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Stabilizing photoassociated Cs2 molecules by optimal control∗
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We demonstrate theoretically that photoassociated molecules can be stabilized to deeply bound states. This process
is achieved by transferring the population from the outer well to the inner well using the optimal control theory, the Cs2
molecule is taken as an example. Numerical calculations show that weakly bound molecules formed in the outer well by a
pump pulse can be compressed to the inner well via a vibrational level of the ground electronic state as an intermediary by
an additionally optimized laser pulse. The positively chirped pulse can enhance the population of the target state. With a
transform-limited dump pulse, nearly all the photoassociated molecules in the inner well of the excited electronic state can
be transferred to the deeply vibrational level of the ground electronic state.
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1. Introduction
Photoassociation (PA) has captured much attention from

researchers due to its wide applications in forming ultracold
molecules and reaching ultralow temperatures.[1–7] In most ex-
perimental situations, photoassociated molecules are prepared
in the higher vibrational states of an excited electronic state,
and these unstable molecules may become free atoms again
owing to subsequent collisions. In order to prepare stable
molecules, the weakly bound molecules in the excited elec-
tronic state must be transferred to the ground or the lowest-
triplet state. In the special case of the excited potential of the
Cs2 molecule with a double well 0−g (6s+6p3/2), the smooth
barrier between the two wells acts as a speed bump and slows
down the vibrational motion in the outer well so that the verti-
cal transitions can take place at an intermediate distance Rint.
A dump pulse can be used to transfer the population from the
excited electronic state to the ground electronic state when the
wave packets move to the vicinity of the barrier.[1]

However, the wave packets in the outer well of the ex-
cited electronic state have small Franck–Condon (FC) factors
with the lower vibrational states of the ground electronic state,
and less of the population will be transferred to form stable
molecules in the ground electronic state. A small number of
wave packets can pass through the barrier via a tunneling ef-
fect and move to the smaller internuclear distance. Hence, a
question is put forward, how can we populate the lower vibra-
tional states to stabilize the photoassociated molecules.

With the development of laser techniques,[8,9] shaping
technologies of laser pulses have been applied to the investiga-
tion of the PA reaction,[10–15] which paves the way for imple-
menting the optimal control of atoms and molecules by using
ultrashort pulse lasers. The optimal control theory (OCT)[16]

offers the prospect of using an external field to drive atoms

or molecules to a desired state. In theory, the algorithms for
OCT have been developed,[17–23] and applied widely to many
research fields.[24–27] Experimentally, the optimal control has
been realized using a feedback learning loop.[28] The forma-
tions of ultracold molecules, specifically the optimal conver-
sion of atoms into a molecular Bose–Einstein condensation,[29]

have been investigated by OCT. Here, we start from weakly
bound Cs2 molecules formed in the outer well with a pump
pulse. An additional optimized shaped pulse, whose spectral
width is enough to cover the energy difference between the
initial state and an eigenstate in the inner well, is then used
to transfer the population from the outer well to the inner well
via a vibrational state of the ground electronic state by employ-
ing the OCT. Most of the population can be transferred from
the outer well into the inner well. Finally, with a transform-
limited dump pulse, nearly all the molecules in the inner well
of the excited electronic state can be stabilized in the lower
vibrational state of the ground electronic state.

2. Theoretical approach
2.1. The Cs2 system

Our investigation starts with a two-state Cs2 model, which
can be described by the time-dependent Schrödinger equation
(TDSE)

ih̄
∂

∂ t

(
Ψg(R, t)
Ψe(R, t)

)
=

(
T̂ +Vg(R)+ 1

2 h̄ωL(t) Ŵ (t)
Ŵ (t) T̂ +Ve(R)− 1

2 h̄ωL(t)

)
×
(

Ψg(R, t)
Ψe(R, t)

)
, (1)

where Ψg(R, t) and Ψe(R, t) denote the wave functions of the
a3Σ+

u and 0−g states, respectively, T̂ is the kinetic-energy op-
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erator, and ωL(t) is the carrier-frequency of the laser pulse,
which is time-dependent if the chirping effect is considered.
The rotating-wave approximation (RWA) is employed here.
The interaction Ŵ (t) is written as

Ŵ (t) = −1
2

ε(t)𝑒̂L · 𝜇̂, (2)

where 𝜇̂ is the dipole moment operator, 𝑒̂L is the polarization
vector of the electric field, and ε(t)= ε0 f (t) is the electric field
with peak amplitude ε0 and envelope f (t) without an oscillat-
ing term. In the calculations, we use a constant dipole moment
µ = 3.64 a.u.,[30] since the R-dependent dipole moment was
not found in the literature. Thus, the interaction Ŵ (t) can be
rewritten as

Ŵ (t) = −W0 f (t), (3)

where W0 = ε0µ/2.
As shown in Fig. 1, the 0−g (6s1/2 +6p3/2) potential has

a double-well structure with a barrier situated at approxi-
mately 15a0. Only the levels in the outer well have rela-
tively large Franck–Condon factors with the scattering state.
Hence, the photoassociated molecules produced by the pump
pulse are mainly bound in the outer well. In this paper, we
consider the renormalized wave function of the 0−g state af-
ter the pump pulse as the initial state, which is a super-
position of the relevant vibrational eigenstates. We utilize
an additional optimized pulse, whose spectral width cov-
ers the energy difference between a vibrational eigenstate
(target state) in the inner well and all vibrational eigen-
states of the initial state, to transfer most of the probabil-
ity density (or population) to the inner well via a higher
vibrational state of the a 2Σ+

u state. Thus, nearly all of the
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Fig. 1. (color online) The potential curves of the ground triplet
state a3Σ+

u and the excited state 0−g of the cesium dimer. The
photoassociated molecules can be compressed to the inner well
by an optimal pulse and finally dumped to a deeply bound vibra-
tional state of the a3Σ+

u state by a transform-limited pulse. The
dashed line directly above the a3Σ+

u state denotes the initial con-
tinuum level, and δat represents the detuning deviating from the
D2 atomic resonance line. The short-range potential curves taken
from Ref. [39] are matched to long-range dispersion potentials with
Cn coefficients.[40] In the inset, the red line denotes the spectrum
of an optimized laser pulse, solid lines in the outer well show the
eigenenergies superposing the initial state, and the solid line in the
inner well indicates the target state.

population in the inner well can be transferred to a lower vibra-
tional state of the a2Σ+

u state by a transform-limited Gaussian
pulse.

2.2. Brief review of optimal control theory

An external field is utilized to drive a system from an ini-
tial state |φi〉 to a specified target state |φf〉. The formal solu-
tion of the wave function at time t is given by

|φ(t)〉 = Û(t,0)|φi〉, (4)

where Û(t,0) denotes the evolution operator. In order to ob-
tain an optimal field, an objective function F is defined as

F = |〈φi |Û+(T,0;ε)|φf〉|2. (5)

The field is optimized when F is close to 1.0.
The F is a function of field ε(t) and depends on the fi-

nal time T . In order to use the dynamical information from
intermediate time, we define a new functional J

J =−F +
∫ T

0
g(ε)dt, (6)

where g(ε) denotes an additional constraint over the field. The
optimal field can be obtained by minimizing J based on the
replacement rule in the control equation for the field. How-
ever, the choice of g(ε) can not be arbitrary, since it may
lead to a vanishing change in the field as the optimum is re-
alized, and it needs to satisfy the requirements of monotonic
convergence.[17] In the present work, g(ε) is chosen to be

g(ε) =
λ

S(t)
[ε(t)− ε̃(t)]2, (7)

where ε̃(t) is the field in the previous iteration and corresponds
to a minimal change in the pulse energy at that iteration. The
S(t) denotes the shape function, which is the constraint used
to switch the field smoothly on and off. We choose it to be
S(t) = sin2(πt/T ). The optimization strategy can be con-
trolled by the parameter λ . A small value results in a small
weight of the additional constraint and allows for a large mod-
ification in the field, while a large value of λ represents a con-
servative search strategy with only a small modification in the
field at each iteration.[31,32]

We employ the Krotov algorithm[17,33–35] to obtain the
control equations. The derivation of the algorithm for the ob-
jective function (Eq. (5)) and the constraint (Eq. (7)) can be
found in Ref. [31]. But in the rotating-wave approximation,
the theoretical treatment of the optimization strategy is some-
what different from that in Ref. [31]. In the present work, we
only deal with the amplitude shaping not the phase shaping.
Thus, we need to use a trick[36–38] to ensure that the envelope
is always positive. We do this by using a mathematical con-
trol parameter u(t) =

√
ε(t), and S′(t) =

√
S(t). Then, we
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derive the control equations for u(t) at the k-th iteration step
as follows (see Appendix A for the derivation):

uk+1(t) = uk(t)+2uk(t)
S′(t)

λ
Im{〈φi |Û+(T,0;εk)|φf〉

×〈φf|Û+(t,T ;εk)µ̂Û(t,0;εk+1)|φi〉}, (8)

εk+1(t) = u2
k+1(t), (9)

where ε(t) is solved by employing two different grids in the
time discretization (see Ref. [31] for details).

3. Results and discussion

In our calculation, the short-range potential curves taken
from Ref. [40] are matched to long-range dispersion poten-

tials with Cn coefficients.[40] The initial wave function is calcu-
lated by diagonalizing the Hamiltonian in Eq. (1) on a mapped
Fourier grid in the absence of the laser field.[41,42] The dynam-
ics process is described by numerically solving the TDSE us-
ing the Chebyshev propagator.[43]

The numerical computations are performed within the
framework of size LR = 19250a0. A new initial state is taken
to be the renormalized wave packet at the 0−g state created by
the pump pulse at temperature T = 54 µK. In this paper, the
target state is chosen to be an eigenstate v = 106 mainly bound
in the inner well. We consider two cases, in whcih the initial
wave packets are excited by pump-1 and pump-2 pulses, re-
spectively. The peak intensity of the pump-2 pulse is larger
than that of the pump-1 pulse.
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Fig. 2. (color online) (a) and (c) Probability density versus internuclear distance, and (b) and (d) population versus vibrational quantum
number. Two cases are considered. In panels (a) and (b), the initial wave packet is excited by the pump-1 pulse with peak intensity
E0,1 = 0.28 MV/m, full width at half maximum τ1 = 40 ps, central time t0,1 =−100 ps, and red detuning δat,1 = 7.6 cm−1 at t = t0,1+154 ps.
In panels (c) and (d), the initial wave packet is excited by the pump-2 pulse with E0,2 = 0.71 MV/m, τ2 = 40 ps, t0,2 = −100 ps, and
δat,2 = 7.6 cm−1 at t = t0,2+139 ps.

Figure 2(a) shows the initial state φi,1 created by pump-1
at t = t0,1 + 154 ps. The parameters of the pump-1 pulse are
chosen to be peak intensity E0,1 = 0.28 MV/m, full width at
half maximum τ1 = 40 ps, central time t0,1 = −100 ps, and
red detuning δat,1 = 7.6 cm−1. The corresponding popula-
tion distribution at the 0−g state is illustrated in Fig. 2(b), from
which we see that the photoassociated molecules mainly dis-
tribute on the vibrational levels v = 105 and 107, and only a
small part is on the v = 104, 106, and 109 levels. Figure 2(c)
displays the initial state φi,2 created by the pump-2 pulse at
t = t0,2 + 139 ps. The parameters of the pump-2 pulse are
taken to be the same as those of the pump-1 pulse except for
the peak intensity E0,2 = 0.71 MV/m. The population distri-
bution on the relevant vibrational levels is shown in Fig. 2(d).

In the two cases, two initial guess fields (guess-1 field and

guess-2 field) corresponding to the two initial states φi,1 and
φi,2 are treated separately, which are shown by the red-dashed
lines in Figs. 4(a) and 4(c). For the guess-1 field, the param-
eters are taken to be peak amplitude E0,1 = 11.3 MV/m, full
width at half maximum τ1 = 60 ps, central time t0,1 = 150 ps,
and carrier frequency ωL,1 = 11799.3 cm−1. The parameters
of the guess-2 field are the same as those of the guess-1 field
except ωL,2 = 11799.0 cm−1. The time scale for the optimal
control is restricted to 300 ps, and the initial time is taken to
be 0. The populations at the target state (objective function F)
versus the iteration number are shown in Fig. 3. For the ini-
tial state φi,1, F is equal to 0.982 after 110 iterations. And for
the initial state φi,2, which is a coherent superposition of more
vibrational eigenstates, F = 0.931 after 97 iterations.
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Fig. 3. (color online) The population of target state versus iteration
number in guess-1 field with peak amplitude E0,1 = 11.3 MV/m,
full width at half maximum τ1 = 60 ps, central time t0,1 = 150 ps,
and carrier frequency ωL,1 = 11799.3 cm−1 and guess-2 field
with the same parameters as those in guess-1 except ωL,2 =
11799.0 cm−1.

The envelopes of the two guess fields and the optimal
laser pulses are plotted in Figs. 4(a) and 4(c), and the cor-
responding spectra in the frequency domain are shown in
Figs. 4(b) and 4(d). The optimized pulses differ from the
guess fields. Many oscillating patterns appear in Figs. 4(a)
and 4(c). The insets in Fig. 4 illustrate the shapes of the
envelopes within a time scale of 1 ps: they are still smooth
enough, and in such a time scale, there are more than 353.7
optical cycles. In Fig. 4(b), the most intense peak emerges
at 11799.3 cm−1 corresponding to the central frequency of
the guess field. There are several hypo-peaks appearing in
the frequency spectrum because the initial state includes the
components of a few vibrational eigenstates. Compared with
Fig. 4(b), figure 4(d) displays more hypo-peaks because more
vibrational eigenstates are included in the initial state. How-
ever, both frequency spectra display symmetric structures.

0

10

20

40

30

135 136

0

60

120

180

0

10

20

40

30

50

0 100 200 300

107.0 108.0107.5

0

60

120

180

1180011796 11804

E
n
v
e
lo

p
e
 o

f 
e
le

c
tr

ic
 f
ie

ld
/
M

V
Sm

-
1

|E
↼ω
↽|

/
a
rb

. 
u
n
it
s

Time/ps Frequency/cm-1

0

40

10

2

6

20

(a) (b)

(c) (d)

Fig. 4. (color online) (a) The temporal envelopes of the guess-1 field (red-dashed line) and its corresponding optimal field (black-solid line), (b)
the spectrum of the optimal field in panel (a), (c) the temporal envelopes of the guess-2 field (red-dashed line) and its corresponding optimal field
(black-solid line), (d) the spectrum of the optimal field in panel (c). The insets illustrate the shapes of the envelopes within a time scale of 1 ps.

To better understand the optimal control process, the
time-dependent expectations

〈R〉(t) = 〈Ψe(t)|R|Ψe(t)〉/|Ψe(t)|2

of internuclear distance in the 0−g state are plotted in Fig. 5.
When φi,1 is taken to be the initial state, 〈R〉(t) increases with
increasing time before t = 50 ps (black line), because the wave
packet is moving outward in the outer well after it has been
reflected by the barrier. The population of the 0−g state (not
shown) begins to be transferred to the ground electronic state
when t = 50 ps. Most of population transferred to the ground
electronic state returns back to the 0−g state when the pulse

ends, but is bound on the level v = 106 in the inner well. The
〈R〉(t) is approximately equal to 12.8a0, which shows that the
wave packet (or the probability density) distributes in a small
range of internuclear distance. When the initial state is φi,2,
〈R〉(t) increases before 70 ps with the increasing time (red
line), and decreases afterwards. When the optimized pulse is
over, the population is transferred to the inner well, and

〈R〉(t = 300 ps) = 13.1a0.

We now discuss the positive chirping effect of the guess
field on the optimal control process. The envelope of the opti-
mal guess field is expressed as[30]
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ε(t) =
ε0√

1+(χτ2)2/(4ln2)2
exp
[
−2ln2

(
t− t0

τ

)2]
. (10)

The parameters of the guess field are chosen to be the same
as those of guess-2 except for the chirped rate χ = 1.012×
10−12 a.u., which ensures the scanning range to cover the en-
ergy difference between the highest and the lowest vibrational
levels in the initial state φi,2. The population of the target state
is 0.958 after 120 iterations as shown in Fig. 6(a), which is
larger than the result (0.931) in Fig. 3. The guess field and the
optimized field are shown in Fig. 6(b). Generally, the inten-
sity of the optimized field is lower than that in Fig. 4(c). The
time- and frequency-resolved spectrum of the optimal pulse is
shown in Fig. 6(c). The most intense peak in the frequency do-
main appears at 11797.2 cm−1, and three apparent hypo-peaks
emerge at 11797.9 cm−1, 11798.8 cm−1, and 11799.6 cm−1

respectively. The shape of the spectrum in the time domain
also displays an oscillating pattern. Since the wave packet

is reflected outward by the barrier, 〈R〉(t) increases before
t = 70 ps, and then decreases gradually, as shown in Fig. 6(d).
Finally, 〈R〉(t) = 12.78a0 when the laser pulse is over. We also
calculate the dynamic process with negatively chirped pulses,
the result shows no advantages, so we do not present it.
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Fig. 5. (color online) The expectation 〈R〉 in the 0−g state versus time
under the action of optimal pulses shown in Figs. 4(a) and 4(c).
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Fig. 6. (color online) (a) The population of the target state versus iteration number, (b) temporal envelope of the guess field (red-dashed line)
and its corresponding optimal field, (c) the time- and frequency-resolved spectrum of the optimal laser field, (d) the expectation 〈R〉 in the
0−g state versus time. The guess field parameters are the same as those of the guess-2 field except for the chirped rate χ = 1.012×10−12 a.u.

Table 1. Parameters for the dump pulses: peak amplitude E0,i of
the electric field, full width at half maximum τi, central time t0,i, the
carrier frequency ωL, and transfer efficiency.

v′ E0,i/MV·m−1 τi/ps t0/ps ωL/cm−1 Efficiency

10 0.38 35.36 375 11872.34 0.990

9 0.44 60.1 500 11881.59 0.991

When the wave packet is compressed into the inner well,
it is bound in the vibrational state v = 106. We can utilize
a transform-limited pulse to dump the population from the
v = 106 level to the vibrational levels v′ = 10 and 9 of the

ground electronic state. The dump pulse parameters and the

transfer efficiencies on the v′ = 9 and 10 levels are shown in

Table 1. The corresponding time-dependent populations are

displayed in Fig. 7. The populations of the target states in-

crease steadily, yielding very high values at the ends of the

pulses. The transfer efficiencies shown in Table 1 are better

than those in Ref. [1] where only the population of 0.12 on the

v′ = 14 level was obtained.
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Fig. 7. (color online) (a) The time-dependent population of v= 106
(black-solid line) and v′ = 10 (red-dashed line) with the laser pulse
in the first row of Table 1. (b) The time-dependent population of
v= 106 (black-solid line) and v′ = 9 (red-dashed line) with the laser
pulse in the second row of Table 1.

4. Conclusion
We investigate theoretically how to stabilize photoassoci-

ated molecules to deeply bound states by transferring the pop-
ulation from the outer well to the inner well using the opti-
mal control theory and take the Cs2 molecule as an example.
Numerical calculations show that weakly bound molecules
formed in the outer well by a pump pulse can be transferred to
the inner well via the vibrational state of the ground electronic
state as an intermediary by utilizing an additional optimized
shaped pulse whose spectral width is enough to cover the en-
ergy difference between the initial state and the target state in
the inner well. The population of the target state can be en-
hanced by the positive chirped pulse. Nearly all molecules in
the inner well of the excited electronic state can be transferred
to the lower vibrational level v′ = 10 or 9 of the ground elec-
tronic state by a transform-limited dump pulse.

Appendix A: OCT in RWA
The Hamiltonian can be written as

H = H0 + ε(t)µ, (A1)

where H0 denotes the Hamiltonian in the absence of a laser
field. Let ε(t) = u(t)2, then the control equation can be ex-
pressed as[17,31]

εk+1(t) = εk(t)+
S(t)
λ

Im
{
〈φi |Û+(T,0;εk)|φf〉

× 〈φf|Û+(t,T ;εk)

∣∣∣∣∂ Ĥ
∂ε

∣∣∣∣
εk+1

|Û(t,0;εk+1)|φi〉
}
. (A2)

We use u(t) as the control parameter instead of ε(t). Using
∂ Ĥ
∂u = ∂ Ĥ

∂ε
· ∂ε

∂u and S′(t) =
√

S(t), we get a new control equa-
tion

uk+1(t) = uk(t)+2uk+1(t)
S′(t)

λ
Im{〈φi |Û+(T,0;εk)|φf〉

× 〈φf|Û+(t,T ;εk)µ̂Û(t,0;εk+1)|φi〉}. (A3)

The 2uk+1(t) on the right-hand side can be approximated as
2uk(t), and the control equation can be rewritten as

uk+1(t) = uk(t)+2uk(t)
S′(t)

λ
Im{〈φi |Û+(T,0;εk)|φf〉

× 〈φf|Û+(t,T ;εk)µ̂Û(t,0;εk+1)|φi〉}. (A4)
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