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Decoupling multimode vibrational relaxations
in multi-component gas mixtures: Analysis of
sound relaxational absorption spectra*
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Decoupling the complicated vibrational-vibrational (V-V) coupling of a multimode vibrational relaxation remains a
challenge for analyzing the sound relaxational absorption in multi-component gas mixtures. In our previous work [Acta
Phys. Sin. 61 174301 (2012)], an analytical model to predict the sound absorption from vibrational relaxation in a gas
medium is proposed. In this paper, we develop the model to decouple the V-V coupled energy to each vibrational—-
translational deexcitation path, and analyze how the multimode relaxations form the peaks of sound absorption spectra
in gas mixtures. We prove that a multimode relaxation is the sum of its decoupled single-relaxation processes, and only the
decoupled process with a significant isochoric-molar-heat can be observed as an absorption peak. The decoupling model
clarifies the essential processes behind the peaks in spectra arising from the multimode relaxations in multi-component gas
mixtures. The simulation validates the proposed decoupling model.
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1. Introduction

The molecular vibrational relaxation model for excitable
gases (non-monatomic gases or gas mixtures) has been devel-
oped to analyze sound relaxational absorption over the past
90 years.' In most cases, an excitable gas medium has two
or more types of molecular vibrational modes. Those modes
will arouse a multimode vibrational relaxation which is syn-
thesized by a strong vibrational-vibrational (V-V) energy cou-
pling with the passage of sound waves.!'! The sound absorp-
tion spectra due to multimode relaxations generally display
only one peak, or occasionally two peaks.'=>¢1 Finding the
correspondence between the complicated V-V coupling and
the concise presentation of a few peaks of the spectrum in a
multi-component gas mixture still remains an important chal-
lenge for understanding the sound relaxational absorption be-
havior. Decoupling the V-V coupling for multimode relax-
ation provides a way to address this problem.

Over the years, some decoupling theories have been pro-
posed. Bauer provided a phenomenological theory to de-
couple the coupled V-V energy exchanges by using a main
axis transformation of the effective adiabatic compressibility
in pure polyatomic gases.[”! Shields suggested another phe-
nomenological theory on the basis of the experimental relax-
ation time to decouple the multimode relaxation in binary-
gas mixtures.!”) Bass acquired a model of decoupled effective
specific heats based on the eigenproperties of the coupled en-
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ergy relaxation matrices in pure polyatomic gases or binary di-
atomic mixtures.*l However, all the decoupling theories above
cannot be used to analyze the multi-component mixture. Later,
Dain ef al. (DL)®" employed the coupled relaxation equa-
tions given by Schwartz et al. (SSH)'"! to ternary gas mix-
tures. Unfortunately, the DL model only provides a numerical
calculation for the sound absorption spectra as a result of the
V=V coupling, which cannot be applied to decouple a multi-
mode relaxation.

Recently, we presented an analytical model based on the
V=V coupling to calculate the sound absorption spectrum.’!
In this paper, a analytical model will be developed to decou-
ple multimode relaxations in multi-component gas mixtures.
The motivation is to decouple the V-V coupled energy among
all the vibrational modes into the vibrational-translational (V—
T) deexcitation paths or the decoupled single-relaxation pro-
cesses. Based on this decoupling model, we give a quantitative
analysis, showing how a multimode relaxation leads to peaks
of the sound absorption spectrum in a multi-component gas
mixture around room temperature. This work discloses that
a multimode relaxation is the sum of its decoupled processes,
and the characteristics of the decoupled processes determine
the features of the sound absorption spectrum.

In Section 2, we obtain a coupled expression of effective
isochoric-molar-heat in a multi-component mixture. In Sec-
tion 3, we decouple a multimode vibrational relaxation to a
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group of single-relaxation processes. In Section 4, we com-
pare the predicted sound absorption spectra with the exper-
imental data, and analyze how the characteristics of the de-
coupled processes influence the features of the peaks in the
spectra. Conclusions are given in Section 5.

2. Coupled expression of multimode vibrational
relaxation

2.1. Effective isochoric molar heat due to one-mode vibra-
tional relaxation

The lag in distribution of energy between internal and ex-
ternal degrees of freedom (DOF) essentially contributes to the
molecular thermal relaxation.!’:!'l The macroscopic footprint
of this lag is explicitly displayed in the frequency dependence
of effective isochoric molar heat (IMH) of excitable gases.[®!?]

According to the theory of Herzfeld and Litovitz,!'!l the
total thermodynamic energy change of gas resulting from the
sound propagation can be divided into two parts: one belongs
to the external DOF; the other belongs to the internal DOF.
In the study of vibrational relaxation, the rapid equilibration
between rotation and translation makes the (V-R)+(R-T) pro-
cess equal to the V=T process.’! Hence, the rotation is con-
ventionally classified as the translation as the external DOF to
differentiate from the vibration, which is classified as the in-
ternal DOF and takes a longer time for adjustment.['' Then, if
there is only one vibrational mode in a gas, the change of its
thermodynamic energy is''!!
dE = ¢{'dT

= CydT +CyPdrP

. dTVvib
= (C? +C¥“’dT) dr, (1)

where E is the thermodynamic energy of the gas; T and T"1°
are the instantaneous temperatures of the external (translation
and rotation) and the internal (vibration) DOFs, respectively;
Ceft is the effective IMH; Cy is the non-relaxing part of the
IMH; and C“}ib is the vibrational IMH.

The Cy; is only dependent on the molecular symmetry.[®!
For a linear molecule, there are 3 translations and 2 rotations,
so Gy = 5R/2 (R is the universal gas constant); for a nonlinear
molecule, Cy; = 3R. The C‘V,ib is given by the Planck—FEinstein
function for a harmonic oscillator'®!

S N L
T ) (exp(6"®/) ~1)?

where £ is Planck’s constant; kg is Boltzmann’s constant; T is

vib _ hv
kg’

2

the equilibrium temperature; 6vib, v, and g are the character-
istic temperature, the characteristic frequency, and the degen-
eracy of the vibrational mode, respectively.

2.2. Coupled expression of effective IMH due to multi-
mode vibrational relaxation®!

In a gas mixture, the total change of thermodynamic en-
ergy caused by the sound propagation is the sum of the energy
changes of all kinds of molecular DOFs. The acoustic en-
ergy stored in the external DOFs of different molecules is in
phase with the sound wave, and hence the temperature fluctu-
ations of all external DOFs are treated as the same '8! How-
ever, based on Eq. (2), the temperature fluctuations of the in-
ternal DOFs are different because different vibrational modes
generally possess different characteristic frequencies. Conse-
quently, for a gas mixture with W kinds of molecules, which
totally consists of N types of vibrational modes, we can extend
Eq. (1) to

dE = cftdr
N . .
= CppdT + Y a,CyPdT}™
j=1
N . .
= | Cmx+ Y a,Cy°dT™/dT | dT, 3)
j=1
where C2 =YV, a/C;° is the external IMH of the mixture,

C7” is the external IMH of molecule /, a; is the mole fraction
of molecule [ , ZY‘; a =1, TjVib is the instantaneous temper-
ature of vibrational mode j, C}’ib is the vibrational IMH of
mode j, a; is the mole fraction of mode j, and if molecule /
contains N; vibrational modes, these N; modes share the same
mole fraction as a;.

From Eq. (3), we obtain the effective IMH of the mixture

N
Gl =Crie+ Y a;Ciy;,  y;j=dT/®/dT, 4)
j=1
where y; is the ratio between the temperature fluctuation of
vibrational mode j and that of the external DOF. Since there
are two or more types of vibrational modes in an excitable gas
mixture, the sound passage would give rise to a multimode re-
laxation. As the result of the V-V coupling, y; is related with
the energy relaxation of all vibrational modes in the mixture.
Therefore, equation (4) is the coupled expression of effective
IMH.

3. Decoupling of multimode vibrational relax-
ation

3.1. Analytical expression for temperature fluctuation ra-
tio between the vibrational mode and external DOF

The temperature fluctuation ratio between the vibrational
mode and external DOF, y;, is the result of the V-V coupling.
So decoupling y; is the key to decouple the multimode relax-
ation in a gas mixture. Moreover, since molecules gain and
lose vibrational and translational energies in inelastic colli-
sions, y; is determined by the molecular vibrational energy
relaxation.
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The SSH relaxation equations!'?! are most widely used to
describe the vibrational relaxations in gases quantitatively.']
The SSH theory concerns the following two kinds of energy
transitions: 1) a vibrational-translational energy transfer be-
tween the vibrational mode j and the translational DOF of
molecule /; 2) a vibrational-vibrational energy exchange be-
tween vibrational modes j and k.

We assume that these two kinds of energy transitions
would occur for all vibrational modes in a gas mixture. In
terms of the gas mixture with W kinds of molecules and N
kinds of vibrations, we extend the SSH-DL coupled relaxation
equations'® 10! to a general expression as

dATY®

J

dr
exp(—hu/kBTo)

= (AT —AT™®) |k o /
( J 10(J +Z or(/:k —exp(—hvy/kpT)
k#}
Vg l—eXp(—hUj/kBTo)

(AT — AT™®)koi (7. K)

Mz

1)7]' 1— eXp(—hUk/kBTo) ’

=
Sl
PUNUR

—

j=1,.0N, )
where AT and AT]-"ib denote the fluctuations of the external (or
translational) and the vibrational temperatures, respectively;
v; is the vibrational frequency of mode j. The V-T transi-
tion rate kjo(j) is the number of transitions per second per
molecule, and in the transitions, the energy goes from the first-
excited-vibrational level to the translational motion, i.e. mode
Jj goes from 1 — 0 and the vibrational level of molecule / is

unaltered,

klO Za,Z ] l) ><Pl O<(J)) [1 —eXp(—hl)j/kBTo)]. (6)

=1

The V-V transition rate k}?(j,k) is the rate for the transitions
in which mode j goes from 1 — 0 and mode k from 0 — 1.

ki, k) = az(j.k) x Py @)
Here Z(j,1) is the rate of the hard sphere collision® between
a molecule having mode j and molecule /, and Z(j,k) is the
rate of the collision between the molecules having modes j
and k; P()]:g((])) nd PO 10 ((kJ)) are respectively the V-T and the V-
V transition probabilities, which are calculated by the Tanczos
equation [1-913:14]

In Eq. (5), i # j means that the V-V energy exchange
within a given type of vibrational mode is invalid. From
Eq. (5), we can see that every V-V energy exchange couples
the differential equations, since the rate at which a given mode
relaxes depends on the states of vibrational excitation of all
other modes.

In a sound field with a small amplitude, the fluctuations
of vibrational and external temperatures are respectively given
byl 10l

Aijib ~ ijib —Ty, AT=T-T,. ®)

Since T — Ty varies periodically with time, i.e., is proportional
to ei® Tvib _ iof [111 Then
b j . e

substituting Eq. (8) into Eq. (5), we obtain the algebraic relax-

Tp will also be proportional to e
ation equations

yilkjj+iw)— ZYkk/k— ji ijkv

k%/ k%/

—exp(—hv;/ksT
—— +Zk p(—v;/ksTo)
k%}

—exp(—hv/kpTy)’

v 1 —exp(—hv;/kTp)
ki =k k)—
Jjk 01(]> )Uj 1 —eXp(—hUk/kBTO),
(ijib_TO) .
=L —qrY/dT, jk=1,..N, j#k. (9
Yj (T—TO) Jj / ) Js IR} 7.]7é ()

The algebraic relaxation equations (9) can be expressed
in a matrix form as

(R+iol)y=H, (10)
N
where y; =y, Rj; = kjj, Rjx = —kj, Hi=kj;— Yk,
k=1 k]

Jk=1,...N,j ;é k; and I is the identity matrix. The R is the
energy-transition-rate matrix, which can be diagonalized for
most cases, that is

R=VAV! (11)

where A and V are the eigenvalue matrix and the eigen-
vector matrix of R, respectively. Substituting Eq. (11) and
I =V V~linto Eq. (10), we have

(I+ioA "y = H (12)
where y =V lyand H = A"V 1H.
From Eq. (12), we can write
(1+ioA; )y, =hH;, j=12,...,N, (13)
where A; is the eigenvalue of R; Y/, f Zk 1 kyk and h

),j_l Yo V]{khk are the entries of matrices y’ and H’, respec-
tively, and VJ{k is the entry of matrix V~!. We can rewrite
Eq. (13) as

H,
/ J .
Yi=7m—— > J=12,...,N (14)
(H—la)lj )
Since y' = V~ly, we have y = V'y/, that is
N
yi=Y Vih, j=12,....N, (15)
n=1
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where Vj, is the entry of matrix V. Combing Eq. (14) and
Eq. (15), we have
Ve,

vi=Y

i 12,...,N. (16)
Ztion )

It is necessary to point out that in our previous work,*! we
obtained the numerical result of y; by solving Eq. (10) directly.
In this paper, we give the analytical solution (Eq. (16)).

3.2. Decoupled expression of effective IMH for the sum of
decoupled single-relaxation processes

By using Eq. (16), the effective IMH (Eq. (4)) can be ex-
pressed as

h/ Z a]cVIbvjn

cff=c= + —. 17
mix ; (1+iwA; ") a7

Furthermore, we can rewrite Eq. (17) as

N
ff _ Ct— 1 oviby
C{c/ le Z 1+10)’L',1 n _hn;ajc},l anv
T, =A', n=12---N. (18)
Shield”! and Bass*!>! have pointed out that C&f for a mul-

timode vibrational relaxation can be expressed in a standard
expression C{f = C. + ZC* /(1+i®1,), where C; and 1,
are the vibrational IMH and the isothermal relaxation time
for one of the decoupled single-relaxation processes, respec-
tively. Compared with the standard expression given by them,
equation (18) indicates that sound propagation would arouse
N single-relaxation processes in the mixture. Since each of
the N vibrational modes can provide a deexcitation path by
its V=T energy transfer for the resident acoustic energy, the
number N in Egs. (15)-(17) represents the quantity of the de-
coupled single-relaxation processes rather than the quantity of
the vibrational modes.

Moreover, according to Eq. (18), each C; contains a part
of the mole-fraction IMHs of all the vibrational modes in the
mixture, which has resulted from the V-V energy coupling.
On the other hand, each 7, includes the lifetimes of all excited
states which depend upon the transition probabilities of all V-
T and V-V energy transitions, so it would not be possible to
allocate a relaxation time to a particular vibrational mode.”-1%]
Therefore, it is clear that the V-V energy coupling strongly in-
fluences both the relaxation time and the relaxation strength,
which typically controls the multimode relaxation.>!

We can define one of these N decoupled single-relaxation
processes as the decoupled process and the decoupled IMH C;;
as the process IMH for the n-th decoupled process, so 7, is the
corresponding relaxation time of this decoupled process. Con-
sequently, based on Eq. (18), the multimode relaxation is the

sum of its decoupled processes, and the number of decoupled
processes is equal to the vibrational mode number.

In addition, according to Eq. (4), y; represents the contri-
bution of ajCjYib for CE, thus V;,h, /(1 +iwA, ') in Eq. (16)
is the contribution of a;C}™ in the n-th decoupled process for
CeT. This implies that the contribution of a vibrational mode
for the mixture’s effective IMH is the sum of its contributions
in all decoupled processes. As a result, equation (16) is the
key intermediate step to decouple the coupled relaxation equa-
tions, and equation (18) is the accomplishment of decoupling
the V-V coupling.

3.3. Sound absorption spectrum based on the decoupled
models

The total sound absorption coefficient & of a gas medium
is composed of the classical contribution ¢ connecting with
the thermo-viscous effects and the relaxational contribution
o, that is o = o + o.['""15] Therefore, o can be omit-
ted in studying the relaxational phenomena without loss of
generality.®]

In view of Egs. (4) and (9), the temperature fluctuation ra-
tioy; (j=1,2,...,N) relates the micro molecular multimode
relaxation with the macro effective IMH of the gas mixture.
We can show the relationship between the effective IMH and

the sound relaxational absorption by the effective thermody-

namic sound speed c./>!?!
P Py CSf+R
ce=1/=" 2, (19)
Po po Gy

where 7° is the IMH ratio, and Py and p, are the equilib-
rium density and pressure, respectively. Since C{iff is complex,
based on Eq. (19), c. is complex as well. Furthermore, the
sound propagation in an excitable gas can be characterized
in terms of a complex-valued effective wave number k., its
real and imaginary parts yield the frequency-dependent phase
speed c and the relaxational absorption o, respectively.!>¢ By
using the relationship between k. and c., we have

w . (0]
ke=— —iop=—. (20)

Ce

Since the presence of relaxing gases is manifested by the
relaxational peaks in the dimensionless absorption coefficient
oA (A is the sound wavelength) against the sound frequency
£ o2 can be used to emphasize the relaxational effects on
the sound absorption.’] We conventionally call A against f
the sound absorption spectrum. By using the last equality in

Eq. (20), o;:A is given by
oA = —2xIm(c; ') /Re(c; ). ©3))
Based on Eq. (18), for simplicity, we write

' = x(0) —iy(w), (22)
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where
e A4 (01,)?
and
N ot,C

yo)=Y T+ (05)?

n=1
Substituting Eq. (22) into Eq. (19) and based on Eq. (21), we
can get the analytical expression for ;A as'!

ouA =21{[(B/C)* +1]'/>—B/C}, (23)
where B = x*(®) +y*(®) + Rx(®), and C = Ry(®).

4. Simulations and discussion

To validate our proposed model, we need to compare the
results with experiment data. The necessary parameters for
the prediction of our decoupling model are given in Table 1,
which provides the normal vibrational modes and the degen-
eracies (g) of nitrogen, oxygen, chlorine, methane, and carbon
dioxide. The calculation results of mode IMHs in Table 1 will
be compared with the results of decoupled process IMHs in
Subsections 4.1 and 4.2.

Table 1. Normal vibrational modes and mode degeneracies g for se-
lected gases (Refs. [1] and [16]), and the corresponding vibrational iso-

choric molar heats (IMHs) calculated by the Planck—Einstein function
(Eq. (2)) around room temperature.

Normal mode of Vibrational IMH

Gas
vibration v /cm ™! T/K  CJ®/J-mol™! . K~!

N, v =2331 1 297 1.32x1072
0, v = 1554 1 3032 2.83x107!
Cl, v =577 1 2962 448

vy = 1306 3 1.84
CH,4 vy = 1534 2 29915 5.65x107!

vy = 2915 1 1.30x1073

v3 = 3019 3 8.61x1073

vy =677 2 7.39
€O, vy = 1388 1 29615 4.45%107!

v3 = 2349 1 1.19x1072

In Table 1, the number of normal vibrational modes (usu-
ally called vibrational modes) is equal to the required DOF
to describe the vibrational motion, so the number is 3H-5 for
a linear molecule (e.g., Np, CO,) and 3H-6 for a nonlinear
molecule (e.g., CHy), where H is the number of atoms. Each
vibrational mode, treated as a simple oscillator, has a defined
vibrational frequency. If the same frequency is shared by 2
or 3 vibrational modes of a molecule, these modes are con-
sidered to be degenerate. The vibrational frequencies of the
normal modes are expressed in the spectroscopic convention
with the inverse wavelength, which gives the value in units
of frequency (Hz) after multiplying with the speed of light
(3 x 100 cr/s).

4.1. Simulations of sound absorption spectrum under one-
mode vibrational relaxation

To verify our model, we first consider the sound ab-
sorption in a pure diatomic gas, which has only one vibra-
tional mode to arouse a single-relaxation process. Since the
relaxation time varies inversely with the ambient pressure,
raising the sound frequency is equivalent to lowering the
pressure.!”] The sound absorption spectrum can be tradition-
ally plotted as a function of the frequency—pressure ratio f/P.
Figure 1 presents the comparison of predicted absorption spec-
tra with the experimental data for three kinds of pure diatomic
gases, nitrogen, oxygen, and chlorine; the corresponding cal-
culation results of the process IMHs and the relaxation times
are provided in Table 2.

a)/107

107 1072 107! 10° 10*
f+-P~'/Hz-atm™!

5
.y
=<
3 i
107" 10° 10' 10° 10° 10"
f+P~'/Hz-atm™!
0.10
(c) s
0.08} g
0.06
~<
S 0.04} ]
aA+a
0.02 a\ N\ yd
A \;\\\,.v
0 A e
10° 10" 10° 10° 107

f+P~'/Hz-atm™!

Fig. 1. (a) Relaxational absorption for Nj, experimental data from
Zuckerwart'®! (T = 297 K), (b) relaxational absorption for O, experi-
mental data from Holmes!?") (7 = 303.2 K), (c) total absorption (solid),
relaxational absorption (dashed), classical absorption (dotted) for Cl,,
and experimental data from Shields?!! (T = 296.2 K). Curves repre-
sent the spectra predicted by the model around room temperature, and
symbols represent the experimental data.
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Figures 1(a) and 1(b) show the comparison results for N,
and Oy, respectively. Since the relaxation frequencies of Ny
(~0.01 Hz) and O,(~10 Hz) are below the measurement ca-
pability, the experimental data cannot match the actual absorp-
tion peaks in Figs. 1(a) and 1(b). Nevertheless, our predictions
are very consistent with the uncompleted data, and cover the
frequency ranges undetected by the experiments. The low re-
laxation frequencies (< 10 Hz) of these two gases make the
classical absorption negligible over the frequency range where
their relaxational parts are dominant. The predicted spec-
trum is also quite consistent with the experimental data for
Cl, in Fig. 1(c), where the total sound absorption aA (bold
solid) is divided into two parts: the relaxational absorption
oA (fine dashed) and the classical absorption aA (fine dot-
ted). The latter is calculated with the Stokes and Kirchhoff
formulation,''®! and is quite small compared with the former
at f/P < 10% Hz-atm~'. However, at higher values of f/p,
oA rapidly becomes dominant. Therefore, the classical ab-
sorption generally plays a role at frequencies in the megahertz
range, while the relaxational absorption is dominant at moder-
ate frequencies.!]

The comparison between the data in Tables 2 and 1 shows
that the process IMHs and the corresponding vibrational IMHs

@

0.10

0.08 1

al

0.06

0.04

0.02 } NRg.

B 98% CH,—2% N,

10° 10* 10° 10° 107
f-P~'/Hz-atm™!

0.05+ © o, ]
0.04

0.03

a\

0.02

0.01
20% CO,—80% O,

0

10° 10* 10° 10° 107
f+P~'/Hz-atm™!

are identical for a given diatomic gas at the same temperature.
Since the V-V exchange is invalid for the case of one mode,
the mode can only relax the stored energy through its V-T
transfer to arouse one single-relaxation process. This means
that the vibrational mode and the relaxation process have a
one-to-one correlation in a diatomic gas.

Table 2. Calculation results of process IMHs and relaxation times for
three pure diatomic gases around room temperature.

Gas T/K Ci/¥-mol~! . K! T/
N, 297 1.32x 1072 5.80
0, 303.2 2.83x 107! 1.49 x 1072
Cl, 296.2 4.48 4.69x107°

4.2. Simulations of sound absorption spectrum under mul-
timode vibrational relaxation

Furthermore, we can test the predicted sound absorption
spectra under multimode vibrational relaxations. The sound
absorption spectra of CO;—0;, CO>—N;, CH4—N,, CO,, and
CHy are depicted in Fig. 2. Table 1 provides the correspond-
ing calculation results of the process IMHs and the relaxation
times for those gases.

0.07
()

0.06 o2
0.05

0.04

al

0.03

0.02

0.01 | . PR o c
o 40% CH,—60% N,
10° 10* 10° 10° 107
f+P~'/Hz-atm™!

0.08

a\

0.06

0.04

0.02

(S Q
100% CH,

10° 10* 10° 10° 107
f-P~'/Hz-atm™!

Fig. 2. Comparison of predicted sound absorption spectra (curves) with experimental data (symbols) for several excitable gases with the multiple modes
around room temperature. (a) Sound absorptions for 98% CO,—2% N, and 98% CH4—2% N, experimental data from Petculescul??! (circle: 98%
CH4—2% air, T =300 K; square: 98% CO,-2% air, T = 298 K); (b) sound absorptions for 40% CO,-60% N, and 40% CH4—60% N,, experimental
data from Ejakov!'%! (circle: 40% CH4—60% Ny, T = 293 K; square: 40% CO»,-60% Na, T = 293.7 K); (c) sound absorption for CO,-O,, experimental
data from Bassl?¥ (circle: 20% C0,-80% O, T = 300 K; square: 30% C0O,~70% O,, T = 300 K); (d) sound absorptions for 100% CO, and 100%
CHy, experimental data from Gravittd?¥ (circle: 100% CHy, T = 299.15 K) and Angonal®®! (square: 100% CO,, T = 296.15 K).
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The comparison results of 98% CO,—2% N, and 98%
CH4—2% N, in Fig. 2(a) and 40% CO,—60% N> and 40%
CH4-60% N, in Fig. 2(b) show that the predicted spectra are
consistent with the experimental data. For 30% CO,-70% O,
and 20% CO,-80% O, in Fig. 2(c), the amplitudes of the cal-
culated spectra are slightly smaller than the experimental data.
For pure CO, and pure CH4 in Fig. 2(d), only the positions
of the predicted absorption peaks differ a little from the ex-
perimental data. These discrepancies may result from the sen-
sitivity of absorption in gases to impurities. In particular, a
small amount of water can cause a large shift in the relaxation
peak.!'%! In summary, by combining the results in Figs. 1 and
2, it is clear that our predicted absorption spectra agree very
well with the experimental data, which validates our proposed
model.

4.3. Discussion of the relationship between sound absorp-
tion spectra and the decoupled processes

4.3.1. Characteristics of the decoupled processes

Firstly, we analyze the calculation results in Table 3 to
reveal several characteristics of the decoupled processes of a
multimode relaxation in a polyatomic gas/gas mixture.

(i) According to Egs. (4) and (18), the quantity of the de-
coupled processes with different process IMHs and relaxation
times is the same as the number of vibrational modes for a
given gas/mixture. For example, the 98% CO,—2% Ny mix-
ture has four vibrational modes as shown in Table 1, those
modes can form the four decoupled processes with different
relaxation times in Table 3. Hence, strictly speaking, a single
relaxation or single-relaxation-time process can only happen
in a pure diatomic gas; while any multimode relaxation in a
polyatomic gas or mixture must be a multi-relaxation process.

(ii) It would be impossible to find a process IMH C;; that

is entirely equal to the mole-fraction IMH a jCjYib of any par-
ticular vibrational mode (based on Eq. (2)). For example, the
process IMHs in Table 3 of pure CHy or pure CO; and the
corresponding vibrational IMHs in Table 1 are all different.
As shown by Eq. (18), after the coupling of the V-V energy
exchanges, a process IMH contains parts of the mole-fraction
IMHs of all vibrational modes.

Since the vibrational relaxation is essentially a series of

energy redistributions,/”¢!

according to characteristics (i) and
(i1) , a multimode relaxation is determined by two kinds of en-
ergy transitions: the V-V exchanges and the V-T transfer. On
one hand, since only the V-T transfer can provide the deex-
citation paths for the resident acoustic energy to the transla-
tional motion, it is possible to allocate the deexcitation path
of a decoupled process to a certain vibrational mode. There-
fore, the quantity of the decoupled processes is the same as the
number of the vibrational normal modes. On the other hand,
the rapid V-V exchanges strongly couple the stored energy of
all vibrational modes, as a result of which every process IMH
contains the contributions of all vibrational modes. Therefore,
it is impossible to assign the process IMH or the relaxation
time of a decoupled process to a particular vibrational mode.
Consequently, from the view of the deexcitation path for the
relaxing energy of a decoupled process, a decoupled process
corresponds to a particular mode; while from the view of the
composition for the relaxing energy of a decoupled process, a
decoupled process is related to all vibrational modes.

(iii) The process IMH value of the 1st decoupled process
is much larger than that of the other processes in Table 3, and
almost equal to the whole contribution of the relaxation energy
of all vibrational modes, i.e. C] ~ ZI}I:l a jC}’ib. Thus, the first

decoupled process is the primary process.

Table 3. Calculation results of process IMHs and relaxation times of the decoupled processes in the gas media shown in Fig. 2 (at the same temperature

for a given gas/mixture).

Gas 1st process 2nd process 3rd process 4th process Sth process
‘ Gi/ ‘ c;/ , ci/ ‘ G/ , ci/ ,
Fmol Lk S pmel okt Y etk Y gtk % ekt

20% CO, 1.48 1.23x1073 0.159 241%x107* 7.52x107* 229x1072 —1.44x107* 1.89x 1076 - -
—-80% O,
30% CO, 2.17 1.08 x 1073 0.232 594x107° 1.11x1073 2.02x1072 —3.16x107* 1.80x 10~¢ - -
~70% O,
P 085 343%10°0 476x 1070 141x10°0 336 10°°6.06x 10710 ~7.44x10°F 896x 100 116x10710 231x10°
~60% N
40% CO, 2.30 7.64x107% 7.06x10°! 1.18x107° 3.25x1073 1.60 —1.14%x 107 2.80x 107° - -
—-60% N,
92? EH“ 232 137x107°6 —423x1075 2.89x 107 —4.51x 107 1.I5x 10710 —126x 107 1.88x 10~ 9.01 x 10! 4.08 x 10-10
2% N
93;” ;OZ 7.45 515x107% 3.23%x1072 1.51x107° 3.34x1073 926%x1072 —3.54%x10°% 1.75x10°° - -
2% N

100% CHg4 2.34

100% CO, 7.57 5.01x107% 3.13x1072 1.45x10°°

1.36x 1070 —4.43x107°1.11x10710 —1.22x 1077 1.82x 1077 8.19x 107! 3.93%x 1010 - -
3.25x 1073 9.08 x 1072 - - - _
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This kind of behavior is shown by most of the excitable
gases. The picture is that the energy gaps between the upper
modes are usually much smaller than the energy level of the
lowest mode (which has the lowest vibrational frequency), and
thus the rapid V-V exchanges maintain the continuous equilib-
rium of vibrational energy among all vibrational modes.!! As
a result, almost all vibrational energy relaxes through the V-T
transfer of the lowest mode because of its fastest V=T tran-
And this is why the process IMH of the
primary process is almost equal to the overall contribution of

sition rate kio(j).

the relaxing vibrational modes. For example, there are five de-
coupled processes in the 98% CH4—2% N, mixture. The IMH
of the Ist process (2.34 J-mol~! - K~ is much larger than the
others, and it is obvious that the value is almost equal to the
sum of the mole-fraction IMHs of all modes. This means that
almost the whole vibrational energy relaxes through the V-T
deexcitation path of the mode CHy (v4 = 1306). Therefore,
the resident energy relaxed by the primary process generally
selects the V=T deexcitation path provided by the lowest mode.

In addition, the process IMHs of some non-primary pro-
cesses have quite small negative values in Table 3. This indi-
cates that it is possible for a higher vibrational mode, which
provides the V-T deexcitation path for a non-primary decou-
pled process, to acquire slightly more energy in its V-V ex-
changes than the relaxing amount acquired by its V-T transfer.

4.3.2. Interpretation of the sound absorption spectrum
with only one peak

Secondly, we use the above characteristics of the decou-
pled processes to explain the features presented by the sound
absorption spectra in Fig. 2.

1) There is only one absorption peak corresponding to one
decoupled process for a given gas/mixture. Since the process
IMH of a decoupled process reflects the amount of acoustic
energy relaxing through this process until the thermal equilib-
rium has been attained, the higher process IMH means that
the larger amount of acoustic energy would be relaxed as heat.
That is, the higher process IMH produces the higher sound
absorption peak. Based on characteristic (i), there are four de-
coupled processes and there should be four absorption spectral
peaks for 40% CO,—60% N,. However, actually only one peak
can be found in Fig. 2(b). According to characteristic (ii), the
very small process IMHs of the non-primary decoupled pro-
cesses mean they may not be observed in the absorption spec-
tra. Meanwhile, only C| of the primary process is significant,
which is almost equal to the sum of the IMHs of all vibra-
tional modes. Consequently, the only peak of every spectrum
in Fig. 2 is exactly the result from the primary process.

2) For the mixture of CH4—N, or CO,-N in Fig. 2, the
absorption peak increases in amplitude as the fraction of CHy
or CO; increases. We find that the process IMH of the 1st pro-
cess is also gradually increased in Table 3. For example, the

process IMH of the 1st process is 7.45 J -mol~!' - K~! for 98%
CH4—2% Ny, and it becomes 2.30 J-mol~!'-K~! for 40%
CH4-60% N, while the absorption peak of the former (about
0.12) is two times higher than that of the latter (about 0.06).
Likewise, the 1st process IMH of a mixture consisting of CO,
is more than that of a mixture having CH4 with the same mole
fraction according to Table 3, and this leads to a higher spec-
tral peak of the former rather than the latter in Figs. 2(a), 2(b),
and 2(d). Since the larger process IMH means the more res-
ident energy relaxing as heat, the amplitude of an absorption
peak is proportional to the primary process IMH.

3) The sound frequency of an absorption peak (the re-
laxation frequency) increases as the relaxation time of the 1st
process decreases. For example, according to Table 3, the re-
laxation time of the 1st process in pure CHy is less than that in
pure COy, and thus the relaxation frequency of the former is
obviously higher than that of the latter in Fig. 2(d). Similarly,
the relaxation time of the 1st process in the mixture of CHy—
N decreases as the fraction of CHy increases, the position of
the absorption peak gradually moves to the right. Thereby, the
frequency of the absorption peak is inversely proportional to
the relaxation time of the primary process.

Furthermore, we can find the analytical relationship be-
tween the relaxation frequency and the relaxation time for a
decoupled process. When just considering the n-th decoupled
process, based on Eq. (23), we put d(B/C)/dw = 0, then ob-

relax

wo %, which cor-

tain the minimum point of B/C when @ =27
responds to the maximum point of the sound absorption. Thus,

the relaxation frequency for the n-th decoupled process is!!

1 (C:;ix + C;:) (C;ix + C;; + R)
21T, ce (Co +R)

mix \"~mix

frelax _
" =

(24)

The same view of Eq. (24) is also given by Bauer,/?!
Herzfeld,!'! and Shield”! for a single-relaxation process.
Thus when the relationship between the relaxation time and
the sound frequency satisfies Eq. (24), the absorption peak
emerges. Therefore, this reconfirms that the freqency of the
peak or the relaxation frequency varies inversely with the re-
laxation time.

However, the DL group inadvertently believed that the re-
lationship between ™% and 1, was f©#& = (27r7,) 1168 In
fact, the sound propagation in a gaseous medium is an adi-
abatic process, but 7, is the relaxation time of the isother-
mal process directly related to the molecular energy transfer.!!
Hence there is a confusion about those two processes for
the relationship f1®™ = (277,)"'. As an example, accord-
ing to Petculescu experimental data in Fig. 2(a), the relax-
ation frequency of the primary process in 98% CH4—2% N,
is 4.05 x 10* Hz, and on the basis of Eq. (24), the theoretical
result is 4.07 x 10* Hz, but using the relationship of the DL
model, the result becomes 3.09 x 10* Hz, which has about a
25% relative error.
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4.3.3. Interpretation of the sound absorption spectrum
with more than one peak

Thirdly, to further elucidate how the decoupled processes
affect a sound absorption spectrum, we show the spectra with
more than one peak for the ternary mixtures of 2% CO,—
2% Cl—96% N; and 2% CO2-3% Cly-95% N, (T = 297 K)
in Fig. 3. The corresponding calculation results of the pro-
cess IMHs, relaxation times, and relaxation frequencies are
listed in Tables 4 and 5, respectively. For 2% CO,—2%
Cl,-96% N, according to Table 4, there are only two sig-
nificant decoupled processes (C; = 0.149J -mol~! - K~! and
C; =0.087J -mol~! - K~!; 71 =9.66 x 1076 s and 7, = 9.30 x
10~° s) among the five total decoupled processes. They cor-
respond to the two peaks ( f{elax = 16.6 kHz and fzre]a" =
172 kHz) in Fig. 3. As the fraction of Cl, increases to 3%
and that of N, decreases to 95%, the amplitudes of the two
peaks rise, and the frequency of the 1st peak shifts to a higher
value ( ffela"/ = 18.6 kHz) while the 2nd peak moves to a
lower value (fF¥'*' = 169 kHz). In Table 5, we find that
there are still only two significant decoupled processes, i.e.
the 1st and the 2nd processes are important, the correspond-
ing process IMHs become larger (C} = 0.150 J - mol~! . K~!
and C; =0.129 J - mol~! - K~!, and the relaxation time of the
Ist process decreases while that of the 2nd process increases
(7] =8.62x 107 s and 75 = 9.49 x 107 5). Therefore, the
amplitude of an absorption peak is proportional to the corre-
sponding process IMH, while the frequency of the absorption
peak varies inversely with the relaxation time. It is this prop-

erty of the sound absorption spectrum varying with the gas

composition that allows a possible way to continuously sense

gas composition by the acoustic measurements.!?’-3%]

4
| 2% CO,—3% Cl,—95% N,
3 -
D T=297K
=< 2
3

2% CO,—2% Cl,—96% N,

0E " . - ‘
10? 10° 10* 10° 10°

f-P~'/Hz-atm™!

Fig. 3. Sound relaxational absorption spectra for 2% CO,—2% Cl,-96%
N, and 2% CO,-3% C1,-95% N,.

Above all, a multimode relaxation process is the sum of
its decoupled single-relaxation processes with different relax-
ation times, and it is a multi-relaxation process in nature. Fur-
thermore, whether one of those decoupled processes display-
ing as a peak in the sound absorption spectrum is decided by
the value of its process IMH; and the amplitude and the fre-
quency of an absorption peak are determined by the process
IMH and the relaxation time of the corresponding decoupled
process, respectively.

Table 4. Calculation results of the process IMHs, relaxation times, and relaxation frequencies of the five decoupled processes for the

2% CO2—-2% Cl,-96% N, mixture (T = 297 K).

Process 1st 2nd 3rd 4th 5th
C:/T-mol~! - K1 1.49 x 107! 8.71 x 1072 1.26 x 1072 8.41x 1073 —4.76 x 10711
Tu/s 9.66 x 1076 9.30 x 1077 6.07 6.64 x 107! 1.26 x 1076
frelax /Hz, 1.66 x 10* 1.72 x 10 2.62x 1072 24.0 1.27 x 10

Table 5. Calculation results of the process IMHs, relaxation times, and relaxation frequencies of the five decoupled processes in the

2% CO2-3% Cl,-95% N; mixture (T = 297 K).

Process 1st 2nd 3rd 4th 5th
C:/J-mol~1. K™! 1.50 x 107! 1.29x 107! 1.24 x 1072 4.07 x 1073 —4.76 x 10711
T,/$ 8.62 x 1076 9.49 x 1077 6.19 6.47 x 1071 1.28x107°
frelax /Hz, 1.86 x 10* 1.69 x 10° 2.57x 107! 24.6 1.27 x 10°

5. Conclusions

In this paper, we have presented a model to decou-
ple the coupled energy relaxation equations to calculate the
process IMHs and the relaxation times of the decoupled
single-relaxation processes of a multimode relaxation in multi-

component gas mixtures. At room temperature, the sound ab-

sorption spectra based on the proposed decoupling model are
consistent with the experimental data for the mixtures of CO,—
0;, CO—N», and CH4—Nj, and pure gases of Ny, O, Cls,
COy, and CHy quite well. Those comparisons verify the va-
lidity of the model. Meanwhile, we use the characteristics of
those decoupled processes to quantitatively articulate the in-
terplay between the sound absorption spectrum and molecular
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multimode relaxation.

We have demonstrated that a multimode relaxation is the
sum of its decoupled single-relaxation processes with differ-
ent relaxation times. From the view of the V-T deexcitation
path for a decoupled process, the number of the decoupled
processes is the same as that of the vibrational modes. While
from the view of the V-V coupled energy for a decoupled pro-
cess, a process IMH contains parts of the mole-fraction IMHs
of all vibrational modes, and hence a decoupled process is re-
lated to all vibrational modes.

In a multi-component gas mixture, the nature behind the
relationship between a multimode vibrational relaxation and
its sound absorption spectrum is the characteristics of its de-
coupled processes. We have quantitatively shown how the
characteristics of the decoupled processes determine the fea-
tures of the corresponding sound absorption spectra. First, the
number of significant process IMHs determines the number of
obvious peaks in the sound absorption spectrum. Second, the
amplitude of an absorption peak is proportional to the process
IMH, while the the peak frequency is inversely proportional to
the relaxation time.

We find that the decoupling model provides a deep insight
into the relationship between the sound absorption spectrum
and the molecular vibrational relaxation in multi-component
excitable gas mixtures. This model can be further used to
separate a decoupled single-relaxation spectrum from a multi-
relaxation spectrum to simplify the analysis of the relationship
between the gas composition and sound absorption in gas mix-
tures.
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