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Folded localized excitations in the (2+1)-dimensional modified
dispersive water-wave system∗
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By using a mapping approach and a linear variable separation approach, a new family of solitary wave solutions with
arbitrary functions for the (2+1)-dimensional modified dispersive water-wave system (MDWW) is derived. Based on the
derived solutions and using some multi-valued functions, we obtain some novel folded localized excitations of the system.
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1. Introduction
Many dynamical problems in physics and other fields are

usually characterized by the nonlinear evolution of partial dif-
ferential equations known as governing equations. Searching
for an analytical exact solution to a nonlinear system has long
been an important and interesting topic in nonlinear science,
and various methods for obtaining exact solutions of nonlinear
systems have been proposed, for example, the bilinear method,
the standard Painlevé truncated expansion, the method of coa-
lescence of eigenvalue or wavenumbers, the homogenous bal-
ance method, the hyperbolic function method, the Jacobian
elliptic method, the variable separation method, the (G′/G)-
expansion method,[1–13] and the mapping method.[14,15]

Previously, much effort has been focused on the single-
valued localized excitations, such as solitoffs, dromions, rings,
lumps, breathers, instantons, peakons, compactons, localized
chaotic, and fractal patterns.[16–29] However, there are various
complicated phenomena in the real world like the usual bub-
bles on a fluid surface or ocean waves, which are folded and
obviously cannot be described by single-valued functions. In
Ref. [30], Tang and Lou introduced some multi-valued local-
ized excitations to describe folded solitary waves and defined
a new type of soliton–foldon. Actually, the simple foldons in
lower dimensions can be equivalently called the loop solitons,
which can be found in many (1+1)-dimensional integrable
models[31,32] and have been applied in some physical branches
like quantum theory, string theory, and particle physics.[33,34]

In this paper, by using some multi-valued functions, we find
new folded localized excitations in the (2+1)-dimensional
modified dispersive water-wave system (MDWW)

uty +uxxy−2vxx− (u2)xy = 0,

vt − vxx−2(uv)x = 0. (1)

The MDWW system is used to model nonlinear and disper-
sive long gravity waves travelling in two horizontal directions
in shallow water with uniform depth, and can also be de-
rived from the celebrated Kadomtsev–Petviashvili (KP) equa-
tion with a symmetry constraint.[35]

As is well known, to search for the solitary wave so-
lutions for a nonlinear physical model, we can apply differ-
ent approaches. One of the most efficient methods for find-
ing soliton excitations of a physical model is the so-called
mapping approach with variable coefficients. The basic ideal
of the algorithm is as follows. For a given nonlinear par-
tial differential equation (NPDE) with independent variables
𝑥 = (x0 = t,x1,x2, . . . ,xm) and dependent variable u in the
form

P(u,ut ,uxi ,uxix j , . . .) = 0, (2)

where P is in general a polynomial function of its arguments,
and the subscripts denote the partial derivatives, the solution
can be assumed to be

u = A(𝑥)+
n

∑
i=1
{Bi(𝑥)φ

i[q(𝑥)]

+Ci(𝑥)φ
i−1[q(𝑥)]

√
σφ [q(𝑥)]+φ 2[q(𝑥)]}, (3)

with

φ
′ = σφ +φ

2, (4)

where σ is a constant, and the prime denotes the differenti-
ation with respect to q. To determine u explicitly, we may
substitute Eqs. (3) and (4) into the given NPDE and collect co-
efficients of polynomials of φ , then eliminate each coefficient
to derive a set of partial differential equations of A, Bi, Ci, and
q, and solve the system of partial differential equations to ob-
tain A, Bi, Ci, and q. Finally, as Eq. (4) is known to possess
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the solution

φ =
−σ eσq+cσ

eσq+cσ −1
, σ 6= 0 (5)

by using some appropriate transformation for Eq. (5), we can
get the following solitary wave solutions for Eq. (4):

φ =


−1

2
σ

[
1+ tanh

(
1
2

σq
)]

, σ 6= 0,

−1
2

σ

[
1+ coth

(
1
2

σq
)]

, σ 6= 0.
(6)

Substituting Ai, Bi, Ci, q and Eq. (5) into Eq. (4), we obtain
the exact solutions to the given NPDE.

2. Solitary wave solutions of the MDWW system
First, let us make a transformation of Eq. (1): v = uy.

Substituting this transformation into Eq. (1) yields

uyt −uxxy− (u2)xy = 0. (7)

Now we apply the mapping approach to Eq. (7). By using the
balancing procedure, ansatz (3) becomes

u = f (x,y, t)+g(x,y, t)φ(q(x,y, t))

+h(x,y, t)
√

σφ(q(x,y, t))+φ 2(q(x,y, t)), (8)

where f ,g,h, and q are functions of (x,y, t) to be determined.
Substituting Eqs. (8) and (4) into Eq. (7) and collecting coef-
ficients of polynomials of φ , then setting each coefficient to
zero, we have

96ghqyqx +48hq2
xqy = 0, (9)

48gqyq2
x +48h2qyqx +48g2qyqx = 0, (10)

32gqyhx +120hq2
xqyσ +32hgqxy +32hgyqx

+32 f hqyqx +32hxqyqx +16hqyqxx

+32hgxqy +224ghqyqxσ +32hqxqxy−16hqyqt = 0, (11)

16 f hqxy +8hxx +56hgxqyσ −32hσqyqt

+32hσqyqxx +56hgyqxσ +64hqxqxyσ +56hgqxyσ

+64hxqyqxσ +56gqyhxσ +16h fxqy +98hq2
xqyσ

2

+64 f hqyqxσ +164ghqyqxσ
2 +16hgxy

+16hxqxy +8hqxxy−8hqyt +16gyhx

+16 f hxqy−8htqy +16 fyhqx = 0, (12)

16g2qxy +16h2qxy +80g2qxqyσ +96h2qyqxσ

+32 f gqyqx +96gqyq2
xσ +32gqygx

+32h2qygxσ +16gqyqxx +32gxqyqx +32gqxqxy

+32gygqx−16gqyqt +16gyq2
x = 0, (13)

16gyhxσ +12hxxqyσ +12hqxxyσ −12htqyσ

+36hxqyqxσ
2 +36hqxqxyσ

2 +24h fxqyσ

+36ghqyqxσ
2 +36 f hqyqxσ +24ghqxyσ

2

+17hq2
xqyσ

3−18hqyqtσ
2 +24gqyhxσ

2

+18hqyqxxσ
2 +24hxqxyσ −12hqytσ +16 fyhx = 0, (14)

8gyqxx−8gqyt −8gyqt +24h2qxyσ +48 f gqyqxσ

+48gxqyqxσ +32gygqxσ −24gqyqtσ

+48hhxqyσ +56gqyq2
xσ

2 +32gqygxσ +32g2qyqxσ
2

+16 fygqx +24gyq2
xσ +16 f gxqy +16 f gyqx +48gqxqxyσ

+24gqyqxxσ +8gqxxy +8gxxqy +16gxyqx +16ggxy

+16gygx +16 f gqxy +16g2qxyσ −8gtqy = 0, (15)

8hxqxyσ
2−4hqytσ

2 +4hqxqxyσ
2 +4hxqyqxσ

3

+8 fyhqxσ
2 +2hqyqxxσ

2 +8 f hxqyσ
2 +8h fxqyσ

2

+8 f hqxyσ
2 +4hxxqyσ

2 +4 f hqyqxσ
3

+hq2
xqyσ

4−2hqyqtσ
3 +4hqxxyσ

2 +16 fyhxσ = 0, (16)

16gxqxyσ +8gxxqyσ +8h2qxyσ
2−8gyqtσ +8gyq2

xσ
2

−8gtqyσ +16gqxqxyσ
2 +8gqyqxxσ

2 +16 f gqxyσ

+16gqy fxσ +16 f gqyqxσ
2 +8h2qyqxσ

3 +8gqxxyσ +16g fxy

+16gxyqxσ −8gqytσ −8gyt +8gxxy +16 fygx = 0, (17)

8 fxxy−8 fyt +16 fy fx +16 f fxy = 0. (18)

Based on Eqs. (9) and (10), we have

g =−qx

2
, h =±qx

2
. (19)

Substituting Eq. (19) in Eq. (11) yields

f =−1
4

2qxx +q2
xσ −2qt

qx
. (20)

Substituting Eqs. (19) and (20) in Eqs. (9)–(18) yields the fol-
lowing single equation:

−q2
xqxxqxyσ −2qxyqxxqt +2qxqxxyqt

+2qxqxyqxt −2qxqxyqxxx +q3
xqxxyσ

−2q2
xqxyt +2q2

xqxxxy−2qxqxxqxxy +2qxyq2
xx = 0. (21)

Obviously, it is very difficult to obtain a general solution to
the above equation. Fortunately, in this special case, one of
the special solutions can be expressed as

q = χ(x, t)+ϕ(y), (22)

where χ ≡ χ(x, t) and ϕ ≡ ϕ(y) are two arbitrary variable sep-
arated functions of (x, t) and y, respectively. Based on the so-
lutions of Eq. (4), we can derive the following solitary wave
solutions of Eq. (1):

u1 =
1

4qx

[
−2χxx +2χt +χ

2
x σ tanh

(
1
2

σ(χ +ϕ)

)
+ Iχ

2
x σsech

(
1
2

σ(χ +ϕ)

)]
, (23)

v1 = −1
8

χxϕyσ2
[
−1+ Isinh

(
1
2

σ(χ +ϕ)

)]
cosh

(
1
2

σ(χ +ϕ)

)2 ; (24)
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u2 =
1

4qx

[
−2χxx +2χt +χ

2
x σ coth

(
1
2

σ(χ +ϕ)

)
+χ

2
x σcsch

(
1
2

σ(χ +ϕ)

)]
, (25)

v2 = −1
8

χxϕyσ2

cosh
(

1
2

σ(χ +ϕ)

)
−1

; (26)

u3 = − 1
4qx

[
2χxx−2χt −χ

2
x σ tanh

(
1
2

σ(χ +ϕ)

)
+ Iχ

2
x σsech

(
1
2

σ(χ +ϕ)

)]
, (27)

v3 =
1
8

χxϕyσ2
[

1+ Isinh
(

1
2

σ(χ +ϕ)

)]
cosh

(
1
2

σ(χ +ϕ)

)2 ; (28)

u4 = − 1
4qx

[
2χxx−2χt −χ

2
x σ coth

(
1
2

σ(χ +ϕ)

)
+χ

2
x σcsch

(
1
2

σ(χ +ϕ)

)]
, (29)

v4 =
1
8

χxϕyσ2

cosh
(

1
2

σ(χ +ϕ)

)
+1

. (30)

3. Novel folded localized excitations for the
MDWW system
Due to the arbitrariness of functions χ(x, t) and ϕ(y) in-

cluded in the above cases, the physical quantities u and v
may possess rich structures. In this section, we mainly dis-
cuss some folded localized coherent excitations in the (2+1)-
dimensional MDWW system. For simplicity, we only discuss
the field v2 of Eq. (26), namely,

V = v2 =−
1
8

χxϕyσ2

cosh
(

1
2

σ(χ +ϕ)

)
−1

. (31)

3.1. Folded excitation

In order to construct interesting folded localized excita-
tions, we introduce some suitable multi-valued functions.[30]

For instance,

χx =
M

∑
j=1

Vj(ε− c jt), x = ε +
M

∑
j=1

Pj(ε− c jt), (32)

where c j ( j = 1,2, . . . ,M) are arbitrary constants, and Vj and
Pj are localized excitations with the properties Vj(±∞) = 0,
Pj(±∞) = const. we also treat the function ϕ(y) in this way

ϕy =
N

∑
j=1

U j(ζ ), y = ζ +
N

∑
j=1

Q j(ζ ). (33)

In Fig. 1, four folded localized excitations are presented
for the field V determined by Eq. (31). The related functions
chosen in the plots are directly given in the figure captions.
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Fig. 1. Four types of folded localized excitations are depicted for the field V
determined by Eq. (31) at σ = 1, t = 0 with the choices: (a) χx = sech2(ε−
ct), x= ε−1.6tanh(ε−ct), ϕy =−sech2(ζ ), y= ζ−1.6tanh(ζ ); (b) same
χx and ϕy with (a), but x = ε − 0.8sech(ε − ct), y = ζ − 0.8tanh(ζ ); (c)
same χx and ϕy with (a), but x = ε−1.2sech(ε− ct), y = ζ −1.2sech(ζ );
(d) χx = sech2(ε − ct) + tanh2(ε − ct), x = ε − 3.2tanh(ε − ct), ϕy =

−sech2(ζ )+ tanh2(ζ ), y = ζ −1.6tanh(ζ ).

3.2. The evolution of folded waves

Now we focus our attention on the intriguing evolution of
two folded solitary waves for the solution V . If we choose χ

and ϕ to be some appropriate multi-valued functions, then we
find that the interactions among the folded solitary waves are
completely elastic. For instance, if we choose χ and ϕ as

χx =−sech(ε− t)2−0.7sech(ε + t)2,

x = ε− sech(ε− t)−0.7sech(ε + t),

ϕy = sech(ζ )2, y = ζ −0.7sech(ζ ), (34)
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we can derive the time evolution of the folded solitary waves
for the physical quantity V , as presented in Fig. 2 with fixed

parameter σ = 1, at different times (a) t = −13, (b) t = −8,
(c) t = 0, (d) t = 6, (e) t = 12.
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Fig. 2. Evolutional profiles of two folded solitary waves for the solution V given by Eq. (31) with condition (34) at different times (a)
t =−13, (b) t =−8, (c) t = 0, (d) t = 6, (e) t = 12.
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t =−3, (b) t =−2, (c) t = 0, (d) t = 3, (e) t = 4.
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Furthermore, if we choose χ and ϕ as

χx =−sech(ε− t)2−0.6sech(ε + t)2,

x = ε− sech(ε− t)−0.6tanh(ε + t),

ϕy = sech(ζ )2, y = ζ −0.6tanh(ζ ), (35)

we can derive another time evolution of folded solitary waves
for the physical quantity V , as presented in Fig. 3 with fixed
parameter σ = 1, at different times (a) t =−3, (b) t =−2, (c)
t = 0, (d) t = 3, (e) t = 4. From Figs. 2 and 3, we find that the
interactions of the two folded solitary waves are completely
elastic since their amplitudes, velocities, and wave shapes do
not undergo any change after their collision.

4. Summary and discussion
The mapping method is a classic, efficient, and well-

developed method to solve nonlinear evolution equations, the
remarkable characteristic of which is that we can have in-
finitely different ansatzs and thus end up with an abundance
of solutions. In summary, via the mapping approach and a
linear variable separation approach, we find some new exact
solutions of the (2+1)-dimensional modified dispersive water-
wave system. Abundant localized coherent soliton structures
of the solution V given by Eq. (31), like dromions, peakons,
breathers, instantons, etc., can be easily constructed by choos-
ing suitable functions. Except for the single-valued localized
excitation, we find a new type of multi-valued localized ex-
citation, i.e., folded solitary waves and/or foldon excitations
for the (2+1)-dimensional modified dispersive water-wave sys-
tem. To our knowledge, the folded solitary waves and/or
foldon excitations for the (2+1)-dimensional modified disper-
sive water-wave system have not been reported in the previous
literature. The time evolutions of the two folded solitary waves
displayed in Figs. 2 and 3 are different from those presented
in the previous work.
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