screw dislocation can be
written as

Femit = Fx cosθ +Fy sinθ

= Re
[
Fimag +FΓ

]
cosθ − Im

[
Fimag +FΓ

]
sinθ , (26)

where FΓ denotes the image force produced by the remote me-
chanical stress σ∞

23, and Fimag denotes the image force pro-
duced by the nano inclusion and the wedge crack.

A commonly accepted criterion for the emission of dis-

location monopoles from a crack tip is that the force applied

on them is equal to zero. Moreover, the dislocation distance

to the crack surface must be equal or larger than the disloca-

tion core radius.[10] In the present work, the similar assumption

is valid and z0 = bz(cosθ + i sinθ) sets the condition for the

emission of screw dislocation. Based on Eqs. (24)–(26), the

critical applied stress and the critical electric displacement for

the dislocation emission can be obtained

Aσ
∞
32 = sinθ Im

[
Fimag(z0)

]
− cosθRe

[
Fimag(z0)

]
, (27)
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where

A = Re
[bz

m
z(1−m)/m

0
2µ1µ2

µ1 +µ2 +(µ0− τ0)/Rm

]
cosθ

−Im
[bz

m
z(1−m)/m

0
2µ1µ2

µ1 +µ2 +(µ0− τ0)/Rm

]
sinθ .

The curves of variation of critical load σ∞
32 with respect

to θ at different values of µ0 are shown in Fig. 6. It is seen
that the critical load increases with the increase of µ0 and α ,
which means the increase of the crack angle and the existence
of interface stress makes dislocation emission more difficult.
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Fig. 6. Curves of normalized critical load versus θ with µ2/µ1 =
1.2, α = 0.2π , R1 = 10−7, and τ0 = 0.
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Fig. 7. Curves of normalized critical load versus α with µ2/µ1 =
1.2, θ = 0, R = 10−7, and τ0 = 0.

6. Conclusions
The closed-form solutions of the stress fields in the matrix

and the inclusion region are derived. The stress intensity fac-

tor, the image force, as well as the critical loads for dislocation
emission are discussed in detail. In summary, the following
conclusions have been obtained:

(i) The results show that the nano inclusion not only en-
hances the shielding effect exerted by the dislocation, but also
provides a shielding effect itself.

(ii) An additional repulsive force will act on the screw dis-
location so as to consider the interface stress. Hence, disloca-
tions may be trapped in the nano inclusion, even the matrix is
softer than the inclusion. This helps dislocation shields crack,
and reduces the dislocation density within the matrix.

(iii) The increases of the crack angle and the existence of
interface stress make dislocation emission more difficult.
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