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Calculation of the photoelectron spectra under a scaling transform∗
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By solving the time-dependent Schrödinger equation, the dependence of photoelectron energy spectra on the binding
energy of targets, wavelength and the intensity of laser pulse is exhibited and a scaling law of kinetic energy spectra of
both the direct and the rescattered photoelectrons is concluded. The scaling law provides a convenient tool to determine the
equivalent photoionization process of various atoms or molecules in various laser fields. The verification of the scaling law
by independent methods provides incontestable support to the validity of the scaling law.
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1. Introduction
Above-threshold ionization[1] (ATI) and the accompany-

ing high-order harmonic generation[2] (HHG) are two funda-
mental processes where atoms and molecules are irradiated
by intense laser fields, in which scaling analysis provides a
new insight into various phenomena.[3] Many papers have con-
tributed to the scaling law of ATI and HHG. For example,
in order to increase the harmonic yields and to obtain at-
tosecond pulses, many authors studied the scaling relation-
ship of high-order harmonic generation on the wavelength of
the driving laser fields. Various scaling relationships were
established.[4–7] Most scaling relationships focus on the de-
pendence of HHG yields on the wavelength but the necessary
physical insight is not enough, while very few scaling relation-
ships were established and discussed for ATI.

The outgoing electrons from ATI carry information of
atomic structures, thus studies on ATI enrich our knowledge
of the atomic structures as well as the physical process itself.
A generally accepted picture of ATI is as follows: under the
action of an intense laser field, the bound electrons in atoms
are excited then they move in the laser field. If the electrons
leave the laser field immediately, they generally obtain less ki-
netic energy and are called as directly emitted photoelectrons.
If the electrons do not leave the laser field before the electric
field of the laser pulse inverses, they will be driven back to then
be rescattered by their parent core and thus obtain a larger ki-
netic energy. This fraction of electrons called the rescattered
photoelectrons has been used to retrieve accurate information
of atomic cores.[8–10]

For directly emitted photoelectrons, our analytical study

is based on the nonperturbative quantum electrodynamic the-
ory of ATI[11,12] has disclosed a scaling law of photoelec-
tron angular distributions (PADs).[13] The scaling law indi-
cates that the main characteristics of PADs are determined by
three dimensionless parameters: 1) the ponderomotive num-
ber up = Up/ω , i.e., the ponderomotive energy Up in units of
photon energy ω; 2) the binding number εb = Eb/ω , i.e., the
binding energy of the atomic target in the unit of ω; 3) the
number of absorbed photons during ionization. When these
three parameters are unchanged, the main features of PADs
are the same. The scaling law enables us to obtain the identi-
cal PADs as well as physical processes when the frequency of
the driving laser fields changes. Subsequent studies show that
the scaling law holds for both directly emitted and rescattered
photoelectrons[14] in both long-pulsed[13] and few-cycle laser
fields.[15]

The scaling law of rescattered photoelectrons is of great
importance, since the scaling law provides a necessary refer-
ence that can be used to classify different experimental re-
sults, by which the structure of targets is retrieved. Using
the recently derived analytical formulae,[16] we find that, under
the scaling transform, both the kinetic energy spectra and the
PADs of rescattered photoelectrons remain unchanged. The
scaling law indicates that the physical essence of interaction
processes with the same parameters are just the same, even
though their dynamic parameters look quite different. Re-
cently, in a study using the rescattered photoelectrons to re-
trieve the core information of target atoms,[8–10] as well as
the tomography of the outmost shell of target molecules by
HHG,[17] a reference is needed that can be obtained by the
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scaling law.
Verifications by independent methods provide a strong

check to the scaling law. The scaling law of rescattered photo-
electrons is established by an analytical formula and is verified
by the numerical results based on the formula. Independent
verifications come from two sources, one is the experimen-
tal observations and the other is the theoretical verification by
means of different methods, such as the numerical study based
on the time-dependent Schrödinger equation (TDSE) method.

In this paper, we perform a detailed study on the ki-
netic energy spectra of photoelectrons from atoms irradiated
by laser fields of various wavelengths and different intensities,
by means of the numerical solution of the three-dimensional
TDSE. We will show that the photoelectron energy spectra
vary notably with the binding energy of target atoms and the
frequency and the intensity of driving laser fields, while they
remain unchanged when these quantities change according to
the scaling law. These results verify the scaling law.

This paper is arranged as follows: the numerical method
is given in Section 2. The effects of binding energy, wave-
length, laser intensity, and the combined effect of the three
quantities on photoelectron energy spectra are presented in
Section 3, with some discussion on the spectra. Section 4 ends
with the conclusion.

2. Numerical method
The TDSE method has been extensively used in dealing

with the interaction process of atoms and molecules with in-
tense laser fields. Many authors have used this method to ex-
plain experimental observations and to disclose various phys-
ical processes of light-matter interaction.[18] One advantage is
that it can mimic detailed conditions which are hard to treat an-
alytically, such as the Coulomb effect neglected in the strong
field approximation (SFA).[19] Thus, it was also used to exam-
ine the validity of the analytical conclusions. In our simula-
tion, with the single active electron approximation, the three-
dimensional TDSE for an atom interacting with a linearly po-
larized laser field is given by (in atomic units)

i
∂

∂ t
Ψ(𝑟, t) = (−1

2
∇2 +V (𝑟)− i∇ ·𝐴(t))Ψ(𝑟, t), (1)

where 𝐴(t) is the vector potential of the laser field, V (𝑟) is
the Coulomb potential, and the velocity gauge is used. The
wave function is expanded in spherical harmonics and on the
radial-position angular-moment grid

Ψ(𝑟, t) =
lmax

∑
l=0

1
r

Rl(r)Y (Ω), (2)

where 𝑟 is the position vector of the electron and r≡ |𝑟|, Rl(r)
is the radial wave function, and Ω is the solid angle of 𝑟.

The magnetic index m is suppressed since the linearly polar-
ized laser pulse is used. The detailed numerical algorithm and
propagation scheme are presented in Ref. [20]. The Coulomb
potential takes the form

V (𝑟) =−1
r
(Z +aexp(−br)), (3)

where Z is the nuclear charge number. By adjusting param-
eters a and b, we obtain the ground energy of various target
atoms. For example, a = 0 (Z = 1) corresponds to the ground
state of hydrogen atoms, while a = 17.0 and b = 19.83 build
a model atom with binding energy Eb = 20.4 eV. The radial
grid includes 8000 points with grid spacing ∆r = 0.1 a.u. and
30 angular momenta are involved. In order to avoid the influ-
ence of the pulse shape, a ten-cycle trapezoidal pulse with a
half-cycle in the rising edge and the falling edge is employed.

The code begins from the ground state of target atoms
obtained by the widely-used imaginary time propagation and
thereafter propagates with the laser pulse being switched on.
When the laser pulse is switched off, we obtain the final state
of the interacting system Ψ(tf). The energy-resolved photo-
electron spectrum that we mainly focus on is achieved by[21]

Pγ(E ) = 〈Ψ(tf)|W 2
γ (E )|Ψ(tf)〉, (4)

with

Wγ(E ) =
γ2n

(H0−E )2n
+ γ2n , (5)

where H0 is the non-field Hamiltonian, γ is the half width of
the energy window, and n is the order of the window operator
and is set to be 3 in our calculations. The width of the energy
window is set to be 0.01 a.u.

3. Results and discussion
The scaling law states that the photoelectron energy spec-

trum for an atom with binding energy KEb, shined by a laser
beam of frequency Kω and intensity K3I has the same shape
as that for an atom with binding energy Eb, shined by a
laser beam of frequency ω and intensity I, but the former
is K times the latter in the photoelectron yield.[14] We also
say, under a scaling transformation which maps (Eb,ω, I) to
(KEb,Kω,K3I), the photoelectron energy spectra in a loga-
rithmic scale are invariant but subjected to a constant magni-
tude difference logK .

Photoionization of atoms depends on many factors, such
as the binding energy of target atoms, the intensity and the
frequency of driving laser fields. The scaling relationship be-
tween the laser frequency and the atomic binding energy is
trivial, while the cubic relationship pertinent to the laser inten-
sity is the key of the scaling law and is highly nontrivial. In
order to verify the scaling law, we first show the variation of
the photoelectron energy spectra when only one of these phys-
ical quantities changes, to figure out what trend it will be, then
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change simultaneously all the related quantities to show the
variation of photoelectron energy spectra.

Firstly, we studies the photoelectron energy spectra when
only one quantity changed. Some results are depicted in
Fig. 1. Figure 1(a) shows the photoelectron energy spectra
of the hydrogen atom and a model atom with Eb = 20.4 eV
irradiated by laser pulse of wavelength 800 nm and intensity
2× 1014 W/cm2. Both the energy spectra exhibit the plateau
structure following a falloff in the low-energy part and fol-
lowed by a sharp cutoff in the high-energy part. The photo-
electron yield of the hydrogen atom is generally higher than
that of the model atom by more than two orders of magnitude.
Because the ponderomotive energy Up is constant, the cutoff
energy is the same. Figure 1(b) shows two calculated photo-
electron spectra of the hydrogen atom irradiated by a laser field
with constant intensity but different wavelengths. The pro-

nounced difference between them is the length of the plateau.
The photoelectron energy spectrum from a 900-nm laser has
a much wider plateau than that from a 700-nm laser. This is
caused by the ponderomotive energy that is quadratically de-
pendent on the wavelength, therefore the photoelectrons gain
more quiver energy in the longer wavelength laser field. Fig-
ure 1(c) depicts two spectra of the hydrogen atom by differ-
ent laser intensities for the same wavelength, from which we
see the laser intensity affect the photoelectron yield and the
plateau significantly. For an intensity of 1.0× 1014 W/cm2,
the photoelectron energy spectrum exhibits a wider plateau up
to more than 100 eV and the overall ionization yield is no-
tably higher than the other one. This indicates that the laser
intensity plays a dominant role in producing high-energy pho-
toelectrons.
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Fig. 1. (color online) Photoelectron energy spectra calculated for different atoms irradiated by different laser fields: (a) for hydrogen
(Eb = 13.6 eV) and the model atoms (Eb = 20.4 eV) in a laser pulse of wavelength 800 nm and intensity 2.0× 1014 W/cm2; (b) for
hydrogen atoms in laser pulse of intensity 2.0×1014 W/cm2, but for wavelength 700 nm and 900 nm, respectively; (c) for hydrogen atoms
in laser pulses of wavelength 1064 nm, but for laser intensity 1.0× 1014 W/cm2 and 4.0× 1013 W/cm2, respectively; (d) for hydrogen
atoms in different laser fields: the original one is for a laser field with λ0 = 800 nm, I0 = 1.0× 1014 W/cm2; while others are for the
wavelength λ0/K and laser intensities K2I0, K3I0, and K4I0, respectively, and K = 2.

Secondly, we show the photoelectron spectra with one
quantity unchanged. Figure 1(d) depicts the spectra of a hy-
drogen atom irradiated by laser fields of different intensities
and different wavelengths. For convenience of comparison,
the horizontal axis employs the absorbed photon number and
the spectrum marked by the black line shifts left by 4.5 such
that the ATI peaks are in the same order. We see the shapes
of the spectra are quite different from each other, even for the
original spectra and for the one with intensity K3I0. These sig-
nificant discrepancies, especially in the cutoff region, reflect

substantially that they are different ionization processes. We
also simulate the other two cases, i.e., keeping wavelength or
intensity unchanged and simultaneously altering the other two
parameters. However, significant discrepancies are also found.
Thus, we conclude that the photoelectron spectra cannot be the
same when only two quantities change.

From the above discussions, we clearly see that the bind-
ing potential Eb, the wavelength λ , and intensity I of the laser
field affect the photoelectron energy spectra in different ways.
Increasing both I and λ prolongs the plateau of the photoelec-
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tron energy spectra, while increasing I and decreasing Eb en-
hances the height of the spectra. Therefore, one may wonder
whether the photoelectron energy spectra can be kept invariant
if increasing I and Eb but decreasing λ in some special way.
The answer lies in the scaling law.

The scaling law states that for atoms with different bind-
ing energies, for example if the binding energy enlarges K
times, in order to keep the photoelectron energy spectra un-
changed, the frequency of the driving laser field should be en-
larged by K times and the laser intensity should be enlarged K3

times. The reason for this is to keep the ponderomotive param-
eter up ≡Up/h̄ω ∝ I/ω3 unchanged when the laser frequency
changes. In order to check this scaling relationship, we do the
following: first we choose the photoelectron energy spectrum
of a hydrogen atom (Eb = 13.6 eV) irradiated by a laser pulse
of wavelength 800 nm and intensity I = 1014 W/cm2 as the
reference; then we calculate the photoelectron energy spectra
of a model atom with binding energy KEb irradiated by laser
field of wavelength λ/K and intensity KI, K2I, K3I, and K4I,
respectively; finally we compare the calculated spectra for dif-
ferent K. One comparison with K = 1.5 is shown in Fig. 2.
For convenience of comparison, the horizontal axis represents
the number of absorbed photons, and the spectra for K and
K2 (K4) are shifted down (up) by one order of magnitude, re-
spectively. From this figure we see the photoelectron energy
spectrum for K3 agrees well with the original one, while oth-
ers show more or less differences from the original one. Thus
the scaling law of photoelectron energy spectra is verified by
an independent method that is completely different from the
original analysis. This indicates that the ponderomotive pa-
rameter is a vital parameter in the interaction of atoms with
intense laser fields.
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Fig. 2. (color online) Photoelectron energy spectrum denoted by the
black line is for the hydrogen atom irradiated by a laser pulse of wave-
length λ0 = 800 nm and intensity I0 = 1014 W/cm2. Other spectra are
for the model atom (Eb = 20.4 eV) irradiated by laser pulses of wave-
length λ = 533.3 nm and different laser intensities: 1.5 (K), 2.25 (K2),
3.38 (K3), 5.06 (K4) ×1014 W/cm2, respectively.

Detailed comparisons between the photoelectron energy
spectrum for K3 and the original one show that the yield of
low-energy photoelectrons from the hydrogen atom is lower

than that from the model atom, while for high-energy photo-
electrons, the difference becomes the opposite case. This dis-
crepancy becomes more distinctive for a larger K. According
to our analytical results which are based on the SFA, the ion-
ization rates of each photoelectron peak spectra are enlarged
by K times under the scaling transformation. This feature
agrees well with the TDSE results for high-energy photoelec-
trons, but not for low-energy photoelectrons. What causes the
discrepancy?

The discrepancy may come from two sources, one is the
initial wave function which is chosen as the hydrogen-like 1s
states in the analytical studies, another is the attraction of par-
ent core to the photoelectrons which is neglected in the ana-
lytical studies. The initial wave function determines the initial
distribution of bound electrons and may affect the ionization
rates when it projects on the final electronic states. The influ-
ence of the Coulomb attraction on low energy photoelectrons
is strong but becomes weak on high-energy photoelectrons,[22]

which may decrease the ionization yield of low-energy photo-
electrons.

In order to seek for the origin of the discrepancy, we do
the following: We change Z into

√
K and set a = 0 in Eq. (3).

In such a manner, the initial wave function is obtained as the
hydrogen-like 1s state. We then calculate the spectra accord-
ing to the scaling law for several K. Results are shown in
Fig. 3, from which we see the overall shapes of the spectra
agree perfectly well with each other, although numerical data
disclosed that the yields of lower-energy peaks are not exactly
enhanced by K times. This difference is caused by the attrac-
tion of binding potential to the photoelectrons which is ne-
glected in the SFA.[22]
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Fig. 3. (color online) Photoelectron spectra calculated according to the
scaling law for three values of K. The initial wave functions are set as
that of the hydrogen-like 1s state by changing Z as

√
K times. The pa-

rameters of the benchmark spectrum (not shown) are chosen as: laser
wavelength 800 nm and laser intensity 1014 W/cm2, and for the hydro-
gen atoms.

Our calculations also show that the yield of lower-energy
photoelectrons is greatly affected by the initial wave functions,
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while it is not for higher-energy photoelectrons. This implies
that the rescattered photoelectrons are less affected by the ini-
tial state of the bound electrons and are greatly dominated by
the parent core during rescattering. In fact, the rescattered pho-
toelectrons were regarded as free electrons and were used to
detect the structure of the parent cores.[8–10,23]

4. Conclusions
By means of the numerical solution of TDSE, we calcu-

lated the photoelectron energy spectra of different atoms irra-
diated by various laser fields. We find that the photoelectron
energy spectra related by the scaling law are the same, espe-
cially for high-energy photoelectrons, which verifies numeri-
cally that the scaling law that was concluded analytically. The
verification of the scaling law by independent methods pro-
vides an incontestable support to the validity of the scaling
law.

The scaling law has a wide usage in studies related with
photoionization. The scaling law connects the photoelectron
energy spectra, as well as the angular distributions, from atoms
of different binding energies irradiated by laser fields of dif-
ferent frequencies and intensities, and thus provides a power-
ful and convenient tool to identify the equivalent physical pro-
cess of atoms in various laser fields. The scaling law makes it
easy for theoreticians to identify the equivalent physical pro-
cess and provides an instruction for experimentalists to choose
suitable and effective experimental conditions. The scaling
law provides a reference in various usages of rescattered pho-
toelectrons.
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