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Comparison study of typical algorithms for reconstructing time series
from the recurrence plot of dynamical systems∗
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The three most widely used methods for reconstructing the underlying time series via the recurrence plots (RPs) of
a dynamical system are compared with each other in this paper. We aim to reconstruct a toy series, a periodical series,
a random series, and a chaotic series to compare the effectiveness of the most widely used typical methods in terms of
signal correlation analysis. The application of the most effective algorithm to the typical chaotic Lorenz system verifies
the correctness of such an effective algorithm. It is verified that, based on the unthresholded RPs, one can reconstruct the
original attractor by choosing different RP thresholds based on the Hirata algorithm. It is shown that, in real applications,
it is possible to reconstruct the underlying dynamics by using quite little information from observations of real dynamical
systems. Moreover, rules of the threshold chosen in the algorithm are also suggested.
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1. Introduction
In the pioneering work by Ekmann et al. on recurrence

plots (RPs),[1] a tool for visualizing a time series via a two-
dimensional plot with vertical and horizontal time axes was
first introduced. For each pair of time indices, a point is drawn
in the two-dimensional plane if the respective states in the con-
sidered time series are close in some definition of distances.
Otherwise, nothing is plotted there. From an RP, one can eas-
ily learn some characteristics of underlying time series.[2–5]

During the past several decades, recurrence plots have been
extensively investigated in relevant fields, such as nonlinear
time series analysis, electroencephalogram (EEG) signal anal-
ysis, chemical two-phase flow analysis, etc.[6–20]

In Ref. [6], the authors answered a critical question: how
much information is contained in a recurrence plot? They ar-
gued that under some conditions, it is possible to reconstruct
an attractor using the recurrence plot, at least topologically.
This means that all relevant dynamical information is con-
tained in the recurrence plot. In Ref. [7], the same group dis-
cussed the issue of generating surrogates from RPs. These
elementary studies have shown that the shapes of the original
time series can be reproduced from RPs generated in low- or
high-dimensional state space. In other words, RPs can basi-
cally preserve topological information, and one may calculate
any dynamical invariants based on properly constructed RPs.
In Refs. [8]–[10], several related methods have been proposed
to fulfill similar functions, and found to be effective for obtain-
ing the shape of original time series via RP analysis. The most

widely used methods are the ones proposed in Refs. [6]– [9].
In this paper, we compare three related methods and of-

fer some instructive rules for applications of reconstructing at-
tractors of the underlying real time series. In Section 2, the
recurrence plot and the three different methods are briefly in-
troduced. In Section 3, the effectiveness of these methods is
studied by means of toy, periodical, random, and chaotic sig-
nals. We also compare these methods in terms of signal cor-
relation analysis. Finally, an application of reconstruction of
a classical Lorenz chaotic system is illustrated by the recom-
mended reconstruction method. A brief conclusion is given in
the last section.

2. Three different reconstruction methods
In this section, we first recall the three most widely used

methods for reconstructing a series from related RPs.

2.1. Definition of recurrence plot

In the past two decades, some new characteristics of a
dynamical system arising from the widely observed phenom-
ena of recurrences, named by the index of recurrence (such
as recurrence rate, determinism, laminarity, entropy, length
of diagonal, and trapping time), have received increasing
attention,[2–5] since many natural dynamical processes exhibit
recurrence behavior. In the context of time series analysis, we
refer to a recurrence of a state 𝑥i at time t = i∆t (∆t is the sam-
pling time, and 𝑥 ∈ Rm is a state in the m-dimensional phase
space) whenever the state of the system 𝑥 j at another time j∆t
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is similar to the initial state (i.e., 𝑥i ≈ 𝑥 j) or as close as we
wish (but usually not identical).

The RPs visualize the behavior of trajectories in phase
space. They are a graphical representation of the matrix

𝑅i j(ε) =Θ (ε−‖𝑥i−𝑥 j‖) , (1)

where 𝑥i ∈ Rd represents the point in phase space, in which
the system is situated at time i, Θ(·) is the Heaviside function,
ε is a threshold used to define the neighborhood of a state vec-
tor 𝑥i, and ‖·‖ represents the norm. One assigns a “black” dot
to 1, and a “white” dot to 0. Such two-dimensional graphical
representation of Ri, j is called an RP.[1,2]

Remark 1 Although the recurrence concept can be di-
rectly generalized to unequally sampled data, we will only dis-
cuss the equally sampled cases below for the sake of simplic-
ity. Some recent studies also generalized RPs to cross recur-
rence plots (CRPs). One can consult Refs. [2] and [20], and
some recent references therein.

2.2. Method A: Thiel’s algorithm

In Ref. [6], a condition for the reconstructability is given
by Thiel’s group, which is described below.

If it is impossible to divide the entries of the time series
into two subsets to ensure that no point of one of the sets has
a neighbor (with respect to its ε neighborhood) in the second
set, then the time series is reconstructible.

In fact, most natural times series satisfy the above men-
tioned conditions for reconstructability. In their paper, the fol-
lowing algorithm was used to reconstruct the (univariate) time
series from the RPs. The reconstructed time series in this way
has the same rank order and the same number of entries as the
one underlying the RP. The three main phases and a total of 10
steps to reconstruct the time series from the RPs are described
as follows:[6]

Sort 1) If n columns of the matrix Ri, j are identical, store
the indices of the columns and cancel n− 1 of them, so that
every column is unique. 2) For all pairs of neighboring points
with coordinates i and j (i.e., Ri, j = 1), compute the number of
neighbors of x j which are not neighbors of xi. We will call this
number ni, j. 3) There exist two points, say x j1 and x j2 . They
satisfy ni, j1/2 = 0 (∀i). These two points are the maximum and
minimum of the time series, respectively. 4) Choose one of
these two indices as the starting point. (Call this index k.)

Iteration 1) Denote the last index which has been ranked
in the reconstruction of the time series by k. If there is a
unique minimum in the set of {ni,k}i , i.e., there is a imin such
that nimin,k < ni,k (∀i 6= imin), take the point with the index
imin as the second point. 2) If there is no unique minimum
in the {nl,k}l , i.e., there is a set of m indices µ1,µ2, . . . ,µm,
so that nµ1,k = · · · = nµm,k ≤ ni,k (∀i), choose the minimum
w = min{nk,µi}i. The next point for the reconstruction is xw.

3) Iterate the first two steps of this phase, until all indices are
ranked. Then, you have a rank order of the points of the time
series nord

i which underlies the RP.
Final reconstruction 1) Generate random numbers so

that each entry in the ordered series has one number. Then
rank these random numbers yi. 2) Generate a time series by
putting the value yi at the position nord

i . Then we obtain yord
ni

. 3)
Reintroduce (at the position of the identical column obtained
in step 1) the values of the points at corresponding indices
which remained in the RP.

2.3. Method B: Hirata algorithm

In Ref. [8], the authors proposed a method of reproduc-
ing distance matrices and original time series from recurrence
plots. Their procedure can convert a recurrence plot to a
weighted graph, and then estimate a distance between each
pair of nodes on this weighted graph. They demonstrated their
method by reproducing the topological shape of the original
time series. The algorithm is described as follows.

i) Let x(i) be a state at time index i (1 ≤ i ≤ n). A func-
tion of two states denoted by R tells whether the two states are
close or not. If they are close to each other, then R is reduced
to 1. Otherwise, it equals 0. Then, an RP can be defined as
{(i, j) : R(xi,x j) = 1, i, j = 1,2, . . . ,n}.

ii) Construct a graph from the RP. In such a graph, each
node corresponds to a time index, and an edge exists between
nodes i and j if the states xi and x j corresponding to the time
indices i and j are close, namely, R(xi,x j) = 1.

iii) For each edge, assign a weight. Define Gi by { j :
R(xi,x j) = 1}. The Gi is the set of time indices to which i
is close. For each existing edge between i and j, define the
weight w by

w(i, j) = 1−
|Gi

⋂
G j|

|Gi
⋃

G j|
, (2)

where |A| denotes the number of elements in set A,
⋂

repre-
sents the intersection of two sets, and

⋃
shows the union of

two sets.
iv) Calculate the shortest distance between each pair of

nodes on the graph weighted by w(i, j). One can use the fast
Dijkstra method for calculating the shortest distance.

v) Use a method of multi-dimensional scaling, which ar-
ranges a set of points, so that these points preserve the given
distance matrix denoted by 𝑋h.

The authors in Ref. [8] used the classical multi-
dimensional scaling method. For drawing graphs, they used
the component with the largest eigenvalue (one may use an-
other method for multi-dimensional scaling). Their algorithm
can be treated as an extended application of Isomap,[12] which
is widely used for dimension reduction. Edge weights defined
by Eq. (2) are constructed in a new way. In order that the
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method works well, all the nodes on the graph should be con-

nected, which means there should be sufficient links in the RPs

under the chosen threshold, i.e., there should be a path between

every pair of nodes. Since the proposed method reproduces

the distance matrices in a sense that the ratio of two distances

is preserved, the scale of distances will be changed.[8] Thus,

one should choose proper threshold values to reconstruct the

underlying time series.

2.4. Method C: G Z algorithm

In Ref. [9], Gutierrez and Zaldivar proposed another re-

construction method in which they reconstructed directly the

time series starting from the adjacency matrix without using

the transformation function proposed by Hirata. This method

consists in the following five steps:[11]

1) Let 𝐴 be the adjacency matrix of given undirected net-

works.

2) Calculate the covariance matrix of 𝐴.

3) Calculate the eigenvalues and the eigenvectors of the

covariance matrix.

4) Project the covariance matrix along the eigenvector ba-

sis.

5) Sum the modes to obtain the reproduced time series

denoted by 𝑋s.

3. Comparison research and correlation analy-
sis

In this section, we compare the three most widely used

methods for reconstruction algorithms. We also use the same

toy model in Ref. [6], where the time series reads 𝑋 =

[3,2,4,8,2,5,7,6,0,2]′. In Fig. 1, the related RP is given for

illustration.

Then, we try to construct the underlying toy series via dif-

ferent algorithms, and then compare the obtained results. Fig-

ure 2 reveals the effectiveness of different algorithms. It can

be seen that, the Hirata algorithm behaves most effectively. In

fact, we also take periodical, random, and chaotic series as the

underlying series. In Figs. 3, 5 and 7, the related RPs are

given for illustrations of difference among different types of

signals. The Hirata algorithm always works fairly well, which

is much better than the other two algorithms.

Time

T
im
e

2 4 6 8 10

1

2

3

4

5

6

7

8

9

10

Fig. 1. Recurrence plot of the toy series 𝑋 . The threshold is set at
ε = 2.
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Fig. 2. (color online) Original toy time series and reconstructed time se-
ries via three different algorithms with correlation analysis results, where
the threshold is set at 2 when constructing the RPs. The correlation coef-
ficients are calculated via r = corr(X ,Xreconstructed) in Matlab software.
(a) Results for the original time series are unnormalized in (c), (e), and (g);
(b) results for the original time series are normalized in (d),(f), and (h).

Furthermore, the other two algorithms may construct
anti-phase signals according to calculations of the correlation
coefficients, which are negative in value (see Figs. 2, 4, 6, and
8). However, all three methods can successfully recover the
topology of the underlying dynamical system according to our
numerical investigations.
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Fig. 3. Recurrence plot of X = sin t with ε = 0.5.

Remark 2 It should be addressed that, in Appendix A
of Ref. [6], the author has illustrated the use of the algorithm
with a toy example. However, there are some calculation or
type mistakes in the illustration (e.g., Table 1 of Ref. [4] and
in the toy model analysis). Here, we list the related results
in Table 1 and delete the second and fifth columns. The bold
numbers are different from those in Ref. [4].

Table 1. Related calculation results in phase 1 (step 2) of algorithm A.

i j ni j i j ni j

1 3 1 6 8 1
1 6 2 7 4 0
1 10 1 7 6 2
3 1 0 7 8 1
3 6 1 8 3 4
3 8 2 8 4 0
3 10 1 8 6 1
4 7 1 8 7 0
4 8 2 9 10 2
6 1 3 10 1 1
6 3 3 10 3 2
6 7 1 10 9 0

Remark 3 According to a large amount of numerical ex-
periments on different dynamical systems, we find the Hirata
algorithm behaves most effectively with respect to the correla-
tion coefficient analysis.

In Fig. 4, for the sinusoidal time series, the correlation
coefficients are calculated via corr.m in Matlab, in which
(rX ,XHirata , rX ,XGutirrez , rX ,XThiel) reads

(0.9944,−0.9902,−0.9934)ε=0.3, (3)

(0.9950,−0.9939,−0.9894)ε=0.5, (4)

(0.9932,−0.9913,−0.9653)ε=0.7, (5)

(0.9941,−0.9937,−0.9651)ε=0.9. (6)
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Fig. 4. (color online) (a) The original Sinusoidal time series. (b)–(d)
The related reconstructed time series via three different algorithms with
correlation analysis results, where the threshold is set at 0.3, 0.5, 0.7,
and 0.9, respectively, when constructing the RPs. The time series is
unnormalized.
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Fig. 5. Recurrence plot of X = rand(500,1)′, ε = 0.5.
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Fig. 6. (color online) (a) The original random time series. (b)–(d) The
relevant reconstructed time series via three different algorithms with
correlation analysis results, where the threshold is set at 0.3, 0.5, 0.7,
and 0.9, respectively, when constructing the RPs. The time series is
unnormalized.
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In Fig. 6, for the random time series, the correlation
coefficients are calculated via corr.m in Matlab, in which
(rX ,XHirata ,rX ,XGutirrez ,rX ,XThiel) reads

(−0.9961,−0.9931,−0.9974)ε=0.3, (7)

(−0.9975,−0.9906,−0.9874)ε=0.5, (8)

(−0.9251,−0.9305,−0.9120)ε=0.7, (9)

(−0.6097,−0.5429,−0.6160)ε=0.9. (10)
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Fig. 7. Recurrence plot on x(t) of a chaotic Lorenz system with ε = 2.

In Fig. 8, for the chaotic time series, the corre-
lation coefficients are calculated via corr.m, in which
(rX ,XHirata ,rX ,XGutirrez ,rX ,XThiel) reads

(0.9972,−0.9888,−0.9375)P=2, (11)

(0.9988,−0.9868,−0.9242)P=4, (12)

(0.9989,−0.9848,−0.9216)P=6, (13)

(0.9985,−0.9851,−0.9292)P=8. (14)

Remark 4 According to numerical experiments on dif-
ferent signals shown in Figs. 4, 6, and 8, it can be seen that
the smaller thresholds chosen in the RP construction can help
recover the underlying dynamics. In the limit case, ε is larger
than the maximum distance, one will obtain a full connected
RP matrix. It is probably a trivial case, so we disregard this
situation. According to the numerical results, we also find that
the method A (the Hirata algorithm) behaves most effectively
with respect to the correlation coefficient analysis, no matter
which thresholds are chosen.

0 50 100 150
0
5

10
15

0 50 100 150
0

10

20

 

 

0 50 100 150
0

0.2

0.4

 

 

0 50 100 150
-4
-2

0
2

 

 
P/

P/

P/

P/

P/

P/

P/

P/

P/

P/

P/

P/

O
ri
g
in

a
l 
X

X
h

X
t

X
s

T/t

(a)

(b)

(c)

(d)

Fig. 8. (color online) Chaotic time series and reconstructed time series
via three different algorithms with correlation analysis results, where
the threshold is set to be ε =P−1 max((w−min(w))max(w)−min(w)),
w = x(t),y(t),z(t), where P = 2, 4, 6, and 8 when constructing the RPs.
The time series is normalized.

4. Application: reconstruction of a chaotic dy-
namical system
In this section, we show an application illustration of the

approach investigated in this paper. We will reconstruct the at-
tractor from the RPs of an underlying dynamical system. Here,
we choose the underlying time series to be states of the clas-
sical Lorenz chaotic system, whose dynamics are described
as[13]

ẋ = 10(y− x), (15)

ẏ = −y+(28− z)x, (16)

ż = xy− 8
3

z. (17)

The RPs of states x(t), y(t), and z(t) with threshold P = 2
and that without any threshold are both given for illustrations
in Fig. 9. We have integrated the Lorenz system using the
ode45.m of ODE suite in Matlab with initial conditions: (x(t),
y(t), z(t))T = (1,1,1)T, with fixed step of h = 0.01 in time
interval (0,2000h) to obtain 2000 state points for illustrations.

Figure 10 presents the original attractor (up) and the
reconstructed attractor built from RPs via the Hirata al-
gorithm (down) resulting from three states’ RPs shown in
Fig. 9, where P = 2 (which means the threshold was set to
be ε = (1/2)max((w−min(w))/max(w)−min(w)) and w =

x(t),y(t),z(t)). One can easily find that the attractors have al-
most the same topology except the scale in this case, which
means the attractor can even be reconstructed with little rough
distance information in the state space. If we increase the
value of P the threshold decreases, and more accurate dis-
tance information between states will be revealed under the
connected condition as mentioned before. Then, the recon-
struction result will certainly become much better according
to the results in Section 3, since much more useful informa-
tion can be obtained from the related RPs.
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Fig. 9. (color online) Un-threshold recurrence plots of state (a) x(t), (c) y(t), and (e) z(t) of classical Lorenz chaotic
system. Recurrence plot of state (b) x(t), (d) y(t), and (f) z(t) of classical Lorenz chaotic system with threshold ε =
p−1 max((w−min(w))/max(w)−min(w)), P = 2, w = x(t),y(t),z(t), from which we reconstructed the attractor.

In fact, based on the un-thresholded RPs, one can fulfill
reconstructing the original attractor via choosing different RPs
thresholds based on Hirata algorithm. It is suggested that one
can choose the threshold ε which satisfies the condition that
the absolute value of the correlation coefficient of the recon-
structed series and the experimental series is sufficiently close
to 1 to guarantee the success of attractor reconstruction. It also
means that, in real applications, it is possible that one can use

quite little information from observations of real dynamical

systems to reconstruct the underlying dynamics. If only one

state can be obtained, one should try the Takens theorem to re-

construct phase space with proper time delay τ and embedded

dimension m according to some effective methods mentioned

in Refs. [14] and [19]. We will discuss such situations in the

future.
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Fig. 10. (color online) The original attractor (up) and the
reconstructed attractor built from RPs via Hirata algorithm
(down), where the RP thresholds ε are both set at ε =
P−1 max((w−min(w))/max(w)−min(w)), P = 2, for three vari-
ables. In spite of the scale being different, both attractors have
almost the same topology with similar largest Lyapunov exponents
and fractional dimensions.

5. Conclusions
In this paper, we have compared the three most widely

used methods of reconstructing the underlying time series

based on its RPs. We give some suggestions for choosing a
proper algorithm in related research via correlation coefficient
analysis. In the future, we will further investigate the reason
why in-phase or anti-phase reconstruction occurs in numeri-
cal investigations. Moreover, the applications of the effective
Hirata algorithms will be extended to reconstruct attractors of
fractional order dynamical systems.

References
[1] Ekmann J P, Kamphorst S O and Ruelle D 1987 Europhys. Lett. 4 973
[2] Marwan N, Romano M C, Thiel M and Kurths J 2007 Phys. Rep. 438

237
[3] Trulla L L, Giuliani A, Zbilut J P and Webber C L 1996 Phys. Lett. A

223 255
[4] Zbilut J P and Webber C L 1998 Phys. Lett. A 246 122
[5] Zbilut J P, Giuliani A and Webber C L 2000 Phys. Lett. A 267 174
[6] Thiel M, Romano M and Kurths J 2004 Phys. Lett. A 330 343
[7] Thiel M, Romano M, Kurths J, Rolfs M and Kliegl R 2008 Phil. Trans.

R. Soc. A 366 545
[8] Hirata Y, Horai S and Aihara K 2008 Eur. Phys. J. 164 13
[9] Gutierrez E and Zaldivar J M 2000 Earthquake Eng. Struct. Dyn. 29

1261
[10] Atay F M and Altintas Y 1999 Phys. Rev. E 59 6593
[11] Strozzi F, Zaldivar J M, Pioljansek K, Bono F and Gutierrez E 2009

EUR-Scientific and Technical Research Series (Luxembourg) pp. 1–56
[12] Tenenbaum J B, de Silva V and Langford J C 2000 Science 290 2319
[13] Lorenz E N 1963 J. Atmos. Sci. 20
[14] Kantz H and Schreiber T 2003 Nonlinear Time Series Analysis (Cam-

bridge: Cambridge University Press)
[15] Donner R V, Small M, Donges J F, Marwan N, Zou Y, Xiang R and

Kurths J 2011 Int. J. Bifurcat. Chaos. 21 1019
[16] Bian H R, Wang J, Han C X, Deng B, Wei X L and Che Yan Q 2011

Acta Phys. Sin. 60 118701 (in Chinese)
[17] Xie Y, Xu J X, Kang Y M, Yang H J and Hu S J 2003 Acta Phys. Sin.

52 1121 (in Chinese)
[18] Xia H C and Zhan Y Q 2004 Acta Phys. Sin. 53 1299 (in Chinese)
[19] Chen S G and Yang Z A 1997 Chin. Phys. 6 172
[20] Xia H C and Zhan Y Q 2004 Chin. Phys. 13 1299

010505-7

http://dx.doi.org/10.1209/0295-5075/4/9/004
http://dx.doi.org/10.1016/S0375-9601(98)00457-5
http://dx.doi.org/10.1016/S0375-9601(00)00098-0
http://dx.doi.org/10.1016/j.physleta.2004.07.050
http://dx.doi.org/10.1098/rsta.2007.2109
http://dx.doi.org/10.1098/rsta.2007.2109
http://dx.doi.org/10.1002/(ISSN)1096-9845
http://dx.doi.org/10.1002/(ISSN)1096-9845
http://dx.doi.org/10.1103/PhysRevE.59.6593
http://dx.doi.org/10.1126/science.290.5500.2319
http://dx.doi.org/10.1142/S0218127411029021

	1. Introduction
	2. Three different reconstruction methods
	2.1. Definition of recurrence plot
	2.2. Method A: Thiel's algorithm
	2.3. Method B: Hirata algorithm
	2.4. Method C: G-3ptwidth8pt height1.4ptZ algorithm

	3. Comparison research and correlation analysis
	4. Application: reconstruction of a chaotic dynamical system
	5. Conclusions
	References

