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Interaction of a bubble and a bubble cluster in an ultrasonic field*
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Using an appropriate approximation, we have formulated the interacting equation of multi-bubble motion for a system
of a single bubble and a spherical bubble cluster. The behavior of the bubbles is observed in coupled and uncoupled
states. The oscillation of bubbles inside the cluster is in a coupled state. The numerical simulation demonstrates that
the secondary Bjerknes force can be influenced by the number density, initial radius, distance, driving frequency, and
amplitude of ultrasound. However, if a bubble approaches a bubble cluster of the same initial radii, coupled oscillation
would be induced and a repulsive force is evoked, which may be the reason why the bubble cluster can exist steadily. With
the increment of the number density of the bubble cluster, a secondary Bjerknes force acting on the bubbles inside the
cluster decreases due to the strong suppression of the coupled bubbles. It is shown that there may be an optimal number
density for a bubble cluster which can generate an optimal cavitation effect in liquid for a stable driving ultrasound.
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1. Introduction

High-intensity ultrasound has been widely used in liquid
not only for sonochemical reactions but also for emulsifica-
tion, cell disruption, extraction, mixing, decreasing the liquid
viscosity, etc.!I# It is well known that cavitation bubbles play
a major role in those processes. When a liquid in that gas
is dissolved and irradiated by strong ultrasound, many tiny
bubbles are generated."8) Bubbles may undergo a number of
different motions, such as a breathing mode (or “pulsation”),
translational motion, shape oscillations, and fragmentation or

[9-111 which are likely to be determined by the lo-

coalescence,
cal acoustic environment and the interactions of bubbles.

The interaction of bubbles has been extensively investi-
gated by many researchers to obtain an understanding of the
physical features of a multibubble system.'>~1! The phase of
the acoustic field, the phase difference of bubbles, the dimen-
sionless separation distance, and their size ratios are proposed
to characterize the behavior of bubbles.!”! Furthermore, the
secondary radiation of a pressure wave related to the neigh-
bouring bubbles and the secondary Bjerknes force between
bubbles influence the dynamics of every bubble.!'32!] There-
fore, the distribution of the near field around the bubbles varies
with their nonlinear oscillations, which can be monitored by
light emission or acoustic emission. In other words, cavitation
noise could be a powerful method to characterize the dynamic
processes of a multibubble system.[2!-2?]

It is extremely difficult to carry out an accurate descrip-
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tion of the dynamics of cavitation bubbles in a very simple
way. Because of the bubble—bubble interactions, the bubbles
in some specific regions may oscillate simultaneously in a col-
lective mode. A recent experiment revealed that the clouds of
bubbles collapse simultaneously to emit a light that is synchro-
nized with the applied ultrasound.!*’! Brikin et al!>! have ob-
served that a large bubble cluster exists at the tip of ultrasonic
horn collapse periodically every three or four cycles of the
fundamental frequency of the horn. In the inertial cavitation
region, a high amplitude of pressure is also recorded, which
correlates temporally with the cluster collapse. In the non-
inertial cavitation region, bubble clusters may shield the sound
field, set up microstreaming currents that affect the transport
of bubble nuclei and dissolved gases, etc®! Using the soft-
ware for the analysis of fluid motion with parker particles, the
motion of bubbles recorded in the video frames was analyzed
by Yasui et al!'>! The results show that many bubbles move
toward the horn tip, where there are many bubbles. Occasion-
ally, we have observed many microbubbles moving toward the
region below the ultrasonic horn tip, where many bubbles pul-
sate synchronously.

The interaction of bubbles in clouds or clusters makes
the ultrasonic field complicated, and configuration of bubble
clusters varies with the acoustic surrounding. It is virtually
impossible to directly simulate the cavitation process for a
multibubble system. A small spherical cluster of bubbles is
introduced by An''#! to simulate the multibubble sonolumines-
cence. The interaction of two homogeneous bubble clouds of
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different coupling strength is simulated numerically by Yasui
et al!'>1 They found that the secondary Bjerknes force acting
on the bubbles near the horn tip makes a contribution to the
translational motion of bubbles. In the present study, numeri-
cal simulations of the secondary Bjerknes force on the bubbles
have been performed in two states: coupled and uncoupled
bubbles. The interaction between a single bubble and a bubble
cluster under a uniform driving pressure is introduced, which
may help us understand the formation and stability of a bubble
cluster in an ultrasonic field.

2. Model

If abubble is oscillating in a liquid with a stationary sound
field, an additional pressure field would be generated. The ad-

ditional pressure can be expressed as follows:{!8]

pd .
pa =" (RR), (M

where R is the instantaneous radius of the bubble, r is the dis-
tance measured from the center of the bubble, and p is the
density of the liquid. For a multibubble system, the motion of
bubbles would be influenced by the additional pressure caused
by the neighboring bubbles. As a result, the mutual interac-
tion between bubbles cannot be neglected. In order to ex-
plain the coupled dynamics of bubbles in liquid, the modified
Rayleigh—Plesset equations taking into account the effect of
the bubble—bubble interactions have been proposed by many
authors.['*201 Based on these theories, the radial motion of a
single bubble of instantaneous radius a; beyond a bubble clus-
ter can be described as
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and the motion for a bubble of instantaneous radius a, inside

; 2

the cluster is described as follows:
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where c is the sound speed of the liquid,
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ro is the relative position of the bubble in the spherical cluster
of a radius rus and N bubbles.['*! The pressure of the liquid
at the bubble boundaries p j, can be expressed as

PAb:(po+26) ao—h\"_20 _4ng;
J a;o ai—hjf aj a;
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where pg is the hydrostatic pressure, ajy is the ambient ra-
dius, and ; is the hard-core radius (ajo/8.54 for air).l*! The
polytropic exponent of the gas k, is assumed to be equal to its
specific heat ratio (1.4 for air). The ¢ and 7 are the surface
tension and viscosity of the liquid, respectively. The p, and
o = 2nf are the pressure amplitude and the frequency of the
external acoustic field, respectively. From Eq. (3), we can see
that the bubble motion in different regions of the cluster varies.
However, based on the numerical estimation for a small bubble
cluster by An,'# the difference between the bubble motions is
slight. Therefore, for the case that the distance L between the
single bubble and the center of the cluster is much larger than
the cluster radius, the last term in Eq. (2), i.e., the additional
pressure generated by the bubble cluster, can be approximately
simplified into

P;)im = za (d%dz) , )

where the bubble motion at the center of the cluster would be
used.

The intensity of mutual interaction between bubbles is
usually estimated based on the magnitude of the secondary
Bjerknes force, which is caused by the gradient of the addi-
tional pressure of the oscillating bubbles. Therefore, a single
bubble under the action of additional pressure Eq. (5) experi-

ences a forcel!®!

N d?v.
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where V; = 47m3/3 (j = 1,2) is the volume of the bubbles,
and ey, is the unit vector directed from the center of the cluster
toward the center of the single bubble. The second Bjerknes
force, which is the net radiation force exerted on the single
bubble, is obtained by integrating Eq. (6) over a period of the
volume oscillation
Fip = —% (VaVi)er, 7
where ( ) denotes the time average.
For the bubbles inside the cluster, the additional pressure

is derived by An,'* and its expression is approximated to be
3pN r2 1 d?v,
int = 1— . 8
Paim =g ( 372 ) Telust d72 ®)

Similarly, we can obtain the secondary Bjerknes force exerted
on the bubbles inside the cluster

Py =Fyy) + Fyp), ©)
where
M _ Py
F2B = m<‘/2‘/1>€]_17 (10)
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Np ro
rp =¥
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Here, e, is the radial unit vector in the spherical coordination
at the center of the cluster. The first term in Eq. (9) is the net
force exerted on the single bubble, and the second term is the
internal force due to the internal interactions inside the cluster.
It is obvious that FZ%) varies with the position of the bubbles,
and determines the relative drift of the bubble within the clus-
ter. Therefore, we can analyze the stability of the cluster by
estimating the change of Fz(]?.

3. Numerical results

In the present study, numerical calculations of the sec-
ondary Bjerknes force are carried out for the system of a sin-
gle bubble and a bubble cluster when it is driven by external
uniform ultrasonic fields with a driving frequency of 20 kHz
in water. The other parameters are set as follows: density
p = 1000 kg/m?, viscosity n = 0.001 Pa-s, surface tension
o = 0.0728 N/m, sound speed ¢ = 1500 m/s, and static pres-
sure po = 1 bar. It is assumed that the equilibrium bubble radii
are in the range from 2 to 10 pm, which covers the typical
values for each ultrasonic frequency.!??! Effects of the interac-
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tions between bubbles are embodied in Egs. (2) and (3). In
addition, the same calculations are made for the case of an
isolated oscillating bubble.

In order to investigate effects of additional pressure on
each bubble’s behavior, we have calculated the oscillating radii
for the single bubble and the bubble at the center and the sur-
face of the cluster. As shown in Fig. 1, the total bubble num-
ber varies from 100 to 10* for a cluster with a radius of 1 mm.
The evolution of the single bubble varies very slightly with the
increase of the total number of bubbles when the distance be-
tween the single bubble and the center of the cluster is 1 cm,
which may be an uncoupled distance. However, the evolution
of bubbles in the cluster of different number density obviously
varies because the couple strength of bubbles increases with
the increment of number density. By comparing the bubble
motion in different regions, we find that the maximum radius
of a bubble in the cluster is suppressed, and the suppression is
enhanced as the bubble density increases. It should be noted
that for a relatively small bubble density (e.g. N = 100), bub-
bles in the cluster collapse simultaneously. However, with the
increment of number density, the delay of collapse time be-
tween bubbles at the center and the surface increases slightly.
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Fig. 1. (color online) Effects of bubble number inside the cluster. Calculations are performed during one driving period at a pressure
amplitude of 1.32 atm for ajp = a9 = 5pum and L = 1 cm. (a) Single bubble radius a; /aj versus normalized ¢ (¢/T) for three different
total bubble numbers: 102, 103, and 10*. (b) Bubble radius inside the cluster a» /aao versus normalized 7 (/T for the same condition as
case (a) when a bubble is at the center or surface of the cluster. (¢) The maximum radii for the single bubble and a bubble inside the cluster
versus the total bubble number of the cluster. (d) The secondary Bjerknes force versus the total bubble number of the cluster.

Equation (11) shows that the value of the secondary
Bjerknes force for a bubble inside the cluster varies from 0
(ro = 0) to the maximum (rg = r¢jys) Which is the force acting
on a bubble at the surface of the cluster. Figure 1(d) shows
the secondary Bjerknes force for different number densities
for the uncoupled bubble (L = 1 cm) and a coupled bubble at
the surface of the cluster. Bubbles are supposed to be in the

same size (5 pum). In this case, a single bubble is attracted by
the bubble cluster, and the attracting force increases slightly
when the total bubble number exceeds about 700. Similarly,
the bubbles at the surface of the cluster have a tendency of
moving to the center. Therefore, a cluster of identical bubbles
is relatively stable. However, with the increment of bubble
density, the secondary Bjerknes force decreases and tends to
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be close to a fixed value after the total bubble number exceeds
about 2000. This phenomenon indicates that the restricting
ability of the bubble cluster decreases with the increment of
bubble density, and the bubbles at the surface of the cluster
would more easily escape from the high density bubble cluster
under the disturbance of the surrounding conditions. Although
the couple strength of bubbles increases with the increment of
number density, the effects on the secondary Bjerknes force
would be canceled by the suppression of bubble motions.

If the amplitude of driving pressure increases, the max-
imum radii of all bubbles will increase. However, the incre-
ment of the uncoupled bubble is much greater than that of the
coupled bubble in the cluster, as shown in Fig. 2(a). Because
the oscillation amplitude is enhanced, the secondary Bjerknes
force acting on the bubbles increases, especially for the uncou-
pled bubble, as shown in Fig. 2(b). It should be noted that the
possibility of bubble coalescence would be enhanced by the
large amplitude oscillation of the coupled bubble in the clus-
ter, which makes the bubble—bubble interaction in the cluster
complex. Our present model in this paper cannot settle down

this kind of problem.
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Fig. 2. (color online) Effects of the driving amplitude. Here the other
parameters are the same as those in Fig. 1 except for N = 10°. (a) The
maximum radii for the single bubble and a bubble inside a cluster ver-
sus the driving amplitude. (b) The secondary Bjerknes force versus the
driving amplitude.

Chen et al>¥ reported that cavitation bubble clusters
caused by a focused ultrasonic transducer first emerged in the

focal region, then appeared in the post-focal region, and fi-
nally forms in the pre-focal region. Larger cavitation bubbles
generated because of the violent collision and coalescence of
bubbles in the focal region with a higher number density of
bubbles. Cao e al® reported that the sonochemilumines-
cence (SCL) emissions move along specific paths and cause
branch-like streamers in the post-focal region of a focused ul-
trasonic transducer, which is related to the translational mo-
tion of cavitation bubbles. These results demonstrate that the
emersion of cavitation bubbles and structural feature of clus-
ters are determined by the driving pressure field. The num-
ber density of bubbles may be proportional to the amplitude
of driving pressure. When the number density of bubbles ex-
ceeds a specific value, the coalescence of bubbles would arise
and some bubbles may escape from the cluster along specific
paths, which agrees with the results we obtained in Figs. 1
and 2. In the cavitation field, many factors may influence the
interaction of bubbles, and the efficiency of energy transition
would be dependent on the motion of every cavitation bubble.
Thus, further studies are required on this topic.
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Fig. 3. (color online) Effects of the driving frequency. Here the other
parameters are the same as that in Fig. 1 except for N = 103. (a) The
maximum radii for the single bubble and a bubble inside the cluster ver-
sus driving frequency. (b) The secondary Bjerknes force versus driving
frequency.

In Fig. 3(a), it is observed that the maximum radii of bub-
bles decrease with the increment of driving frequency of sound
waves, although their amplitudes of pressure are the same.
When the driving frequency is larger than 200 kHz for the driv-

ing pressure amplitude of 1.32 atm, the oscillation of bubbles
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is nearly linear. Therefore, the interaction of bubbles is much
weaker than that of nonlinear oscillating bubbles, as shown
in Fig. 3(b). The secondary Bjerknes force decreases quickly
with the increment of driving frequency. As a result, we can
infer that the oscillating bubbles are relatively independent of
each other as they are driven by high-frequency ultrasound.

As the single bubble is close to the bubble cluster, a transi-
tion from the uncoupled state to the coupled state occurs when
the distance between the single bubble and the center of the
cluster is about 2 mm, as shown in Fig. 4. When the distance
is about 1.5 mm, the maximum radius of the single bubble
reaches a minimum value, and the secondary Bjerknes force
is very close to zero. The direction of the secondary Bjerknes
force is reversed when the single bubble nearly reaches the
surface of the cluster, which means that when the bubbles are
close to each other, a repulsive potential would be induced nat-
urally. However, bubbles in the cluster are hardly affected by
the single bubble because their motions are mainly determined
by the coupled strength of the cluster.
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Fig. 4. (color online) Effects of the distance between the single bubble
and the center of the cluster. Here the other parameters are the same as
that in Fig. 1 except for N = 10%. (a) The maximum radii for the sin-
gle bubble and a bubble inside the cluster versus the distance. (b) The
secondary Bjerknes force versus the distance.

From Fig. 5, we can see that the relative maximum radius
of the single bubble reaches its peak as the initial radius is
about 3 um. In this case, the secondary Bjerknes force acting
on the single bubble is maximal. The value of the secondary
Bjerknes force is proportional to the volume of the single bub-
ble variations, and the bubble volume derivation is propor-

tional to the bubble wall velocity. Because the bubbles in the
cluster are hardly affected by the change of the initial radius of
the single bubble, the secondary Bjerknes force acting on the
bubble inside the cluster are almost invariable. For a larger rel-
ative maximum radius, the subsequent collapse would be more
violent, and the radiation pressure pulse could be stronger.
Therefore, a strong interaction is obtained. Compared with the
bubbles whose equilibrium radii range from 2 to 10 pum, the ef-
fect of bubble cluster on larger bubbles (> 10 pm) is weaker.
Therefore, in the high-intensity ultrasound, the translational
motion of a single larger bubble may be mainly influenced by

the primary Bjerknes force and the buoyant force.
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Fig. 5. (color online) Effects of the initial radius of the single bub-
ble. Here the other parameters are the same as that in Fig. 1 except for
N = 10%. (a) The maximum radii for the single bubble and a bubble
inside the cluster versus the initial radius. (b) The secondary Bjerknes
force versus the initial radius.

By comparing the above-mentioned figures, it can be con-
firmed that the secondary Bjerknes forces for the single bubble
and a bubble inside the cluster are of the same order of magni-
tude when the bubbles are driven by a homogeneous external
sound field. The secondary Bjerknes forces are sensitive to
the initial radius of nonlinear oscillating bubbles. It should be
noted, however, that the acoustic amplitude may considerably
change as the acoustic radiation resistance could be strongly
reduced by cavitation.'>! The suppression of bubbles close to
the center of the cluster may be underestimated. In spite of
this, we believe that our model is efficient in dealing with this
type of problem because the oscillation of the bubbles only

affects the magnitude of the secondary Bjerknes force. The
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distance and initial radius difference determines the motion

tendency of repulsion or attraction.

4. Conclusions

The distribution of cavitation bubbles may be assembled
to many kinds of structures under the drive of high-intensity
ultrasound. The interaction of cavitation bubbles is compli-
cated. If many coupled bubbles oscillate almost simultane-
ously in a spherical-like region, a spherical bubble cluster
model can be employed. Based on the assumption of bub-
ble structure, the interaction between a single bubble and a
bubble cluster is analyzed in coupled and uncoupled states.
The numerical simulation has demonstrated that the secondary
Bjerknes force can be influenced by the number density, ini-
tial radius, distance, driving frequency, and amplitude of ul-
trasound. However, if a bubble approaches a bubble cluster
of the same initial radii, coupled oscillation will be induced
and a repulsive force is evoked, which may be the reason why
the bubble cluster can exist steadily. With an increment in the
number density of the bubble cluster, the secondary Bjerknes
force acting on the bubbles inside the cluster decreases due to
the strong suppression of coupled bubbles. We also find that
there may be an optimal number density for a bubble cluster,
which can generate an optimal cavitation effects in liquid for
a stable driving ultrasound. The interaction is stronger for the
equilibrium bubble radii ranging from 2 to 10 pm, and the os-
cillation of bubbles inside clusters is hardly affected by other
single bubbles beyond the clusters.
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