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Temporal evolution of the optical path difference of a supersonic
turbulent boundary layer*
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The density distribution of a supersonic turbulent boundary layer is measured with the nanoparticle-based planar laser
scattering technique, and the temporal evolution of its optical path difference (OPD) in a short time interval is characterized
by proper orthogonal decomposition (POD). Based on the advantage of POD in capturing the energy of a signal, a temporal
evolution model is suggested for the POD coefficients of the OPD. In this model, the first few coefficients vary linearly
with time, and the others are modeled by Gaussian statistics. As an application, this method is used to compute the short-
exposure optical transfer function.
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1. Introduction
Aero-optical aberration because of the compressibility of

a high speed flow field serves as a great concern for airborne
optical systems, and has attracted much attention for many
decades.[1–3] The boundary layer is one of the most important
types of flows in aero-optics, and the optical property of a su-
personic turbulent boundary layer is the subject of the present
paper.

A significant early work on the aero-optics of a boundary
layer was by Stine and Winovich.[4] They performed the pho-
tometric measurements of a time-averaged radiation passed
through a turbulent boundary layer with a Mach number rang-
ing from 0.4 to 2.5. Their work combined together was all
that had been known until then on the optical propagation
through index-variant turbulent flows. Specifically, the de-
pendence of scattering on the integral scale of the boundary
layer was emphasized. Recently, a group from Notre Dame
University has paid much attention to the aero-optics of a tur-
bulent boundary layer.[2,5–7] Their experimental measurement
was mainly based on the Malley probe and a small-aperture
beam technique,[8,9] with which several forms of scaling laws
for optical aberration were suggested. Wyckham et al.[10]

used the Shack–Hartmann wavefront sensor to study the aero-
optical distortion of transonic and hypersonic turbulent bound-
ary layers with and without gas injection. A scaling law for
the root-mean-square of phase distortion was also proposed,
which seems to collapse the data better than previous models.
Truman and Lee[11] carried out the direct numerical simula-
tion of an incompressible boundary layer, and regarded the
refractive-index as a passive scalar. The effects of organized

turbulence structures on the phase aberration were analyzed,
and substantial variation with the direction of propagation was
found. Tromeur et al.[12] and Wand et al.[13] did large eddy
simulations of aero-optical effects in turbulent boundary lay-
ers with transonic and supersonic free streams, and the validity
of the linking equation was discussed.

The nano-particle-based planar laser scattering technique
(NPLS)[14] recently developed by our group has been used in
the study of the aero-optics of supersonic flow.[15–18] The pur-
pose of this paper is to take full advantage of the high spa-
tiotemporal resolution of the NPLS, and to examine the tempo-
ral evolution of optical path difference (OPD) of a supersonic
turbulent boundary layer in a short time interval. The basic
idea here is to construct an optimal basis such that the OPD
can be approximated well with just a few terms. For practi-
tioners in optics, the Zernike polynomial is a natural choice to
decompose the distorted wavefront, but it is far from being an
optimal basis, i.e., a large number of polynomials are required
to achieve an accepted approximation. Wavelet and wavelet
packet are powerful tools for approximating a signal with quite
a small number of transform coefficients,[19] but the basis vec-
tors relevant to the used coefficients are often not fixed, which
is rather disadvantageous for further analysis.[18] This paper
uses the proper orthogonal decomposition (POD),[20,21] which
can offer an optimal basis for the decomposition of the OPD.

2. Experimental apparatus and results
Our experimental apparatus consists of a supersonic

boundary layer wind tunnel and an NPLS system, a sketch
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of the whole setup is shown in Fig. 1. In our experiment, the
Mach number of the free stream is 3.0, and the test section
dimensions are 120 mm×100 mm. The four walls of the test

section are made up of optical glass, and the measurements
are made on the boundary layer developed on the wall. More
parameters about the experiment can be found in Table 1.

air

stabilizing section

U

nozzle test section

vacuum tank

scattering signal

to CCD

laser beam 532 nm sheet optics

Fig. 1. Sketch of the whole experimental setup including a supersonic wind tunnel and an NPLS system.

Table 1. Important experimental parameters.

M∞ ρ∞/kg·m−3 T0/K P0/kPa Re/m−1 U∞/m·s−1

3 0.089 300 101.0 7.49×106 620

The NPLS system is composed of a tracer generation sys-
tem, a light source system, a recording system, and a synchro-
nization system. TiO2 particles with literal size 18 nm are se-
lected as the tracers. The light source is a dual-cavity Nd:Yag
laser (wavelength 532 nm, pulse width 6 ns, energy per pulse
400 mJ). A very thin laser sheet (about 0.5 mm) is generated
by the sheet optics system, which illuminates the flow region
of interest. The recording system is an interline transfer CCD,
and the shortest time interval of double-exposure can reach
0.2 µs by using the inter-frame technique. When the scatter-
ing angle is 90∘ and the polarization direction is perpendicular
to the scattering plane, flow images with high signal noise ra-
tios can be captured by the CCD. The synchronizer can adjust
the laser emitting and CCD exposure to make sure that the
two laser pulses are exactly captured by the double exposures
respectively. More details about the NPLS can be found in
Ref. [14]. Another recent work of the authors examined the
experimental error, which is about 10%.[15]

Figure 2 shows a pair of NPLS images of a supersonic
turbulent boundary layer in the side view plane. The flow is
from the left to the right. The physical size of the images is
27 mm×11.7 mm, the digital resolution of a pixel is about
h = 0.017 mm, and the time interval between the two images
is 5 µs. A rough estimation of the viscous length gives a value
in the order of 1 µm, and the thickness of the boundary layer

is about δ = 10.2 mm. The bottom of the image is adjacent
to the plate. Because of the influence of diffuse reflection,
the flow structure just above the plate (approximately with the
height of 50h) is almost invisible. The image above this zone
shows the density structure of the supersonic turbulent bound-
ary layer, and the coherent structures can be seen easily. In
particular, the time evolution of the flow structure in the short
time interval can be checked.

Tian et al.[22] demonstrated the linear relationship be-
tween the intensity of an NPLS image and the density, and
developed a calibration procedure by using the jump of den-
sity before and behind a shock wave. Here that method is
employed to convert the image intensity into a density dis-
tribution. With the density, the optical path length (OPL) is
computed as

OPL(x) =
∫ yb

ya
n(x,y)dy =

∫ yb

ya
[1+KGDρ(x,y)]dy, (1)

where ya and yb are the lower and the upper boundaries of the
flow region in the vertical direction, respectively, and KGD is
the Gladstone–Dale constant. In this study, we choose KGD =

2.2×10−4 m3/kg, and the relevant wavelength is λ = 0.5 µm.
The OPD is defined as

OPD(x) = OPL(x)−⟨OPL(x)⟩, (2)

where the bracket denotes the average over the aperture. In
Fig. 3, we show the OPD relevant to the flow in Fig. 2. The
basic profile of the OPD is due to the large scale structure of
the layer, and the small amplitude jumps can be attributed to
the fine structure of the flow and the experimental error.
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Fig. 2. A pair of temporal correlated NPLS images of the supersonic
turbulent boundary layer with free stream Mach number 3.0. The flow
is from the left to the right, and the time interval of the two images is
5 µs, i.e., (a) t = t0 µs and (b) t = t0 +5 µs. The two images have been
enhanced by power-law transform with γ = 0.6. The images used in our
calculation below are the original ones.
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Fig. 3. (color online) The OPD relevant to the images in Fig. 2 (red
solid line: Fig. 2(a), black dashed line: Fig. 2(b)).

3. Temporal evolution model
Our work about the evolution of the OPD in a short time

interval relies heavily on the proper orthogonal decomposi-
tion (POD), which has been used extensively in constructing
low order models for turbulence.[20,21] The basis vectors of the
POD are constructed with an ensemble of relevant signals, and
any signal in the ensemble can be approximated well with a
linear combination of just a few basis vectors.

Suppose that we have a set of realizations of the OPD of
the supersonic mixing layer {Li|i=1, 2, . . . , M}, each Li has the
size of N×1, and the POD basis {ψ j} and eigenvalues {λ j}
are also obtained. We study a pair of OPD {L(t1), L(t2)} in
the ensemble, and the time interval t2–t1 is not larger than the
convective time tc of the large scale structure. Based on the
results of Smith et al.[23] and Poggie et al.,[24] the convection

velocity of the large scale structure in the supersonic bound-
ary layer is approximately 0.9U∞, so the convective time is
tc = δ/0.9U∞ ≈ 18 µs. With the POD basis, the pair of the
OPD can be expressed as

L(t1) = ∑ j a j(t1)ψ j, L(t2) = ∑ j a j(t2)ψ j. (3)

We can find from Eq. (3) that if we can obtain the coefficients
a j in a short time interval, the time evolution of OPL is ob-
tained equivalently. Based on the extensive applications of
POD in the study of turbulence,[20,21] we know that the POD
bases of the first few orders correspond to the large scale struc-
tures, and slow variations of the relevant coefficients are ex-
pected. The bases of high orders correspond to the subtle
structure, so the evolutions of high order POD coefficients may
be random even in a short time interval. Based on this, two hy-
pothesizes are assumed.

H1 There exists an integer P much smaller than N such
that the first P POD coefficients vary linearly with time in a
short time interval.

H2 The POD coefficients of larger orders can be mod-
eled by Gaussian statistics a j ∼ N(0,λ j), j > P.

The two hypothesizes constitute a mixed model for the
temporal evolution of POD coefficients, in which both deter-
ministic and random factors are included. The Gaussian as-
sumption in H2 is often used in turbulence research. Another
useful property of the POD coefficients is

⟨a jak⟩= δ jkλ j. (4)

These two points will be checked in the following. We note
that the choice of P is not so explicit and depends on a cer-
tain problem and specific requirements. We will discuss this
problem when applying the theory in the next section.

In this work, a snapshot method is used to compute the
POD eigenvectors and eigenvalues, and the details of imple-
mentation can be found in Ref. [21]. With an ensemble of
200 OPDs of the boundary layer, the POD eigenvectors and
eigenvalues are shown in Fig. 4. The eigenvalues are shown in
Fig. 4(a) with red dots, from which we can see that the eigen-
value decays dramatically with the increasing order. This fact
validates the efficiency of the POD for capturing the energy
of a signal. The eigenvectors of the second and fourth orders
are shown in Fig. 4(b). As the order increases, the oscillation
trend of the eigenvector becomes evident. This phenomenon
is similar to that in a Fourier analysis to some extent. The vari-
ance of ak is displayed in Fig. 4(a) with black crosses, which
agrees with the eigenvalue λ k very well. In addition, the mean
of ak is very close to zero, so the assumption ak ∼ N(0,λk) is
validated.
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Fig. 4. (color online) POD analysis of OPD: (a) POD eigenvalues (red
dot) and the variance of ak (black cross), and POD eigenvectors of (b-1)
the second and (b-2) the fourth orders.

4. Computation of short-exposure OTF
We know that the optical transfer function (OTF) is

the most important measurement of an optical imaging
system.[25,26] Following on from the measurement of the OPD
in Section 2 and the model in Section 3, we will compute the
short-exposure OTF of a supersonic boundary layer. Let us
denote

W (t,x) = 2πL(t,x)/λ̄ , (5)

where λ̄ is the averaged wavelength of the imaging system,
and is 0.5 µm in our computation. For the one-dimensional
(1D) case here, the instantaneous incoherent OTF can be writ-
ten as[26]

H(t, fx) =
∫

l( fx)
exp{i[W (t,x+ λ̄d fx/2)

−W (t,x− λ̄d fx/2)]}dx
/∫

l(0)
dx, (6)

where d is the imaging distance, and l( fx) is the overlapping
area of two shifted apertures

p(x+ λ̄d fx), p(x− λ̄d fx). (7)

For an aperture of rectangular shape used in our computation,

p(x) = rect
(

x
2w

)
=

{
1, |x|< w,
0, else, (8)

where w is the half width of the aperture. We also define a
truncating frequency f0 and a normalized frequency as

f0 = w/λ̄d, f̂x = fx/2 f0. (9)

It is simple to validate that the OTF of an ideal rectangular
aperture of half width w is

H( f̂x) = 1− f̂x, f̂x ≤ 1. (10)

Before the computation, we note that the overall ampli-
tude of the OPD in Fig. 3 is about 0.1λ , so the influence of
the distortion on imaging is expected to be slight. In fact, we
have computed the short-exposure OTF with the original OPD,
and find out that its deviation from the ideal OTF is small. It
seems that the aero-optical aberration of the supersonic bound-
ary layer can be neglected. However, in practice, this is not
such a problem. The above data are obtained directly with the
wind tunnel experiments on the ground. If we apply the result
to the estimation of aero-optical effects in practice, a proper
transformation is necessary. The scaling law of OPDrms has
been examined by many researchers.[5,7,10] Wyckham et al.[10]

investigated this problem for tran- and hyper-sonic turbulent
boundary layers, their result indicated that the OPDrms is pro-
portional to the free stream density. For vehicles with an alti-
tude of 10 km, the density of the atmosphere is 0.414 kg·m−3,
and is about 4.6 times the value in our experiment. We use the
original OPD multiplied by 5 in the computation given below.

As mentioned in the previous subsection, determining a
proper number of POD coefficients with deterministic tempo-
ral evolution is an important problem. Here we deal with this
problem from the viewpoint of cumulative energy. With a set
of eigenvalues of POD {λ i}, the cumulative energy is defined
as

e(k) =
k

∑
i=1

λi/∑i λi. (11)

For the ensemble of the OPD used here, the cumulative en-
ergy curve is shown in Fig. 5(a). It can be found that the
cumulative energy increases quickly with k and approaches
1. Here we choose three points on the curve, e(11) = 70.9%,
e(18) = 80.4%, and e(39) = 90.3%. Setting P as 11, 18, and
39, we compute the OTF with exposure time 10 µs, the rele-
vant amplitudes are shown in Fig. 5(b). We can see that the
OTF with a larger P has a smaller amplitude, but the differ-
ence is not evident. This phenomenon has been validated by
more computations. It seems that choosing such a number of
P that e(P) is about 80% is ideal. In fact, too many determin-
istic coefficients will cancel the randomness in the evolution
of OPD, which is not expected. Another problem in the com-
putation short-exposure OTF is how many realizations of OPD
are enough to obtain a convergent average. Our computation
experience shows that 50 realizations of OPD are sufficient for
an exposure time not larger than 20 µs.
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Fig. 5. (color online) (a) Cumulative energy of the POD analysis. (b)
Amplitudes of OTF with exposure time 10 µs for different P.
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Fig. 6. OTF of the supersonic boundary layer with exposure time (a)
10 µs and (b) 20 µs.

Figure 6 shows the real and imaginary parts of the OTF

with exposure time 10 µs and 20 µs, and the results in Fig. 6(a)
are relevant to the OTF in Fig. 5(b) with P = 18. Obviously,
the influence of aero-optical distortion on imaging is evident,
especially for low spatial frequencies. However, the devia-
tion from the ideal OTF at a high frequency is not noticeable.
This point may be investigated further in the reconstruction
of objects, which is similar to the application of speckle in-
terferometry in astronomical imaging.[27] Another feature of
the OTF is its imaginary part with a considerable amplitude.
Here it is worth comparing our result with the early work
of Steinmetz.[28] The Gaussian assumption of OPD was used
frequently in the early study of aero-optics.[1] With this as-
sumption, Steinmetz asserted that the OTF should be real val-
ues. But the discovery of coherent structures in a shear layer
challenges this assumption. Our recent work examined this
problem by extracting the coherent structures of the OPD of
a supersonic mixing layer, and provided quantitative argu-
ments against the assumption.[18] Here we directly compute
the skewness and the flatness of the OPD used in the computa-
tion of OTF in Fig. 6, and the results are (0.45, 3.02) and (1.05,
5.33), respectively. Hence the Gaussian assumption cannot be
justified reasonably.

5. Conclusion

We have measured the density distribution of a supersonic
turbulent boundary layer with the NPLS technique, and the
time evolution of its OPD is characterized by a POD analysis.
In order to obtain the OPD at any time instant in the time in-
tervals, the OPD is decomposed with POD eigenvectors, and
a model for the time evolution of the POD coefficients is sug-
gested to achieve this purpose. In this model, the first few
POD coefficients are assumed to vary linearly with time, and
the others are modeled with Gaussian statistics, so the deter-
ministic and the random factors are combined together. As an
application of our theory, the short-exposure OTF of a super-
sonic turbulent layer is computed and analyzed.
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